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A COMBINATORIAL DESCRIPTION OF THE FREE MODULES
IN A FREE RESOLUTION OF A MULTIGRADED MODULE

AMANDA BEECHER

ABSTRACT. This thesis analyzes the structure of the T-resolution, which is a con-
struction of a free resolution for any multigraded R-module, where R = k[z1, ..., 2]
It was orginally described by the linear algebraic structure of a presentation matrix.
Here, we will describe much of the resolution from a matroid associated to the finite
free presentation without reference to the linear algebraic structure. Encoded in
this matroid is the rank of the free modules in the resolution. We use this number
to find a suitable simplicial complex whose top reduced homology is canonically
isomorphic to the underlying vector space of a free module in the resolution. We
completely describe the free modules of the T-resolution combinatorially from a
matroid defined from the presentation matrix. We also use the T-resolution to
give sharp upper bounds for the Betti numbers of a finitely generated multigraded
resolution in terms of the first two Betti numbers and the rank of the module. We
use the sharp bounds to establish bounds for the multigraded Bass numbers of a

finitely generated multigraded module using Alexander duality.
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INTRODUCTION

This thesis is divided into three parts. The first section is background information
to aid in our understanding of the problem and the solution. The content of the
last two sections are papers that are to be submitted for publication. At this time
”Upper Bounds for Betti Numbers of Multigraded Modules” has been accepted for
publication by the Journal of Algebra. The last chapter shall be submitted soon.

The first section is the background for the results of the last two sections. We begin
by introducing multigraded modules and free multigraded resolutions. The Taylor
resolution for monomial ideals is described and shown to be supported by the chain
complex of a certain simplicial complex. In this way, the Taylor resolution is described
completely combinatorially. The main problem is to describe the construction called
the T-resolution completely combinatorially as well. The T-resolution is described
in section 1.3. Before we can review this, however, we must review properties of
matroids in section 1.2, because the T-resolution uses a matroid in its construction.
Section 1.4 gives us a convenient way to view matroids as simplicial complexes. We
also describe the broken circuit complex and the reduced broken circuit complex.
The latter is the simplicial complex whose top dimensional reduced homology will
be shown to be canonically isomorphic to the vector spaces of the T-complex, called
the T-spaces. We review two methods for identifying the canonical basis for the
reduced homology with a set called a (-system. These will be used interchangeable
in Section 3 to ultimately create the canonical isomorphism. The last subsection will
describe properties of the lattice of flats from Section 1.2, the Md&bius function on
this lattice, and also a process called Mobius inversion. It also reviews the keystone
to our arguments, Crapo’s beta invariant. This number will be shown to be both the
dimension of the T-spaces and the dimension of the reduced homology of the reduced
broken circuit complex.

In ”Upper Bound for Betti Number of Multigraded Modules,” we give an upper
bound for a finitely generated multigraded module in terms of its first two Betti

numbers and the rank of the module. More specifically,



Theorem 1. Fori > 2, we have

L) Bo(L) —rank L +i — 3
ﬁo(L)—rankL+z’—1)( i_9 )

s < (

We also give an example of a multigraded module that will achieve these bounds

in each homological degree. Therefore, these are sharp upper bounds. We go further

to use these bounds to obtain upper bounds for the multigraded Bass numbers of a
finitely generated multigraded module.

In Section 3, we describe the T-spaces of the T-complex of a multigraded module

L completely in terms of a matroid defined by a presentation matrix. We show

Theorem 2.
dim Ts(¢) = B(M"),

where (M*) is Crapo’s beta invariant of the matroid M*.

This number is also the top dimensional non-zero reduced homology of the reduced

broken circuit complex from Section 1.4. We use this to show that

Theorem 3.

H_(BO(M*);k) ———— Ts(¢)

canonical

Using the same construction for each T-flat, we will show that all the vector spaces
in the T-complex are isomorphic to reduced homology of a simplicial complex. Since
the basic cycles of the reduced broken circuit complex are defined with integer coef-
ficients, this gives a description for the free modules of a resolution of an R-module
where k is not necessarily a field. The last main result of this thesis describes one
component map of the T-complex as the induced connecting map ¢ from the reduced
chain complexes of the reduced broken circuit complex. This is given in the following

commutative diagram

Theorem 4.

