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I.
INTRODUCTION
During the 4th Century, Emperor Constantine had to develop a strategy to defend his vast Roman Empire with limited forces.  Each region in the empire was considered to be a node that had links in between each region and common borders were considered to be edges (Figure 1).  A point at a node represented a number of forces that were able to defend a region.  From this manner, Constantine devised a way to protect his empire the best he could.  In a way, he was using graph theory and alliances in graphs to defend his empire [1].  
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Figure 1.   Protecting the Roman Empire

 A graph G is a set of vertices V(G) and a set of edges E(G), where each element in E(G) is a pair of elements from V(G).  Formally introduced by Stephen T. Hedetniemi, et al alliances in graphs are subsets of V(G) that satisfy certain properties which will be explained in the following chapter.  Alliances can be viewed in many different ways: friendships, treaties among nations, businesses, etc.   He states that the “primary motivation” of an alliance comes from nations providing support for one another during times of war [2].  These “allies” protect each other when on the defensive, and help attack others while on the offensive.  Our focus comes from Hedetniemi’s paper “Alliances in Graphs” in which he defines both defensive and offensive alliances and describes some of their properties.  

Since the original paper was published in 2001, many authors have considered extensions and generalizations of the original idea.  See [3, 4, 5].  For example, K. H. Shafique and R. D. Dutton’s “Maximum Alliance-Free and Minimum Alliance-Cover Sets” covers the idea of k-alliances, where k is described to be the strength of an alliance (see [3]).  There are other papers that wholly describe certain types of alliances, such as “Offensive Alliances in Graphs.”  However, researchers also use alliances in graphs in real world applications.  Bart Verspagen and Geert Duysters’ “The Small Worlds of Strategic Technology Alliances” analyzes how small worlds and strategic alliances can be modeled through technology.  Networks of alliances can predict or characterize the behavior of small worlds.  As you can see, alliances in graphs expand throughout the world of mathematics and even into real world situations.  

II.
DEFENSIVE ALLIANCES IN GRAPHS
Our paper is based on the properties laid out by Hedetniemi et al., in which they introduce the definition of defensive alliances in graphs. Recall that a graph G is a set of vertices V(G) and a set of edges E(G), where each element in E(G) is a pair of elements in V(G) (Figure 2). 
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Figure 2.   A graph G with V = {a,b,c,d} and E = {ab,bc,cd,ad}
Each element 
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. In other words, the open neighborhood of v is the set of vertices connected to v with a single edge, but not including v itself (See Figure 3(a)). The closed neighborhood of v is the set 
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 or the set of vertices adjacent to vertex v, and the vertex v itself (See Figure 3(b)). 
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Figure 3.   (a) The black vertices are the open neighborhood of vertex b. (b) The black vertices are the closed neighborhood of vertex b.

A defensive alliance is a subset 
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Informally, this means each vertex in S has at least enough neighbors in S as attackers outside of S.  

For example, in order to determine whether or not the set S = {k, l} is an alliance in Figure 4(a), we must test vertices k and l to see if (1) is satisfied. In Figure 4(b), the number of possible attackers (j,m) are equal to the number of possible defenders of vertex k in the alliance S. In Figure 4(c) we see that there is only one possible attacker (m) of vertex l, while there are still two defenders.  This can be shown mathematically: 
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; since each set has two elements the inequality (1) is satisfied.
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       (c)

Figure 4.   (a) The set V is represented by white dots and the set V – S is represented by black dots. (b) The possible attackers for vertex k. (c) The possible attackers for vertex l. 

A defensive alliance is considered a strong defensive alliance if for every vertex 
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 In this case, each vertex in S has a greater number of defenders in S than attackers outside of S. For example, Figure 4(a), S = {i, j} would be a strong defensive alliance. 

