Background

I am an employee of HUAH, Incorporated, an advertising company that markets the military and other defense related companies to the public.  My company just landed a huge new client: the U. S. Army.  HUAH, Inc. will be in charge of continued marketing of the “Army Strong” brand in order to continue the high level of excitement young men and women feel about joining the U. S. Army.  
The Army continually looks to find ambitious and energetic young men and women to join its ranks.  HUAH, Inc. believes that they have found this demographic profile in the city of FanVille.  Through various polls, surveys, television set meters, and other market research tools, HUAH, Inc. determined that everyone in the FanVille watches and participates in sports nearly every day.  The people of FanVille are no doubt “Fan-atics” about their sports.  My boss, impressed by the physical prowess of the citizens of FanVille and the opportunity to target such a focused audience, has decided that a new television commercial advertising campaign focused on the most popular sports in FanVille would best market the “Army Strong” brand to this community.
The people of FanVille are fickle with which sports leagues that they watch, and their viewing habits seem to migrate to and from different major sports leagues.  In FanVille, the citizens prefer the following four sports leagues:  National Football League, National Basketball Association, National Hockey League, or NCAA Football.  In order to be considered a fan of one sport, a person must watch that sport more than any other on a given day.  If a person does not choose to watch a sport during that day, has lost interest in sports because their team has performed poorly, or is split between all of the leagues equally, they are categorized as having “No Interest.”  Through analysis of the market research, my firm has discovered that people change their sports viewing habits almost every day.  For example, some people who view NCAA Football tend to migrate towards viewership of the National Football League; Major League Baseball viewership often migrates to the National Hockey League, etc.
My firm tasked me with developing a plan to allocate next month’s one million dollar advertising budget across the four major sports leagues that the people of FanVille watch the most.  The boss wants to get the most visibility of the “Army Strong” campaign as possible.  HUAH, Inc. will spend their quarterly budget based on your prediction and assessment of viewership tendencies of the months of October and November.  
Facts
In FanVille, a fan of one sport is a person who watches that sport more than any other on a given day.  A fan who loses interest in a sport or who watches an equal amount of all sports on a given day is considered to have “No Interest.” 
Extensive research by analysts at HUAH, Inc. has concluded that during the month of October the viewership migration by the people of FanVille is as follows:  Of those that are currently watching the National Football League, 30% will continue watching the NFL, while 44% will watch College Football, 8 % will watch the NHL, and 18% will no longer have interest in any of the sports.  Of those that are currently watching the College Football, 54 % will continue watching College Football, 31% will migrate to the NFL, 11% will migrate to the National Basketball Association, and 4% will no longer have interest in any of the sports. Of those currently watching National Basketball Association 37% will keep watching NBA while 14 % will watch the NFL, 11 % will watch the College Football, 9 % will watch the NHL, and 29 % will no longer have interest in any of the sports.  Of those that are currently watching the National Hockey League 59 % will keep watching the NHL while 28 % will watch the NFL, 8 % will watch the NBA, and 29 % will no longer have interest in any of the sports.  Of those that are currently not watching any sports, 5 % will remain disinterested, 7 % will watch the NFL, 22% will watch the College Football, 29 % will watch the NBA, and 40 % will watch the NHL.
Assumptions
	Assumptions are simplifications of the real world that allow the problem to be more easily solved.  In order to determine the viewing habits of the people of FanVille it is necessary to make the following valid and necessary assumptions to ensure accuracy of the data.  	
· Analyst will not manipulate data based on personal feelings/preferences.
· Personal viewing preferences will remain constant throughout the quarter regardless of what is occurring within a particular sport.  For example, as the month of October progresses the performance of certain teams can impact the sport’s viewership; this will have no affect on the fan base/viewership of the sport.
· No one leaves from FanVille, therefore no one fan leaves the system.
· The percentage of fans who watch the different sports in October will remain the same in November and December.
· Each sport is broadcast all year around and is accessible to the whole population of FanVille.
· No power shortages, natural disasters, nuclear holocausts, or anything else that could destroy televisions or effect population will occur.  