0 — H_(BC(M*\a);k) —H,_1(BC(M*); k) > H,_o(BC(M*/a);k) — 0

| J |
(@

0— TS\a ) - TS\a(gb\a) - 07

R

¢/a) —

o
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where [ is the level of S and a = max(.5).

We hope to describe all maps in the T-resolution completely combinatorially from
the matroid presentation. This would allow the entire T-complex construction to

extend to the case when k is no longer a field.



1. BACKGROUND

1.1. Multigraded Modules and Multigraded Resolutions. We introduce the
reader to the definitions of multigraded modules and multigraded resolutions. We
define the Taylor resolution for monomial ideals and give its combinatorial descrip-
tion. This creates a template for a combinatorial description of the free resolution an
arbitrary multigraded module.

Let R = k|[x1,...,2,] be the polynomial ring in m variables over a field k. The
polynomial ring has the decomposition into vector spaces

R = @ k- z?,
aeNm

where we write % for the monomial z{* - --z%" € R.

A multigraded module over R is a module L with a decomposition

L= EB Ly as abelian groups so that k- x® - Ly C Lgysp, for all a, b
bezZm

where for a = (ay,...,a,),b = (b,...b,) € Z™, we write
a+b=(a;+0b,...,an+by)

and

lem(a, b) =(max(ai,br),. .., max(an, by)).

Thus R is a mulitgraded module over itself.

The element c-x® is a multihomogeneous element of R. A multihomogeneous ideal
of R is an ideal generated by multihomogeneous elements. The homogenenous ideal
m = (Z1,...%y,) is the unique maximal multihomogeneous ideal of R.

If 2z is a multihomogeneous element inside a multigraded R-module, we write deg z
for its multidegree. In particular, deg(z®) = a. More generally, if A = {z1,..., 2z}

is a collection of multihomogeneous elements in a multigraded R-module, we set
deg A = lem(deg zy, . . ., deg 2 ).

For example, the degm =1 = (1,...,1).
4



The shift of a multigraded R-module L, L(a), is the multigraded R-module so that
L(a)p = Lqip. Notice that if L = R then R(a) is the free R-module generated by
the element 7% since R(a)_q = Rat(—a) = Ro. A finitely generated free multigraded
module F has the form F = @ | R(—d;), where each summand of F' is generated
in multidegree d;.

If L and N are multigraded R-modules, then a multigraded R-module homomor-
phism is an R-module homomorphism ¢ : L — N so that ¢(Lg) C N.

A free presentation of an R-module L is an exact sequence
R — R — L—0.

A complex of R-modules is a sequence of R-modules F; and R-module homomor-
phisms F; — F;_; such that the compositions F;,; — F; — F;_; are all zero. If
R =k then we have a vector space complez.

A resolution F of an R-module L is a complex of R-modules
IF:-~-—>F}ﬂ>F},1—>--~—>F1E>F0—>O

with the extra properties that

(1) Im ¢; = ker ¢;_1; i.e., the complex is exact for [ > 1.
(2) Coker(p;) = L.

If, in addition, all F; are free R-modules then we call F a free resolution of L.

We will often augment the resolution ' and say it is a free resolution if
F:---—>Flﬂ>Fl_1H---—>F1ﬁ>F0—>L—>O

is an exact complex.

A resolution F is a multigraded free resolution of a multigraded module L if the
F; are multigraded free modules and the maps are multigraded R-module homomor-
phisms.

It is well known that every multigraded R-module L has a minimal free resolution,

IF:---—>Flﬂ>Fl,1H---—>F1ﬂ>FO—>L—>O
5



i.e., F is a multigraded free resolution and the image of ¢; : F; — F;_; is contained

in mF;_; for all [.

Theorem 1.1. [6, Theorem 6.3.15] Any free resolution of a multigraded R-module L

contains a minimal free resolution as a direct summand.
Corollary 1.2. Any two minimal free resolutions are isomorphic.

The ith Betti number in multidegree j of L is defined to be the number
Bi;(L) = dimy(Tor{*(L,k));

and the numbers {f; ;(L)} are called the multigraded Betti numbers. The number of
generators of F; in multidegree j of the minimal free resolution of L are the graded

Betti numbers of L. The ith Betti number of L is the number
Bi(L) =rank F; = > Bi;(L).
J

If we have any free resolution of L, then we have upper bounds for the Betti
numbers since the minimal free resolution embeds in the given free resolution. The
detection of this embedding is elusive, so there are many papers developing tools to
determine the minimal free resolution.

