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Problem

Consider any solid object in space, where each faceis flat (a cube is an excellent example). For each face f; associate a vector Vi
where Vi points out of the object, perpendicular to the face, and the magnitude of each vector is the area of the associated face,
|V | = A(fi). What is Z; Vi ?

Solution

Thisvector sum in three dimensionsis always equal to {0, 0, 0}.

The computation of the surface area of any polyhedron can be done by using an extension of the familiar formulathat the signed
area of atriangleis one half the magnitude of the vector cross product of two of its sides. Thistriangle formulais easily extended to
any non-self-intersecting polygonin 2D, and with more effort it can also be extended to 3D. The method rests on breaking any face
of a polyhedron into triangles, projecting these triangles into a common plane, applying the vector cross product triangle area
formulato each such triangular projection, summing these cross products, and then taking the dot product of the resulting vector
sum times a unit normal vector to the face of the polyhedron. This produces a signed cal culation of the area of a single face of the
polyhedron. This procedure can then be extended over all faces of the polyhedron to obtain the object's total surface area. This
methodology is discussed in more detail in the referenceslisted below.

Without getting into the details of a formal proof, this result seems quite logical. Taking cross products of vectorsin each planar
face of the polyhedron, summing, and then taking a dot product with the unit normal vector would intuitively seem to produce this
zero result. We can demonstrate that this is case using Mathematica which contains extremely detailed information on 147
different polyhedra. Mathematica can tell use the coordinates of each vertex and the vertex numbers on each face of the polyhedra.
We can then apply the method outlined above and test that the resulting vector sumiis, in fact, {0, O, 0}.

We first demonstrate with a single polyhedron, in this case a snub cube.
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1= G aphi cs3D[
{Opacity[.5], FaceForm[Yel | ow], Pol yhedronDat a[" SnubCube", "Faces"1}, Lighting-"Neutral"]

Out[1]=

Hereare the coordinates of each vertex. We show only an abbreviated list.

injo):= Short [verti ces = Pol yhedr onDat a[" SnubCube", " VertexCoordi nates'] // ToRadicals// Sinplify, 5]
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We next seethat there are 24 vertices.
in[g:= vertices // Length
out[gl= 24

Next get alist of the vertex numbers, in the same order as the abovelist, which are contained in each planar face.
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in11:= i ndi ces = Pol yhedr onDat a[" ShnubCube", " Facel ndi ces" ]

oupi= ({3, 1, 173, {3, 17, 93, {3, 19, 2}, {3, 9, 19}, (1, 4, 20}, (1, 20, 11}, (1, 11, 17},
(2, 19, 12}, {2, 18, 4}, (2, 12, 18}, (4, 18, 10}, {4, 10, 20}, {17, 11, 13}, (19, 9, 15},
(18, 12, 14}, {20, 10, 16}, {9, 21, 15}, {11, 23, 13}, {12, 24, 14}, {10, 22, 16},
(13, 23, 7}, (13, 7, 21}, {15, 21, 5}, {15, 5, 24}, {16, 22, 6}, {16, 6, 23},
(14, 24, 8), (14, 8, 22}, {21, 7, 5}, {23, 6, 7}, {24, 5, 8}, {22, 8, 6}, (1, 3, 2, 4},
(21, 9, 17, 13}, {24, 12, 19, 15}, {10, 18, 14, 22}, (11, 20, 16, 23}, {8, 5, 7, 6}}

Mathematica can also tell us the object's surface area computed in the case where the length of the shortest edgeis taken to be one.

in22):= Pol yhedr onDat a[" SnubCube", "SurfaceArea"]

out22)= 6+8 V3
ine3l= % // N

out23)= 19. 8564

Thefollowing function uses the technique already discussed to compute the signed surface area of a polyhedron. We apply it to the
snub cube.

area[pol yhedron_: StringQ : = Modul e[{vcor, findices, fsuns, fvectors, normals, fareas},

vcor = Pol yhedr onDat a[pol yhedr on, " Vert exCoor di nat es'];
findi ces = Pol yhedr onDat a[pol yhedr on, "Facel ndi ces" ];

(» append first vertex to end of list x)

findi ces = Append[#, First[#]] &/@ findices;

(» one-hal f the vector cross product of face vertices x)

1
fsuns = ETot al [Crosseee Partition[vcor [#], 2, 1]] &/e findi ces;

(# get two non-parallel vectors in each face *)
fvectors = Rest [Take[vcor [#], 3]] - Tabl e[Fi rst [vcor [#]]1, {2}] & /@ fi ndi ces;
(» get unit normal vectors to each planar face x)

Cross[Sequenceee #]
normal s = & /e fvectors;
Nor m[Cr oss [Sequence ee #]]

(# get list of areas for each face %)
f areas = Dot [Sequenceee #] & /@ Tr anspose[{f suns, normal s}];
(» sumthe areas of all planar faces x)

Tot al [far eas]]
in[26:= area[" SnubCube"]1 7/ N
out26]= 19. 8564
This result matches what Mathematica has in its packlet database and indicates that we have correctly implemented the algorithm.

