122

Chopter 3 Differenfiction

Solution
,
When x = =, we have

3
27 27 /3 23 ~354/3
cot?’-—~2cscw7~:~w——#2 — = —

3 3 3 3

. ) . 4 = 7 .
so the point of tangency 15 P(:;l, m{—”j) To Gnd the siope of the tangent line at P, we
dy R i

first compute the derivative 7

dy d
2 (cotx — 20sCX)
dx  dx
d
= ——COLX — 2—— (50X Linearity rule
dx X

— st x — 2(—csex cotx)
= 265C% COLX — OS¢ X
Then the stope of the tangent line is given by

i{l{ :”cscgicolgz—csczz—jz
dx ].1':2,?{,‘3 ) 3 3 3
GG
IR SVEYARVE] V3
-8
e
50 the tangent line at { & 35::5) with slope —% is
EE Y
”T“”E(""”{)

24x 4 9y + 1543 ~ 167 =0

DERIVATIVES OF EXPONENTIAL AND LOGARITHMIC FUNCTIONS
The next theorem, which is easy to prove and remember, is one of the maost importan
results in all of differential calculus. :
THEOREM 2.8 Derivative rule for the natural exponential

The natural exponential function e is differentiable for all x, with derivative

£ - .
__W{.e,\) — r2.\
dx

Proof  We will preceed informally. Recali the definition of e:

i "
lim (1 + —) =g
H—r X 1

Letn = 3'7 50 that lim(}(l + Ax)/* =e. This means that for Ax very 8
. Ar
o Ax
f/ay AY P Ax ~ - o €
e {1+ Ax)/= ore™ = 1 + Ax, so that e — 1 % Ax, Thus, Im — 7%
) . o . 7 Ax—0 Ax
Finally, using the limit in the definition of derivative for ¢*, we obtain
d . E,L\'-E—AxJ P
— (") = lIim
dx Av—l Ax
g™ =1
= hm
Ax—} Ax
. ) gé.\' w1
= ¢ lm
Ax—D AX

e (h=¢
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Note:  An easier proof of the derivarive formula in Theorem 3.8 is given in Example 0
of Section 3.6 using methods devel oped in that section.

d . ‘ . : .
The fuct that — (&) = ¢* means that the slepe of the graph of v = ¢" at any point

dx

fa ety ism = ¥ the v .coordinate of the poinl. as shown in Figure 3.26. This is one
of the features of the exponential function v = ¢¥ that makes i’ naluml

sepmpie 7 A derivative involving ¢
Differentiate f(x) = x’¢'. For what values of ¥ does ["{x) =07

Sefution

ﬁgureS?{) The slope of y = ¢t at Using the product rule. we find
ach point {d. & s o= et ) .
[y = ——(xe"
dx
S d . d L7,
SR il et
dx ddx
— 2 SR Ry - : ]
= xTen o lxe Exponential and powsr rules

To find where f'(x) = 0. we solve
et 4 2xet =10
xix + et =0

x+23=0 Since ¢ = () for all v
X = (} . _?_ i
FuAMPLE & A second derivative invelving et
For f{x) = e"sinx, find F(xe) and fULv).
(3{ frl;‘;t
Apply the product rule twice:
Fxy = et (sin o)+ (e sinx
= " (cos V) 4 e (sinx)
= e'(cosx + sinx)
Sy = et {cosx + sinx) 4 (") (cosx - sin x)

= ¢ (—siny +cosx}+ e" {cosx +sinx}

B
g

= 2¢" cosx

ECEER 2.0 Derivative rule for the natural jogarithmic function

The natural Iogarithmic function Inx is differentiable for all ¥ > 0, with derivative

i
(hy)y=—
d \' )= X

pegnd According to the de Gnition of te derivative, we have

PR
o o In{x+ Axv)—inx
—{Inx)= Hhm
dx Ax—0 Ax

/x4 Ax
= lim — ﬂk
sv—0 AX

lm — En ( —w>
Av—0 A

‘,\,1

1
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3 Differentigtion

Chapter

1
= —1n
X

Tim

T

perivative of a

EXAMPLE
e . Inx
Differentiate f (x) =T
sinx

Solution

calculators of compu
ou might obtain

an2 x4+ 1

When you are using

vary. For exampie, ¥
o(tanx)y =t
T (tan x)

instead of sect x as found in this sectiorn;

d \
—-(cotx) = —cottx — 1

dx
. “1
instead of —¢sC” X
d sinx
Zo(secx) =

)
dx cOs” X

instead of seC ¥ tan x; and
cosX

I

LA
sin” X

d

Z(escx) =

dx
instead of —cse X cotx.
asing a TI-92, is shown 1
Although the form of this ©
are equivalent by using ajgebra
A good test for v
calculators will give

n Figure 3.21.

the incorrect answ

alculator solut
{(and recalling som

our calculator is 10 wy
er of 0.

We use the quotient ¥

fixy=

a5 Mathematicd, Derive, ot M aple, the form of the derivalive

fer programs such

A solution L0 Example 9.

ion 1s different fr
e of the fun

1o find the

E1n (1 - -}i—) h — 00 as Ax
]

om the form show
Jdamental identities
derivative of jxiat x

0

power rule for jogarithm®

ontinuous,

Since Inx i8¢0
limit rule.

use the oomposition

=
I

Definition of ¢

ne =1

g natural jogarithm

quotient involvin

ule.

(sin ) nx) — (I00) 4 (sin x)

sin® X
(sin x) (1) —dn x)(cos x)
sin” x
ginx — xInxcosx
xsin” X

1l %) )
= ini

. _vl_{
ax

Figure 3.71  Sampi¢ putput {0t Example 9- Notice
fromm that shOWH

that the form of the answer differs

in the text.

n in the example, you should notice
from trigonometry).

e know does not g

= 0. which W