It is an open problem to find an explicit combinatorial description for the minimal
free resolution of an arbitrary multigraded module over R. This problem is well-
studied but still open, even for L. = R/I where I is a monomial ideal. The Taylor
resolution [15] gives a free multigraded resolution for L where I is an arbitrary mono-
mial ideal, however it is not in general minimal. The most concise description can be
found in [8] and it is the one we follow here.

Let I = (my,...,m;) be an ideal generated by ¢ monomials. Let F; be the free
module on basis elements e;, where J is a subset of length s of {1,...,t}. Set
my = lem{m; | j € J}. For each pair J, K such that J has s elements and K has

s — 1 elements, define

0 if K ¢ J

(=) tmy/my if J= KU {j;} for some k
6
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where J = {j1,...,Js} and j; < ... < js. Define ds : F; — F,_1 to be

ds(ej) = ZCJJ(@K.
K

We see that all the free modules and all the maps are described completely from

the monomial ideal I, or equivalently, from the free presentation

)

From the description and the fact this is a free resolution of R/I we have that

R

R— R/I —0.

Bs(R/I) < (z) for all s. Chapter 3 is devoted to giving an upper bound for the Betti

numbers of any multigraded module.

Example 1.3. Let [ = (2%y, 22, 23). Then the Taylor resolution T of R/I is

22 z 23 0
| B(=2%yz) ey 0 2 R(—2%)
Ty © 0 —2%y —x ©
0 — R(—2%yz’) —— R(—a%yz?) R(—xz)
S S
R(—zz?) R(—2%)

<x2y Tz z3>

We see this resolution is not the minimal free resolution because the image of the

R— R/I —0

the generator in multidegree x*yz> in the second component is the generator with
multidegree x?yz> which is not contained in the marimal ideal of R(—x?yz3). This
can be read from the maps by noticing that the entry corresponding to this map is a
nonzero element of the field k.

Consider the field k as the image of the map R — k where we send each x; to

1 ek;ie, k= R/(x;—1,...,2, —1). By tensoring the resolution T with k we
7



obtain the underlying vector space complex

1 0 -1 -1 (111>
3

Tork:0—k k3 k k — 0.

For an arbitrary monomial ideal I the underlying vector space complex for the

Taylor resolution is

0ok — k) & k()

which may be identified as the reduced chain complex of the ¢-simplex with coefficient
in k. We save the description of the chain complex until Section 1.4 where we will
need simplicial complex results.

Alternatively, if we know the underlying vector space complex U and the mono-
mial ideal I, then through a process called homogenization, one constructs the free
resolution U ®y R by defining the generator of the free module recursively as follows,

Fy = R(—my) @& ... ® R(—m,) and given F; define e, € F;1; to have multidegree
deg(e,) = lem{deg(e,) | e, € F; and (p, q) — entry of the matrix # 0}.

So, for monomial ideals, it is enough to construct the underlying complex of vector
spaces over k and then homogenize.

This thesis makes strides in reinterpreting the construction of the T-resolution
described in Section 1.3 in terms of the combinatorics and topology of simplicial
complexes associated to a matroid. As an immediate benefit we obtain an explicit
basis for the T-spaces that underly the T-resolution, thus providing an approach in
the spirit of Taylor’s. In addition, our description is the first step in realizing the

goal of defining the resolution where k is any ring, not just a field.

1.2. Matroid Theory. We review basic results from matroid theory and give some
examples. In the next subsection, we will use many of these concepts in the con-
struction of the T-Resolution. Additional results are given that will be needed for

understanding the last section of this thesis.
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A matroid M is a pair (S,I) where S is a finite set and I is a nonempty collection

of subsets of S satisfying the following:

()X CYandY €Ithen X €I
(2) If X,Y € Tand | X| = |Y|+1 then there exists an € X\Y so that YU{z} € L.

If X € Ithen it is called an independent set. If X ¢ I then it is called a dependent set.
We call a maximal independent set a basis of M. A circuit is a minimal dependent
set. A circuit A so that |A| =1 is called a loop.