In addition, an alliance S is considered a critical alliance if no proper subset of S is also an alliance of the same type. For example, S = {k, l} is a critical defensive alliance since neither vertex k nor vertex l form a defensive alliance by themselves. Furthermore, any alliance containing vertices k, l and a third vertex could not be critical since k and l form a critical alliance. For the graph G, we will consider two classes of critical defensive alliances:

A(G) = {S : S is a critical defensive alliance in G}
Â(G) = {S : S is a critical strong defensive alliance in G}

Associated with each of theses classes of critical alliances are two subclasses. When considering critical defensive alliances in G, we can find either the smallest number of vertices that will form such an alliance (alliance number) or the greatest number of vertices that will form this kind of alliance (upper alliance number):
a(G) = min{
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A(G)}, the alliance number of G,
A(G) = max{
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A(G)}, the upper alliance number,
Likewise, when considering critical strong defensive alliances in G, we can find either the smallest number of vertices that will form such an alliance (strong alliance number) or the greatest number of vertices that will form this kind of alliance (upper strong alliance number):
â(G) = min{
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Â (G)}, the strong alliance number,
Â(G) = max{
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Â (G)}, the upper strong alliance number.

In the following sections, we will explore all four of these alliance properties for several classes of graphs: paths, cycles, and wheels. 
III.
Defensive Alliances in Paths
A. DEFINING PATHS

In graph theory, a path in a graph is a sequence of vertices such that each vertex is connected to the next vertex in the sequence with only a single edge. Both the first vertex and the last vertex are called end vertices. The smallest path can be a single point while the largest path may be infinitely long. A path of n-vertices can also be symbolically represented as 
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      (b)



     (c)

Figure 5.   (a) A path of 1 vertex. (b) A path of 2 vertices. (c) A path of 3 vertices.

B. EXPLORING ALLIANCE PROPERTIES IN PATHS

An end vertex is in itself a critical defensive alliance, as it can only be attacked by one vertex outside the alliance. Thus, the minimum alliance number would always be one for any path. Figure 6 illustrates this point:
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Figure 6.   An alliance consisting of a single end vertex is represented by the white vertex and the set V – S is represented by black dots. 


The upper alliance number of a path of n vertices is two for any path having greater than three vertices. This is because it is impossible to select a critical alliance of three vertices without it consisting of an end vertex or a pair of vertices. 
C. EXPLORING STRONG ALLIANCE PROPERTIES IN PATHS
Any two adjacent vertices that form an alliance will also be a critical strong alliance (even if the end vertex is included). For both vertices in this alliance, each vertex will be threatened by one attacker and will have two possible defenders:
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Figure 7.   The set V is represented by white vertices and the set V-S is represented by black vertices. 

Because no one single vertex can be a critical strong alliance, the strong alliance number for any path is two. 

If any two adjacent vertices form a critical strong alliance, then it is impossible to find a critical strong upper alliance of any value greater than two. Any alliance set with three or more adjacent vertices will contain a strong alliance of two vertices. Therefore, this alliance cannot be a critical alliance, meaning that for any graph that has more than two vertices, the upper strong alliance will also be two. 
D. GENERALIZED RESULTS

Using the previously established definitions for a(G), A(G), â(G), and Â(G), Table 1 provides the alliance numbers for 
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	a(G)
	A(G)
	â(G)
	Â(G)

	Path of 1 vertex, 
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	1
	1
	1
	1

	Path of 2 vertices, 
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	1
	1
	2
	2

	Path of 3 vertices, 
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	1
	1
	2
	2

	Path of 4 vertices, 
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	1
	2
	2
	2

	Path of n vertices, 
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	2, n
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Table 1.   Overview of alliances in Paths.

IV.
Defensive Alliances in Cycles
A. DEFINING CYCLES

A cycle is another fundamental concept in graph theory. It is a closed chain with n vertices of degree 2 and n edges.  The smallest cycle has three vertices, while the largest cycle can have an infinite amount of vertices as long as it ends at the same point.  All cycles are 2-regular graphs because every vertex has exactly 2 other points connected to it, and a cycle of n-vertices can be represented by Cn .  The figure below shows an example of C3 , C4 , C5 , and C6. 

