Completion of By-Hand Nonhomogeneous Solution

DR Chris Conley, Dept C&ME, August 2004

The solution of:
y’’ + 5y’ + 4y = 300 sin(2t)




(1)
is composed of a homogeneous component, yh , and a particular component, yp.

The particular component can often be determined by conjecture, as per the so called Solution by Undetermined Coefficients outlined in the text in Section 2.9.

In this case:

yp = A sin(2t) + B cos(2t)




(2)



giving:


y’p = 2A cos(2t) – 2B sin(2t)

and:


y’’p= -4A sin (2t) – 4B cos(2t)

Substituting these back into (1), and collecting like terms:



(-4A – 10B + 4A) sin (2t) + (-4B + 10A + 4B) cos(2t) = 300 sin(2t)
You proceed from here, assuming my algebra is correct, by noting that if this equality is true, it must be true for any value of t.  If you set t = 0, sin(0) = 0 and cos(0) = 1, giving:




10A = 0

And if you set t = π/4 (2t = π/2), sin(π/2) = 1 and cos(π/2) = 0, giving




-10B = 300

These two equations are solved for A = 0 and B = -30, substituting back into (2) we get a particular solution:




y = -30 cos(2t)






(3)
If you substitute this back into (1), you will see that it is indeed a solution, but not yet our complete solution.  Recall that for this forced vibration problem (this nonhomogeneous differential equation), the solution is composed of both a transient and a steady-state component.  Equation (3) is the steady-state component.  We get the homogeneous piece by solving the characteristic equation, giving λ1 = -1 and λ2 = -4, and then we put it all together and solve for the constants of integration using our initial conditions.




y = C1 e-t + C2 e-4t – 30 cos(2t)



(4)



y(0) = 2     and     y’(0) = 0     give




2 = C1 + C2 – 30




0 = -C1 – 4C2 

which can be solved to give C2 = -32/3 and C1 = 128/3.  Substituting these into (4) we get the solution:



y = (128/3) e-t – (32/3) e-4t – 30 cos(2t)