A matroid M is called connected if for every pair of distinct element x and y in S
there is a circuit of M containing x and y. Otherwise it is disconnected. If a matroid
M has a loop, then it is disconnected. Indeed, since a loop {x} is a circuit, then any

circuit containing y # = will not contain z by minimality.

Proposition 1.4. [17, Corollary of Theorem 1.5.1] Every basis of M has the same

cardinality.

The cardinality of a basis of M is called the rank of M. More generally, the rank
of X C S is the number ri! = max{|Y| | Y € Y C X}. Notice that r}! = |X|
precisely when X € I and for any circuit A we have that r¥ = |A| — 1. The level of
a subset A is defined to be the number 4 = |A] — 73 — 1. Notice that the circuits
are all of level 0. In [16], Tchernev defines a T-flat of M as a union of circuits of M.
We will denote the collection of T-flats of level k by 7,(M), and the collection of all
T-flats by 7 (M).

Example 1.5. Given a finite set of vectors in a vector space, one creates a matroid
with them by letting the independent sets be those subsets of the wvectors that are
linearly independent. In this way, the rank of the subset X is the dimension of the

subspace spanned by the vectors of X.

Example 1.6. Another way to construct a matroid from a finite set S is from a set
map ¢ : S — W where W is a k vector space. Then we extend this to a map of
vector spaces ¢ : Ug — W where Ug has basis {e;|i € S}. Continuing with the same

notation, we let Ur be the vector space spanned by {e; | i € I C S}, Vi the vector
9



space spanned by {p(e;) | i € I} and V' = Vs. Then we form a matroid M on S where
the independent sets are precisely those subsets X C S such that dimy Vx = |X|. For

instance, let ¢ be the map sending

1—(1,0)

2+ (1,1)
3—(1,2)

4+ (1,0)

and S ={1,2,3,4}. Then

L= {0, {1}, {2}, {3}, {4}, {12}, {13}, {23}, {24}, {34}}

and the circuits To(M) = {{123},{234},{14}}. Also, the rank ry1y = 1 and ryaqy =

2. We may also represent the map ¢ as a matriz

1 111

01 20

where for each i € S, e; is the ith column of the matriz. Thus a matriz defines
a matroid on the set of column vectors under linear independence as in the above

example.

When a matroid M can be formed in this way, we call M a representable matroid.

We call ¢ : Us — W a representation of the matroid M.

Example 1.7. A uniform matroid, U, , is the matroid where each r element subset
of S is a basis of M with |S| = n. The circuits of U,,, are all v + 1 element subsets

and more generally the set
Ti(Urn) ={X [ | X[ =7+ k+1}

for0<k<n-—r—1.
10



A subset Y C S is a flat of M if for every € S\Y, ryupay = 7y + 1. A maximal
flat is called a hyperplane of M. Clearly, if H is a hyperplane of M, then rg = ry—1.
The closure of A, A, is the unique smallest proper flat that contains A and has the

same rank as A. Clearly, F = F where F is a flat of M.

Example 1.8. When M is a representable matroid, then the vectors in A span the

same subspace as the one spanned by the vectors of A.

Example 1.9. The hyperplanes of the uniform matroid U,,, are all v — 1 subsets of
S. The flats of U,,, are all subsets of S whose cardinality is less than or equal to r—1

and

— A aflAl<r-1
LA A

S otherwise.

Proposition 1.10. [17, Theorem 1.8.3] A flat is the intersection of hyperplanes.

Remark 1.11. Ordering the flats of a matroid by inclusion gives a ranked lattice
called the lattice of flats and is stratified by the rank of the flat. Clearly, this is the

intersection lattice of the hyperplanes of M from Proposition 1.10.

The dual matroid M* of M has vertex set S and basis of M* are all subsets S — B,
where B is a basis of M. The circuits of M* are C' € S so that S — C is a hyperplane
of M. Consequently, a set A C S is a T-flat of a matroid M if and only if S\ A is a
proper flat of the dual matroid M* by definitions and Proposition 1.10.