Analysis
In order to accurately predict the viewers of fans for each week in the next two months, and create a base for our advertisement budget, I put the sports viewings into a mathematical model of system of equations. Each equation represents the percentages of fans from different sports from the previous week switching their viewing preference to that particular sport. The movement of fans between weeks is represented by a network in appendix A. The total therefore would be the total viewers of that sport for the current week. The numbers of viewers per sport during the first week of October were recorded as follows: 
· NFL: 33,000 viewers
· NCAA: 60,000 viewers
· NBA: 55,000 viewers
· NHL: 55,000 viewers
· Not participating: 19,000 viewers

This model represents the amounts of viewers of each sport for the next week, or the second week of October for our concerns. Each of the values above would be plugged into their corresponding variable in the system of equations:

Variables:  N = Amount of NFL viewers
	       C = Amount of NCAA viewers
	       B = Amount of NBA viewers
	       H = Amount of NHL viewers
	       X = Amount of non-participants

   
 


  

The total amount of viewers of NFL for the second week of October for example would be tallied by placing the initial value of viewers (values from the first week of October) of each sport into their respective variables in the equation. Each amount would then be multiplied by the adjacent decimal value representing the percentage of viewers of that sport moving to watch NFL:

30(33000) +.31(60000) +.14(55000) +.28(55000) +.07(19000)
 veiwers 

This system of equations can be represented and simplified by a matrix multiplied by a vector. The 5x5 transition matrix is made up of the decimal values found in our system while the 5X1 vector represents the values of the first week of October, in this case the first week of October. This matrix-vector multiplication will create a new 5x1 vector made up of the second week’s values. The answers are the same as above for we did not change any values. Each horizontal row of the matrix is multiplied by the horizontal vector and the dot product creates the 2nd week viewer numbers:

     
				                                1st week       2nd week      
According to our matrix-vector multiplication NFL will have 52,930 viewers in the second week, NCAA will have 57,150 viewers, NBA will have 36,860 viewers, NHL will have 47,640 viewers, and 27,420 viewers will not participate.  Note that our answer vector for the second week is in the same order from top to bottom as the multiplied vector of the first week.
	To view the values of the previous week, or the last week of September, we need to find the inverse of our transition matrix.  By multiplying both sides of the original matrix-vector equation by this inverse matrix, we single out the unknown variables of the previous week. This occurs because any matrix multiplied by its inverse creates an identity matrix which holds the value of 1-anything multiplied by it does not change. If  is our transition matrix from above, is its inverse:


                                         
	SPORT
	Last week in September
	1st October
	2nd Week October

	NFL
	13707.1
	33000
	52930

	NCAA
	43182.8
	60000
	57150

	NBA
	42076.4
	55000
	36860

	NHL
	4753.05
	55000
	47640

	Not Interested
	118281
	19000
	27420


Figure 1: Results in number of viewers per sport in three weeks.

The values provided by these techniques show while transitioning into the first week of October an increase in viewers in all sports while the number of non-viewers dropped dramatically. This is logical because the percentages of viewers each sport becoming a non-participant is relatively low. It is as if the large number of non-participating was distributed throughout the sports. By the second week of October, the results seem more random with NFL viewers still increasing but NCAA, NBA, and NHL drop in viewers. The opposite occurs with the non-participants which increases substantially.

Figure 2: Sport viewership for the three week period

This plot shows a more clear representation of sport viewership during the three weeks starting from the last week of September to the second week of October. As mentioned before the non-participating group drops dramatically after the last week of September but then slightly climbs. This can be seen on the graph with the orange line. It started with the highest amount of viewers but then sank below the other sports. The sports all show increase in viewership right away, but then by the second week of October they start to differentiate with NFL continuing to increase, NCAA slightly leveling, and NBA and NHL decreasing. Although these changes are occurring, they are subtle. The future viewership of these sports should start to level off and cease with the radical jumps.
To create estimations on weeks even further down the road, we created a system of linear recursion equations based off the earlier system of equations. The linear recursion equations can be used to find the viewers of any future week so long as you contain the number of viewers of the previous week. Each variable with the subscript n stands for the amount of viewers for the current week, with variables with the subscript n-1 stand for the amount of viewers in the previous week. The variables with the subscript 0 then would indicate our initial condition or the first week of October.

 


  

Variables:







                                       Initial condition:                      Domain:





For example, to find the amount of viewers watching NFL after the tenth week you must multiply the amounts of viewers for each sport during week nine with the percentage that change to the NFL each week.
Upon examination similarities between this system of recursion equations and our previous system of equations can be seen. The only difference is the variables and how we interpret them. In the earlier system of equations we specified our input to get certain output. Each variable represented the number of viewers for each sport during the first week of October. Out answer then would be the number of viewers for the fallowing week. The linear recursion equations however do not specify the inputs or outputs. It only states that to get the number of viewers for any given week(n) you must plug in the values for the previous week(n-1). Also, just like the system of equations we can represent the recursion equations in matrix-vector form. This form looks almost identical to the previous and works the same way except the variables represent the current and previous week with n or n-1.         

  

It was with this system of recursion equations that I created my long-term graph of the situation:

Figure 3: Sport viewership over ten weeks
*See Appendix B for full table.