[image: image44.emf]
            (a)


    (b)                                   (c)

          (d)

Figure 8.   (a) A cycle with 3 vertices.  (b) A cycle with 4 vertices.  (c) A cycle with 5 vertices.  (d) A cycle with 6 vertices.
B. EXPLORING ALLIANCE PROPERTIES IN CYCLES

Regardless of the size of the cycle, any vertex of the graph will look identical to other vertices.  All vertices have exactly 2 adjacent vertices.  So, we can state that every vertex will defend against a maximum of two other attackers. A vertex alone cannot be an alliance because of the potential of two attackers (see Figure 9).  With this observation, the smallest number in a defensive alliance has to be 2.  The maximum number for a defensive alliance is also 2 because having an alliance number of 3 or more means that the alliance is no longer critical.  It is not critical because the proper subset of 2 vertices is the same type of alliance.  

C. EXPLORING STRONG ALLIANCE PROPERTIES IN CYCLES

The analysis is similar for strong defensive alliances.  Any two adjacent vertices in a cycle is a strong defensive alliance, and so 2 is the minimum for a strong defensive alliance.  In order to remain critical, the maximum is also 2 because having an alliance of 3 or more vertices means that there is a proper subset that is the same type of alliance.  The figure below illustrates the defensive alliances in C3 , C4 , C5 , and C6.
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Figure 9.   Strong Defensive and Defensive alliances in C3 , C4 , C5 , and C6.
D. GENERALIZED RESULTS


Again, using the definitions of a(G), A(G), â(G), and Â(G), the table below provides number of vertices for cycles.  It also provides a general rule that can be used for any cycle, Cn.  
	
	a(G)
	A(G)
	â(G)
	Â(G)

	Cycle of 3 vertex, 
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	2
	2
	2
	2

	Cycle of 4 vertices, 
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	2
	2
	2
	2

	Cycle of 5 vertices, 
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	2
	2
	2
	2

	Cycle of 6 vertices, 
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	2
	2
	2
	2

	Cycle of n vertices, 
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	2
	2
	2
	2


Table 2.   Overview of alliances in Cycles.

V.
Defensive Alliances in Wheels
A. DEFINING WHEELS 


A wheel of n vertices (denoted as Wn) can be simply described as a single vertex that is connected to every vertex in a cycle of (n-1) vertices. 
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Figure 10.   Wheel graphs of four to nine vertices. 

B. EXPLORING ALLIANCE PROPERTIES IN WHEELS

Regardless of the size of the wheel, if any two adjacent vertices along the outer edge of the wheel form an alliance, then they will be faced with the same number of possible attackers in its neighborhood:
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Figure 11.   An alliance of two adjacent points (represented by white dots) along the outer edge of a Wheel of n vertices. 

Each vertex in this alliance will only have to defend against a maximum of two attackers, making this the minimum alliance number for the wheel. 


If the minimum alliance in a wheel can be made up of any pair of vertices along the outer edge of the graph, then the upper alliance cannot include any consecutive adjacent vertices along the outer edge. However, if the maximum number of vertices are selected so that no two points in the outer edge of the graph are selected (to include the center vertex), then the resulting alliance forms the upper alliance number for any Wheel:
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Figure 12.   The alliances that form the upper alliance numbers for W4 to W7.

C. EXPLORING STRONG ALLIANCE PROPERTIES IN WHEELS

It is impossible to have a strong alliance consisting only of vertices along the outer edge. The end vertices of such an alliance will never be strongly defended, because there will be two attackers for only two defenders:
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Figure 13.   An alliance of three adjacent points (represented by black dots) along the outer edge of a Wheel of n vertices. The vertex on the far left of the alliance has only two defenders against two attackers. 