In the dual matroid, the rank is the number r\I" = |A| — rM + 7’2/{ 4 In particular,

the rank rM° = |S| — rM which is obvious from the definition of M*.
Example 1.12. Urn = Un—rn

Consider the lattice of flats of the dual matroid ordered by inclusion. If we take
complements of entries in the lattice, this creates a lattice of T-flats in the matroid
ordered by reverse inclusion and ranked by

re g =S| —r§ — Al + N =15 — La,
11



for a T-flat A. Therefore, the lattice of T-flats of a matroid M ordered by reverse
inclusion is isomorphic to the lattice of flats of M* ordered by inclusion. We will
often use these interchangeably. We need to consider both, because Tchernev [16]
uses the lattice of T-flats in the construction of the T-resolution, but the lattice of

flats is used by Ziegler [19] to define the labels that define a G-system.

Example 1.13. The lattice of flats of Us 4 ordered by inclusion.

1234

PR
W
\ /

0

The lattice of T-flats of Uz, = Uy 4 ordered by reverse inclusion.

1111
Example 1.14. Let ¢ = and M the matroid defined by ¢ as in

0120

Example 1.6. Then the lattice of T-flats of M is
12



I\

234 14

N

1234
and the lattice of T-flats of M* is

1234

SN
4 1 23
\ /
0

We end this subsection by recalling two fundamental matroid operations and how
the representation transforms under these operations. The restriction of M to A,
M]|A is the matroid on A with I|A = {X C A | X € I}. We write M\a for M|(S\a).
The contraction of M to A, M. A is the matroid on A where LA ={X C A|3JY C

S\A,Y # () so that X UY € I}. We write M/a for the contraction M.(S\a). We

will examine these operations further in the Section 1.4.

Definition 1.15. [16, Section 1.3] Let ¢ be a representation of M. For a subset
Y C S let ¢|Y be the restriction of ¢ to the subspace Uy . Then

gblY: UY — W

is a representation of the matroid M|Y, and we obviously have for any subset A of
Y that Va(¢) = Va(o|Y). We will write ¢p\a for ¢|(S\a).

Also, let ¢.Y = 7 o (¢|Y), where 7l : W — W = W/Vsy(¢) is the canonical
projection (when ¢ and/orY are clear from the context, we will write wy or simply
7 instead of ©¥). Then

oY : Uy — W
13



is a representation of the matroid M.Y. We will write ¢/a for ¢.(S\a).

1.3. T-resolution. We will describe the T-resolution from [16].

Let

ELGHL%O

be a minimal finite free multigraded presentation of L and S a multihomogeneous
basis of . We consider the field k as an R-module under the quotient map where
we send each variable to 1. In this way, tensoring the free presentation with k gives
the map

Eork 229 Gork=W

Let S =5 ® 1 be a basis of E ®g k. Then the set map
6. e®id  yrr

defines a matroid M on S as in Example 1.6.

Let I be a T-flat of level [. We write
Cm() ={IO C...CIU =T | where IV € T; for each i > 0}

for the collection of all maximal chains of T-flats contained in the T-flat I from the
lattice of T-flats described in section 1.2. Let I be a chain 1@ C .- C I in Cy(1).
When [ = 0, then [ is the only element of Cpy(7), and we set V(I) = SoW = k. When
[ > 1, define the vector subspace V (I) C S;W of the [th symmetric power of W as

V(]I) = (‘/}(1)\1(0) N V}(o)) e (‘/}(l)\[(l—l) N ‘/[(l—l)),

where the product of these vector spaces is taken in the symmetric algebra of W.

When [ > 0, then the multiplicity space is

0 if I is not a T-flat
ZHECM(I) V() if I is a T-flat

SI(¢) =

[16, Definition 2.2.3]. When there can be no confusion, we simply write S;.
14



Let I be a T-flat of level [ > 1 and let J C I be a T-flat of level [ —1. Multiplication

in the symmetric algebra of W induces an injective map
v:(V;Nn Vi) ®S; — S,

which is called the multiplication map [16, Definition 2.2.6].

Let {a} be independent in M, let A C S\a be a T-flat of M/a of level [, let B be
a T-flat containing A U {a}, let W = W/V,, and let 7: W — W be the canonical
projection map. Then the canonical surjection of symmetric powers m;: ;W — S;W

induces by restriction a surjection of multiplicity spaces Wg\a 4 = TSs\aa: SB(d) —

Sa(¢.S\a) [16, Theorem 5.4.2].