Discussion of Results

In order to decide on how to allocate our million dollar budget we created few systems of equations to represent the amount of fans that would view certain sports at any given week. Although the amount of viewers in each sport jumped around from the beginning, the system eventually started to level off and stabilize. According to our models NCAA will become and remain most popular amongst FanVille while the uninterested level at the lowest amount. As long as our assumptions remain correct, our predictions should be fairly accurate. What’s happening is that for each week, the viewers of a single sport divide into a new sport or remain fans of that sport. Each sport had different percents of its fan-base change to a new sport. In the NFL example, only 30% would remain NFL fans the next week, the rest of the fans would move to a new sport. The fan-base eventually leveled off because when a certain number of fans were reached, the amount of fans leaving the sport equaled to the amount of fans coming into it. That “equilibrium” point, I found, was directly related to the amount of percentages coming into the sport from the others. Below I added the percentages received of from each sport, and besides for the NHL, which retains 59% of its fan-base, the larger the total, the higher its “equilibrium” value is on the graph. NCAA had the largest fan-base after ten weeks because it received the most fans from other sports. NHL did not receive too much from other sports but received a lot from the uninterested, but most importantly held its high numbers because of the 59% staying true to the sport.
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	The long term behavior of this model represented by figure 3 seems to show increasing stabilization as the weeks progress. Like an asymptote each viewer amount for each sport is getting increasingly closer to that stabilizing number. We could represent this behavior using limit notation:
       
       

This notation merely states that as the value of n increases infinitely, or the weeks go by for infinite years, the amount of viewers in each sport gets closer to the number placed in the parenthesis. The amount of NFL viewers for example will continue to get closer to 56,407.7 no matter how many weeks go by. As long as our assumptions remain true to this system, these numbers can be very useful as to where to concentrate our budget.
	To test just how resilient our model is against changing conditions a sensitivity analysis was conducted. By choosing one of the percentages of our original transition matrix I could compare the two and decide just how sensitive my model is to error in our numbers. I decided to decrease the percentage of viewers the NHL receives from the non-participants because I noticed just how crucial those numbers are to the viewership of the sport. I changed it from 40% of non-participants to only 30%. This also means the NHL will not receive a full 100% total from all the sports, representing a leave in the system, but for our purposes we will assume no one leaves FanVille. The system of recursion equations would then be represented like this:

 


  

The new model then after sixteen weeks is seen under appendix C. Upon review of this new graph differences in behavior formed. As suspected the viewers of NHL dropped dramatically by about 25% as compared to the original model. In fact since we have an unaccounted for loss in our system, all the sports are lower in viewers over sixteen weeks as compared to the original model. I also noticed however that I did not expect was the growth of NFL and NCAA fans even with this loss of net viewers. Also, since the amount of the population in the system was decreasing, the long-term behavior behaved differently from our original model. The fan-base did not stabilize at a certain number like the original model but kept either increasing or decreasing. I suspect that eventually all the sports would decrease in fans until there are no longer fans watching any of the sports. This is because of the net decrease of fans without an inflow of new fans. According to this model the most logical allocation of funds is based on the percentage of viewers the sports have against the total viewers. For example the NFL holds 26% of the viewer population by the sixteenth week, therefore should use 26% of our budget. But since our new system never stabilizes these percentages will continue to change. The displacement of budget would have to change according with these changes in viewer population. The percentages of the budget distributed to each sport then would go as follows:
NFL = 26%
NCAA = 34%
NBA = 13%
NHL = 16%
Non-participant = 11%


	The long term behaviors of the original model as compared to the sports viewership of my household would not hold to a predictable mathematical model like our system. This is because our family chooses viewing preference on the season the sport is in. During baseball season we mainly watch baseball, during football season the NFL and NCAA are fairly close, and Hockey season we watch the NHL. Since none of these sports take place all year around the viewing preference would fluctuate over time and would probably be best represented by a trigonometric model instead of a recursion equation. If we made the assumption that each sport would be played all year around, our overall preferences would be similar to our earlier results because we prefer football and hockey over basketball and the number of viewers would remain constant like the long term behavior of our model. It is rare to switch favorite sports in my family thus producing constant numbers from the start and not later in our system unlike our models.


Conclusions

	The final results of my system after sixteen weeks, long enough to assume no more significant increases or decreases in viewers for each sport will occur, are shown below. These values are in conjunction with the above Figure 3. 
NFL = 56,408 viewers
NCAA = 72,265 viewers
NBA = 28,781 viewers
NHL = 40, 645 viewers
Non-participating = 23,901 viewers

The total population of FanVille is 222,000 fans. However, it would be no use to try to advertise to the non-participants for we have now way of knowing their viewing preferences. Therefore the non-participating group will be disregarded, and subtracted from our total sport viewer population.

