MA2056 Integral Calenlns and Introduction to Differential Equations

The following differential equations are zonhomogeneous can you see why?

iy Ay dy N
R —— 35T iy = ef
dr Y dr? dr .

We will focus on first and second order differentin equations in this block,
SOLUTIONS OF DIFFERENTIAL EQUATIONS: One of the chief concerns about a differential equation is
Low to salve it. A solution to a differential equation is a function that satisfies the difforential equation. There can be

one. noue, or infinitely many solutions. We will learn how to solve differential cquations in shree ways: analyvtically
fexact ). mumerically (approximate). and graphically (approximate).

Analytic Solutions: We will learu various techniques 1o caleulate exact or “closed form™ solutions to differential
equations. When the ability to get an analvtic solution presents itself, you can verify that what vou computed is a
sofution. The following example illustrates this process.

Example: Given the initial-vahie problem %‘f =y — 2 and the initial condition y(0) = 2, verifyv that y=¢" +ur+1
is a solution.

1. Take the appropriate amount of derivatives of the proposed solution:

. ey
y=e¢ +ur+1 — A +1
ek
2. Substitute the derivatives into the differential equation:
dy )
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Which is true for all values of x. Therefore the function y=e" 4w+ 1 satisfies the differential equation and
15 a “closed form” or analytic solution.

3. Check to see if the solution satisfics the initial condition:
ylay=c¢"+ur4+1 y0=c"4+0+1=2 so w0} =2

which satisfies the initial condition. Thercfore the solution satisfies both the differential equation and the
initial conditions.

Graphical Solutions: A sclution to a differential equation is sometimes approximated by a graphical representation
of a continuous function. A graphical solution to a first order differential equation is a curve whose slope at any point
is the value of the derivative there, as given by the differential equation. Graphical solutions may be quantitative in
nature: that is, the graph may be sufficiently precise so that the values of the solution function can be read directly
from the graph. Or the solution may be qualitative, where the graph is imprecise as far as numerical values are
concerned, yet still revealing of the general shape, features, and behavior of the solution curve. We will learn to
create an interpret » graphical solution in the form of a slope field in lesson 38,

Numerical Solutions: A solution to a differential equation may also be approximated numerically, In this case, the
torm of the solution is a table of values of the dependent variable v for preselected values of the independent variable
x. Numerical solutions are necessarily approximations to the true value of the solution and. as you might expect
with any approximation method, we must be concerned with the accuracy of the numerical values. The numerical
technigue that we will learn in this course is Euler's Method, on lesson 39,
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M -~ t
Meehanics Based Problems |

1.

For the following problems state the order of the given ordinary differential equation. Determine

whether the
sruation is linenr or nonfinear, homogenous or nop-hemogenous,

{a} {1 — oy —dry’ + 5y = cos(x)
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2. For the following problems verify that the indicated function is a solution of the given differential equation

(W) 2 +y=0, y=re "/
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3. Given that y = J_—’J- 5 o solution of the first order DE o + 2ry? = 0, find a sohstion of the first order IVDP
consisting of this ditlerential equation and the initial (ondltlon {2 } = 1}\/:%.

4. Given the following 1)(111‘1 ol initial conditions and a graph of the particnlar solution to a second order differential
equation of the form o%y/dz® = Ja g o) choose at least one set of initial conditions that agree with the
golution curve,

.
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1 Problem Solving Problems

Lo Find valnes of r g0 that the funczion y = ™ is a solution of the given differential equation. Explain vour

1'(‘&'15{)11i11§__2;.

(ay " =y —6y=0

() ¥+ 2y +y =0

2. Find values of + so that the function ¥ = 2" is a solution of the differential equation,
Y )

3. {a)

Y =2y
(b}
(c}
{d)

Find a solution

Find a solution of the differential equation '

2y’ 4+ 2y =0

f the differential equation y’

wa
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zy that satisfies the initial condition y(0) = 5.

2y that satisfies the initial condition y(1) = 2.

Hlustrate part (a) by graphing several members of the family of solutions on a common screen.
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Show that every member of the family of functions y = C'e™ /? 15 a solution of the differential equation
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4. A popudation of creatures is modceled by the differential equation
P P
— =12P[1~- -
et 4200

{a) Tor what values of P2 is the population increasing?
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{b} For what values of I is the population decrcasing?

(¢} What are the equilibrisun solutions?
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0. Pevehologists interested in lfearning theory study learning curves. A learning cvrve is the grapl of a function

Pt} the performance of someone learning a skill as a function of time £, The derivative d P/ dt represents the
rate at shich performance improves.
(a) When do von think P increases most rapidly? What ha ppens to dP/df as ¢ nereases? Explain.

.
e
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(b) If M is the maxinum level of performance of which the learner is capable, explain why the differential
equation

P
E MM -P). k>0
i '

is a reasonable model for learning,
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