Every vertex in a wheel has degree at least three. For S to be a strong alliance, every vertex in the induced subgraph G[S] must have degree at least two. In the example above, S is a P3 so two vertices have degree 1 and are consequently not strongly defended.  
Therefore, any strong alliance must include the center vertex as a part of its alliance. By selecting the center vertex as a member of the alliance, the same vertex that had the same number of attackers as defenders in Figure 13, now have a greater number of defenders than attackers:
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Figure 14.   An alliance of three adjacent points (represented by black dots) along the outer edge of a Wheel of n vertices. The vertex on the far left of the alliance now has three defenders against one attacker. 

If we were to select the center vertex and the minimum number of adjacent vertices along the outer edge of the graph, we can determine the minimum strong alliance number for a wheel of n-vertices:
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Figure 15.   The alliances that form the minimum strong alliance numbers for W4 to W7.

Even without checking each individual wheel, we can logically determine exactly how many vertices we would have to have in the alliance in order for this alliance to be a strong alliance. This is primarily because the center vertex is the most vulnerable. In order for the center vertex to fit the criteria for a strong alliance, it must have at least an equal number of attackers and defenders in the outer edge. Thus, the minimum strong alliance number for any wheel would be one (the center vertex) plus the total number of outer vertices (n-1) divided by two rounded up. 

The upper strong alliance number for any wheel contains all vertices in the outer cycle. These alliances are critical, because it does not contain the center vertex. In addition, it is the maximum strong alliance number that can be found without including all of the points in the graph.
D. GENERALIZED RESULTS

Table 3 provides an overview of the results of the properties of defensive and strong defensive alliances.
	
	a(G)
	A(G)
	â(G)
	Â(G)

	Wheel of 4 vertices, W4
	2
	2
	3
	3

	Wheel of 5 vertices, W5
	2
	3
	3
	4

	Wheel of 6 vertices, W6
	2
	3
	4
	5

	Wheel of 7 vertices, W7
	2
	4
	4
	6

	Wheel of 8 vertices, W8
	2
	4
	5
	7

	Wheel of n vertices, Wn
	2
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Table 3.   Overview of alliances in Wheels. 

VI.
Conclusion


In this paper, we have investigated some alliance-related parameters for a small selection of graph classes. For each class (paths, circles, and wheels) we have computed the alliance number, the upper alliance number, the strong alliance number, and the upper strong alliance number as a function of n. 

However, alliance related problems remain interesting for arbitrary graphs. Given such a graph, it would be difficult to quickly and efficiently determine the alliance numbers or the sets of vertices that would form such alliances. One possibility would be to import the network into a computer program and have a computer manually test each possible combination of vertices to see if they form an alliance. But it is easy to see how such a method would quickly become unwieldy as the instance size grows. As the number of vertices in the network increases, the possible combinations of vertices would also increase exponentially. 


A more reasonable possibility would be to develop theorems and corollaries that would apply to all graphs as opposed to those that apply to very specific graphs as we have done. This appears to be at once very interesting and very difficult.  For example, consider the arbitrary graph below:
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Figure 16.   A graph G with seven vertices (labeled a to g) connected with eleven arbitrary edges.

The graph in Figure 16 cannot be classified into any generic graph class. Thus, in order to determine the different alliance properties of this graph, we must analyze all the different combinations that could possibly meet the requirement of each alliance property. The alliance number of this graph is two, because of the vertices c and f—no other combination of two vertices or one vertex can form an alliance. Note that the upper alliance number cannot include a sub-graph with a critical alliance. For example, the following alliances: {a, b, d}, {d, e, g}, or {b, c, e} do not have the alliance {c, f} as a sub-graph. Thus, the upper alliance number is four with the alliance {a, d, e, f}. The strong alliance number for this graph is three ({a, b, d}) and the upper strong alliance number is four ({b, d, e, g}).
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