Theorem 1.16. [16, Theorem 5.4.4] Let a € S with {a} independent in M, let
A C S\a be a T-flat of M.S\a, and let B be a T-flat containing AU {a}. If {a} is
a T-part of B then

TS\a,A

0 — Sa(¢) @ Va(¢) — Sp(¢) —== Sa(¢.S\a) — 0

1s an exact sequence of vector spaces.

When [ > 0, the T-space of I is
1] T

Tr(¢) = Si1(9)" ® /\UI ® /\VI<¢)*'

When A = {a}, we set

Ta(p) =Ty =U,.

When there can be no confusion, we simply write 77.
1] T

Since /\ U and /\ V;" are isomorphic to k as they are the top dimensional exterior

product,
dimy S;(¢) = dimy T7(¢) for all T-flats I.

We will use the notation A X to mean the top dimensional nonzero exterior power of

X.
15



Example 1.17. [16, Example 2.2.10] When M = U,,, and I is a T-flat of level ,
then
SI(¢) = Sl‘/la

the I*" symmetric power of Vi and
Ti(¢) = SV* @ AU @ AVi(¢)*.

The T-spaces are the vector spaces in the T-complex. Now, we describe the maps
f’J : Ti(¢) — Ty(¢). These maps are a component of the differential in the T-

complex.

Definition 1.18. [16, Definition 2.3.1] Let J C I be subsets of S.

(a) The space Kry is given by the formula
Ky =Vi/V;.

(b) Since Vi = V; + Vi there is a natural commutative diagram

0 —— VinViy —— Viuy —— Ky —— 0

A
0 —— Vy =V} —— K;y —— 0

with ezact rows; we use it to identify canonically K1 and Vi_;/(V; N Viy).

(c) There is a natural diagonal isomorphism
§=01: AU — AU QRAU;
and a canonical isomorphism
a=aM: AV; — AK,®AV}

induced by the bottom row of the commutative diagram from Part (b) above.

(d) Let I be a T-flat of level | > 1, and let J be a T-flat of level | — 1 inside I. In
particular, the top row of the commutative diagram from Part (b) induces a canonical
homomorphism

b:bi\jjl (VJm‘/I\J)*®/O\K}kJ - /O\‘/I*\J
16



which 1s zero when V; N Vi =0, and is an isomorphism otherwise.

Definition 1.19. [16, Definition 2.3.2] Let I be a T-flat of level | > 0, and let J be

an element of T;_1(M) contained inside I. The homomorphism

17 Ti(6) — Ty(9)

1s defined as the composition

ARI®a

Ty(¢) 22252 Qu,(0) —— Rus() 22222

Sii(9) L2 Ty(9)

where
Qu=VNViy) ®S;@ (AU, @ AU)) @ (AK;, © AVY),
Riy=[(VinViu) @ AK} ] @ AU, ® (S5 @ AU; @ AVY),
Sty = AV, @AV ®Ty,
where 1 : X ® X* — k s the canonical evaluation map, 7 is the isomorphism
which simply permutes the components of the tensor product as indicated, the map
A ST — (VN Vi) ® S is the diagonal map dual to the multiplication map v,

and the map Ao : /O\U[\J — /O\VI\J is zero if I ~.J is not independent, and is the

canonical isomorphism induced by ¢ otherwise.

Definition 1.20. [16, Definition 7.1] Let A be a T-flat of MY, and let B = S\(Y\A)ps-,
the complements of the closure in M*.
(a) By repeatedly contracting one element at a time, it is clear that one always has

an equality r¥_, + Y =M and an exvact sequence

0 — Vpa(d) — Ve(¢) — Va(e.Y) — 0.

