MA396 BOARD PROBLEMS: Lesson 3
Modeling with Differential Equations

1. Newton’s Law of Cooling says the rate of change of an object’s temperature is proportional to the
difference between the object’s temperature and the temperature of the surrounding medium. When the
casing for a claymore mine is removed from the baking oven, its temperature is measured at 300°F.
Three minutes later, its temperature is measured at 200°F. How long w111 it take the mine casing to cool
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2. Suppose a plebe returns from a pass to USMA carrying afovnns. It is assumed that the rate at which
the virus spreads is proportional not only to the number of infected cadets but also to the number of
cadets not infected. After 4 days, 50 cadets are infected. Model the spread (rate of change) of the
infected population.
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3. The rate of decay of carbon-14 in a dead organism is assumed proportional to the amount of carbon-
14 present. Model the amount of carbon-14 with a differential equation if the half-life is 4166.6667
years. Assume the initial amount of carbon-14 is 2000 kg. Find the general and particular solution.
Determine when 25% of the carbon-14 is left. What are the units of the decay rate parameter?
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4. The rate of change in the population of New York State over one year is propo {onal to the product of
the population and the difference between 25 million and the population. On January 1, 1980, the
population was 10.5 million. On January 1, 1990, the population was 19.8 million. Model the
population growth of New York State continuously using a differential equation. Based on the
differential equation, what is the assumed maximum population of New York State? What will be the
: ? C ot
~ population of the state on January 1, 2003? pla g . /0.5
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Inf2]:= £=1/(P% (25-P))

1
utlZl= ZETE P
In[4]:= al = Integrate[f, P]
1 Log[P]

= - -2 it S I
outf4] 55 Log[-25+P] + 5
In[5]:= a2 = Integrate[K, t]
out[5]= Kt

In[10]:= ans =Exp[al] = CExp[aZ2]

91/25 Kt
Out[10]= W::Ce

In[11]:= Solvel[ans, P]
25 C25 e25Kt
out(11j= {{P 1+ C25 @25Kt }}
Solve forC

25?5
Inf[14]:= 10.5 == ——8 —

-1+C25

25 C?3
Out[14]= 10.5 = w
In[15]:= Solvel[%, C]

out[15]= {{C--0.987172}, {C—> -0.956158-0.24551}, {C > -0.956158+0.24551},

(C—>-0.865065-0.4755741}, {C— -0.865065+0.4755741},
(C-0.719617-0.6757661}, {C— -0.719617+0.6757661},

{C--0.528953-0.833497 i}, {C>-0.528953+0.833497 i}, {C--0.305053~.9388561i},
(C--0.305053+0.9388564}, {C>-0.061985-0.9852241}, {C--0.061985+).9852241i},
(C>0.184978 - 0.969687 i}, {C - 0.184978 +0.969687 i}, {C - 0.420317-0.8¢3221i},
(C>0.420317 +0.893221}, {C~0.629247-0.7606291}, {C~0.629247+0.76(6291},
(C0.798639-0.5802451}, {C—>0.798639+0.5802451}, {C~0.917849-0.3¢34021},
(C>0.917849+0.3634021}, {C~>0.979388-0.1237251}, {C—0.979388+0.1:37251}}

25 (-0.9871720529022844) 2% e?5K¢t

Inf16]:= P[t_]1=

-1+ (-0.9871720529022844) %5 @25Kt

18.1034 e?3K¢

Out[16]= =7 754138 eP5KE

In[17]:= P[10]

18.1034 250X

Out[17]= =9 .724138 250K
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In[18]:= Solve[% ==19.8, K]

Solve::ifun : Inverse functions are being used by Solve, so some
solutions may not be found; use Reduce for complete solution information. More...

out[18]= {{K- 0.00663919}}

25 (_0 . 9871720529022844) 25 e25*-0.00663918681750463951:

In{19]:= Solft ] =
- -1+ (~-0.9871720529022844) 25 p25%0.0066391868175046395¢

18.1034 g0-16598¢
TT1.0.724138 e0-16598¢

Out[19]=

= Double Check Answer
In[20]:= Sol[0]
out[20]= 10.5
In[21]:= Sol[10]
out[21]= 19.8
What will populationbe in 100 years?
In[22]:= Sol[100]
out[22]= 25.
What will populationbe in 23 years?

In[24]:

il

Sol[23]

2
24.2635 e i e

Out[24]