 Each number of viewers in each sport is a fraction of this total population. What I recommend for our business purposes is to divide up our million-dollar budget proportionally to the fraction of the total fans acquired by each sport. This way we do not shun out other sports while not wasting recourses on those less popular ones. By assuming no viewers leave or enter the system the percentages of viewers go as follows:
NFL = 28% of the population
NCAA = 36% of the population
NBA = 15% of the population
NHL = 21% of the population

These percentages are directly proportional to the fraction of our million-dollar budget. For example the NFL ads will receive 28% of our budget while the NBA ads only 15%. The actual amount of money invested per sport is calculated by multiplying this percentage by the one-million dollars:
NFL = .28(1,000,000) = $280,000
NCAA = .36(1,000,000) = $360,000
NBA = .15(1,000,000) = $150,000
NHL = .21(1,000,000) = $210,000


Since we concluded in our previous long term behaviors that the amount of viewers in each sport will stabilize to one value, we are assured that this budget allocation will benefit not only now, but in future subsequent weeks.
	Although this examination shows an accurate amount of viewers of each sport in accordance to our given information, more information could be acquired to create an even more accurate plan. We could put into account the season each sport actually partakes in. The amount of fans for the NFL for example, cannot be obtained in the spring as what it had in the fall. There is no football to watch during that season so respectively the amount of viewers of football would deplete. Also, each sport holds special events that enlarge its fan-base. Since we tally our total viewers weekly this effect can be taken into account. Events such as the Super bowl for the NFL, Rose bowl and other bowl games for NCAA, and the playoffs for both the NHL and NBA will each draw crowds that will break away from the predictions of a conventional model. We could also take into account population changes within FanVille. The number of viewers leaving or entering the system will respectively increase or decrease the number of fans of certain sports. This was seen previously with the sensitivity analysis. 




Viewers of each sport during the nth week
	Weeks since the last of Sept.
	NFL
	NCAA
	NBA
	NHL
	non-part.

	0
	13707.1
	43182.8
	42076.4
	4753.05
	118281

	1
	33000
	60000
	55000
	55000
	19000

	2
	52930
	57150
	36860
	47640
	27420

	3
	54014.5
	64237.2
	31687.7
	46627.4
	25433.2

	4
	55390.2
	67535.4
	29896.4
	44856.5
	24321.6

	5
	56000.8
	69480.1
	29132.3
	43315.8
	24070.8

	6
	56231
	70659.8
	28867.6
	42286.7
	23954.9

	7
	56332.4
	71343.5
	28783.5
	41627.7
	23913

	8
	56375.5
	71738.8
	28762.6
	41222.6
	23900.4

	9
	56393.8
	71966.2
	28762.4
	40980.2
	23897.5

	10
	56401.7
	72096.3
	28767
	40837.4
	23897.6

	11
	56405
	72170.6
	28771.7
	40754.3
	23898.4

	12
	56406.5
	72212.9
	28775.2
	40706.2
	23899.2

	13
	56407.2
	72236.9
	28777.5
	40678.7
	23899.8

	14
	56407.4
	72250.6
	28779
	40662.9
	23900.2

	15
	56407.6
	72258.3
	28779.9
	40653.9
	23900.4

	16
	56407.6
	72262.7
	28780.4
	40648.7
	23900.6


Appendix B: The iteration of the system of recursion equation after sixteen weeks










            Viewers of each sport during the nth week: sensitivity model
	n-weeks
	NFL
	NCAA
	NBA
	NHL
	Non-participants

	0
	33000
	60000
	55000
	55000
	19000

	1
	52930
	57150
	36860
	45740
	27420

	2
	53482.5
	64237.2
	31535.7
	42764.4
	25338.2

	3
	54121
	67263.7
	29503.5
	39949.3
	23986.7

	4
	54083.4
	68658.1
	28467.4
	37751.1
	23465.5

	5
	53707.4
	69165.9
	27910.4
	36201.5
	23093.7

	6
	53214.1
	69131.6
	27528.4
	35095.6
	22799.9

	7
	52671.7
	68789.4
	27209.6
	34281
	22537.8

	8
	52111.9
	68273.2
	26912.8
	33649.8
	22288.1

	9
	51548.2
	67660.6
	26623.3
	33130.9
	22044

	10
	50986.2
	66996.2
	26336.5
	32680.4
	21803.3

	11
	50428.5
	66305.6
	26051.5
	32271.6
	21565

	12
	49876.1
	65603.6
	25768.3
	31888.7
	21329.2

	13
	49329.4
	64898.3
	25487.2
	31522.3
	21095.7

	14
	48788.4
	64194.7
	25208.6
	31167.1
	20864.5

	15
	48253.4,
	63495.2
	24932.7
	30819.8
	20635.8


Appendix C: iteration of sport viewers after sensitivity analysis
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