MA206 – Probability & Statistics
Probability Theory II
(CDF to PDF and Percentiles)
CDF to PDF

Sometimes instead of starting with the probability density function (PDF), we are given the cumulative distribution function (CDF).  From the previous lesson we learned that the CDF is created by integrating the PDF.  Conversely, (in lesson 5) we saw that we can also create the PDF from the CDF through differentiation of the CDF.  For example, let’s look at the following example in which we are given the Exponential CDF and asked to create the Exponential PDF.
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The first step is to take derivative of the 
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Our last step is to verify that the PDF is positive and determine the support.
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This is now the corresponding PDF to the CDF shown in (1).


Let’s take a look at the graph of the CDF and the PDF.  The graph of F(x), the CDF, is shown below in Figure 1.  For the graph of the PDF in Figure 2 below, we graph the function f(x) over its support (which is 0 to 
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, but we only show 0 to 5.5 here).  Observe how the slope of the tangent line to the CDF is relatively large at x = 0 and decreases as x gets larger.  What does this mean about the graph of its derivative (PDF)?  It means that the PDF will start at a relatively high number (in this case 2) and decrease as x goes to 
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Percentiles

From page 139 of the Devore text, we know that the (100p)th percentile is a number x* from the support of the random variable X where p of the density of the distribution is below x* and 1 – p of the density of the distribution is above x*.  Remember:  the total density of the distribution (total area under the PDF curve or maximum height of the CDF graph) must be 1.  For example, assume that the 75th percentile of the distribution of the random variable X is 3.5.  Then 0.75 of the distribution is below 3.5 and 0.25 is above 3.5.   There are two methods used to find percentiles:  PDF methods and CDF methods.

PDF Methods:  Using this method, we integrate the PDF and then solve for x*.  This method is given by:
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where f(x) is the PDF and p is the percentile we are finding with x* being the actual value.  For example, using the PDF in (3), we would find the 75th percentile as follows:
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After solving for x* in Mathematica, we get 
x* = 0.693.





CDF Methods:  In this method we use the fact that the CDF gives us the cumulative probability of a distribution.  This method is given by:
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Where F(x) is the CDF and p is the percentile we are finding with x*  being the actual value.  For example, using the CDF in (1), we would find the 75th percentile as follows:
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Now we simply solve for x* to get the 75th percentile which is x* = 0.693.

Figure 2 - PDF





Figure 1 - CDF





The area under the PDF from 0 to x* is 0.75.  In order to find this value using the PDF, you must integrate the function up to x*.  Set this integral equal to the percentile that you are looking for (in this case 0.75). 
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Since this graph represents the accumulated probability up to a certain point, find the percentile (here 0.75) that you are looking for on the y – axis and follow it down to the x – axis to find the value for x*.
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