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Introduction

Given the function:  f(x)=x3
Prove that the slope of the tangent line to a point Q intercepted by the tangent line to a point P is four times the slope of the tangent line to point P
The coordinates of any point P can be described through the variable x as (x, x3).

Where a is the increase in the value of x from point P to a point Q, the coordinates of point Q can be described through the variable x as (x+a, (x+a)3)

The slope at point P=3x2 and the slope at point Q=3(x+a)2 due to the power rule
Method 1:  Working backwards

The slope at point Q equals four times the slope at point P

3(x+a)2=4*3x2
-3x2+2ax+a2=0

a2+2ax-3x2=0

(a+3x)(a-x)=0

a = -3x or a = x

Analysis:

The second derivative of the function is positive for x>0 and negative for x<0, indicating that the function is concave up when x>0 and concave down when x<0

Breaking the function up into a function in I and a function in III yields two functions with concavities of increasing magnitudes.  A tangent line to either of these functions at any point will only intercept the function once because the magnitude of the function will increase faster than the magnitude of the line.  Since a = x puts both P and Q in the same quadrant, a = x will not satisfy the requirements of the problem because the tangent line to P will never intercept Q.  Therefore, the only solution is a = -3x.
Now, prove that the tangent line to P intercepts Q for a = -3x to validate the solution
Slope from P to Q = 
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= 3x2
Slope of tangent to point P is defined in the introduction as 3x2; since the line connecting P to Q and the tangent line to P share a slope and a point, they are both described by one equation and are thus the same line.

Proven
Method 2:  Working forwards

y-y1=m(x-x1)

(x+a)3-x3=3x2(x+a-x)

3x2a+3xa2+a3=3x2a

3xa2 = -a3
3x = -a

a = -3x

If the slope at point Q equals four times the slope at point P, an equality will result below:

3(x+a)2=4*3x2
3(-2x)2=4*3x2
12x2=12x2


Proven

Graphical Support:

The following example demonstrates an example of the situation described in the problem statement.  Aspects of the solution, such as the fact that the horizontal component of displacement from P to Q equals -3x, as well as the comparative slopes, support the work done in this problem.
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