With only a small change this same function can be used the to obtain the vector sum of the surface area of each facetimes a unit
normal vector. Thefollowing functionimplementsthis procedure.
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in271:= test [pol yhedron_: StringQ : = Modul e[{vcor, findices, fsuns, fvectors, normals, fareas},

vcor = Pol yhedr onDat a[pol yhedr on, " Vert exCoor di nat es"];
findi ces = Pol yhedr onDat a[pol yhedron, "Facel ndi ces" ];

(» append first vertex to end of list x)
findices=Append[#, First[#]] &/@ findices;

(» one-hal f the vector cross product of face vertices =)

1
fsuns = 5 Total [Crosseee Partition[vcor [#], 2, 1]] &/e fi ndi ces;

(» get two non-parallel vectors in each face )
fvectors = Rest [Take[vcor [#], 3]] - Tabl e[Fi rst [vcor [#]]1, {2}] & /e fi ndi ces;
(» get unit normal vectors to each planar face x)

Cross[Sequence ee #]
nornal s = & /@ fvectors;
Nor m[Cr oss [Sequence ee #]]

(» get list of areas for each face )
f ar eas = Dot [Sequenceee #] & /@ Transpose[{f suns, normal s}];

Tot al [nor nal sfareas]]

We apply the function to the snub cube and obtain a result of {0, 0, 0}.

in[30]:= test["SnubCube"] // N

ouzo)= {0., 0., 0.}

For a more rigorous test we can apply this procedureto all 147 polyhedrain the Mathematica database. First we get alist of the
names of these polyhedra; we print only an abbreviated list.

in31:= Short [nanes = Pol yhedronDat a[Al | , " St andar dNang" ], 15]

Out[31]/Short=
{({Antiprism 4}, {Antiprism 5}, {Antiprism 6}, {Antiprism 7}, {Antiprism 8},
{Antiprism 9}, {Antiprism 10}, Augnent edDodecahedron Augnent edHexagonal Prism
Augnent edPent agonal Pri sm Augnent edSphenocor ong Augnent edTri angul arPrism
Augrent edTr i di m ni shedl cosahedr on Augnent edTruncat edCube Augnent edTr uncat edDodecahedr on
Augnent edTr uncat edTet rahedron <<116>>, Triangul ar Cupol a Tri angul ar Hebesphenor ot unda
Tri angul ar Ort hobi cupol g Tri augnent edDodecahedron Tri augnent edHexagonal Pri sm
Tri augnent edTri angul ar Pri sm Tri augnent edTr uncat edDodecahedron Tri di m ni shedl cosahedr on
Tri di mi ni shedRhonbi cosi dodecahedron Tri gyr at eRhonbi cosi dodecahedron Truncat edCube,
Truncat edDodecahedr on Truncat edl cosahedron Truncat edCct ahedron Truncat edTet r ahedr on}

in[32):= names // Length

outz2)= 147

Finally, we apply our functionto all 147 polyhedraand, in each case, we obtain aresult of {0, 0, 0}.
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in[33):= Qui et @Chop[N[t est /@ nanmes], 10" -5]

ous3= {{0, 0, 03}, {O, O, O}, (O, O, O}, {O, O, O}, {O, O, O}, {O, O, O}, (O, O, O}, {O, O, O}, {O, O, O3,

{0, o, 03, {0, O, O3, (O, O, O}, (O, O, O}, {O, O, O}, {O, O, Oy, {O, O, O}, {O, O, O}, (O, 0O, O3,

{o, o, o3, (O, 0, Oy, {0, O, Oy, {O, O, Oy, {O, O, O3, {O, O, O}, (O, O, O3, (O, O, O}, {0, O, O3,

{o, o, o3, {0, 0, O}, {O, O, Oy, {O, O, Oy, {O, O, O3, {O, O, O}, (O, O, O}, {0, O, O3,

{0, o, oy, {0, o, O3, {0, O, O3, {O, O, O}, (O, O, O}, {O, O, O3, {O, O, O}, {O, O, O},

{0, o, 03, {0, O, O3y, {O, O, O}, {O, O, O}, {O, O, O3, {O, O, O}, {0O, O, O}, (O, O, Oy,

{0, o, 03, {0, O, O3, (O, O, O}, (O, O, O}, {O, O, Oy, {O, O, O}, {O, O, O}, (O, 0O, O3,

{0, 0, 03, {0, O, O3, {O, O, O}, (O, O, O}, {0, O, Oy, {O, O, O}, {O, O, O}, (O, 0O, O3,

{o, o, o3, (O, 0, Oy, {0, O, Oy, {O, O, Oy, {O, O, O}, {O, O, O}, (O, O, O}, {0, O, O3,

{o, o, o3, {0, O, O}, {O, O, Oy, {O, O, Oy, {O, O, O}, {O, O, O}, (O, O, O}, {0, O, O3,

{o, o, 03, {0, O, O3y, {O, O, O}, {O, O, O}, {O, O, O3, {O, O, O}, {O, O, O}, (O, O, Oy,

{0, o, 03, {0, O, O3, {O, O, O}, (O, O, O}, {O, O, O3, {O, O, O}, {O, O, O}, (O, O, Oy,

{0, o, 03, {0, O, O3, (O, O, O}, (O, O, O}, {0, O, Oy, {O, O, O}, {O, O, O}, (O, 0O, O3,

{0, o, 03, {0, O, O3, {O, O, O}, {0, O, O}, {0, O, Oy, {O, O, O3, {O, O, O}, (O, 0O, O3,

{o, o, o3, {0, 0, O}, {O, O, Oy, {O, O, Oy, {O, O, O}, {O, O, O}, (O, O, O}, {0, O, O3,

(o, o, o3, {0, 0, O}, {O, O, Oy, {O, O, Oy, {O, O, O}, {O, O, O}, (O, O, O}, {0, O, O3,

{o, o, 03, {O, O, O3, {O, O, O}, {O, O, O}, {O, O, O3, {O, O, O}, {O, O, O}, (O, O, Oy,

{0, o, 03, {0, O, 03, {O, O, 0}, {O, O, O}, {O, O, O3, {O, O, O}, {O, O, O}, {0, O, O}3
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