(b) Since S\Y is independent, rNt , = |B\A| and we have canonical isomorphisms

o

c;A =cl =c: AV4(0.Y) @ AVsoa(d) — AVp(d)*
and
d),=dy =d: k — AUpa®AVzoale)*

induced by the canonical projection 7: W — W and by the map &, respectively.
17



Definition 1.21. [16, Definition 7.3] (a) Let A be a T-flat of MY, and let B a

T-flat containing A. The canonical inclusion homomorphism is given by
(MY )5: Ta(0.Y) — Tp(0)

as the composition

T3 A®AQC

Ta(Y) 2% 10 " T() Ti(9),

where

iTAEllB2 = TA((bY) ® /O\ UB\A & /O\ VB\A(¢)*7

=S4(dY) @AUL @ AVA(0.Y) @ AUpa @ AVpa(9)*,

TG =S40 Y) @ AUL @ AUpa ® AVa(d.Y)* ® AVial9),

and the map 7 18, as usual, the canonical isomorphism that simply rearranges the
components of the tensor product in the indicated order.

(b) For each | > 0, a canonical injective homomorphism is given by
(r.Y)]: T(6.Y) — Ti(¢)
by the requirement that it restricts to the component Ta(¢.Y) of T)(¢.Y) as
(Y |y = (~D/E (1)
for every T-flat A in M.Y of level [.

Definition 1.22. [16, Definition 2.4.5] The T-complex has the form

o Drg—1
O—>TS(¢)L> TA(¢)L>~--—>USL>W—>O
la=lg—1
where the ¢ |r,= Z (—1)MIph.
JET,_1 (M)
JCI

Theorem 1.23. [16, Theorem 3.5] The T-complez is a resolution for the ker ¢.
18



Example 1.24. The T-complex defined by the matroid U, 5 is

1 0 -1 -1 (1 1 1>
Tork:0—=k k3 k3 k —0.

Recall this is the underlying vector space complex for the Taylor resolution in Example

1.5.

In order to build a free resolution of L from the T-complex, we must homogenize
as in the monomial ideal case. Recall that S was taken to be a multihomogeneous

basis of E. For a T-flat I = {iy,... i1} C S
deg I =lem(degiy,...degi).
We give the free R-module
T1(®,S) = Ry Tr(0)
a canonical multigrading by the formula
deg(z @ v) = degz + deg [

for any vector v € Tj(¢) and any monomial z € R [16, Section 4]. The canonical
homogenization shows that the construction of a free resolution of a multigraded
module is completely determined by the underlying vector space complex just as in
Section 1.1 for monomial ideals.

The T-resolution of L from [16, Definition 4.3] has the form (with A = g + 2 =
S| =3t +1),

To(®,5) =0 — Ty (D, 5) 25 Th_1(®,8) — -+ — T1(®, 5) 25 Ty(®, S) — 0,
and the free R-modules are defined as

T,(®,8) = P T:i(®,58), 2<i<lg+?2
I€T; 2(M)

and

TQ(@,S)ZG and Tl(q),S):E
19



Example 1.25. Let

(ml ce mt>
R R— R/I —0
be a free presentation of R/I and S = {mi,...,m:}. Then Uy, is the matroid
associated to the presentation matriz and the T-resolution is the Taylor resolution

for the monomial ideal generated by S.

Since the T-resolution is a generalization of the Taylor resolution, then the T-
complex should have a nice combinatorial description. We see the T-flats of the
matroid defined from ¢ are an indexing set for the free modules. We will show that
this matroid also describes the rank of the free modules and a simplicial complex to
describe the free modules in the resolution. In contrast to Taylor, we will associate
one simplicial complex to each free module, not one for the entire resolution. A
continuing project is to describe the maps in the T-resolution combinatorially, in

order to obtain a complete generalization of the T-resolution when k is not a field.

1.4. Reduced Broken Circuit Complex. In this subsection, we review how a
matroid defines a simplicial complex. We recall the reduced broken circuit complex
that we will associate to a T-space in Section 3, the description of a 3-system, and
show how it is an indexing set for the basic homology cycles of the reduced broken
circuit complex.

A simplicial complex A on a finite set V' is a collection of subsets of V' so that if
F e Aand G C F then G € A. The elements of V' are called vertices, the subsets
of A are called faces. A face not properly contained in another face is called a facet.
If F € Ais a face, then dim /' = |F| — 1. The dimA = max{dim F : F' € A}. A

simplicial complex is pure if all facets are equidimensional.

Example 1.26. Given a matroid M on S, one obtains a simplicial compler A by
letting V =S and the faces are those subsets of S that are independent. A simplicial
complex formed in this way is called an independence complex of the matroid M. This
simplicial complex is pure since each facet is defined from a basis of M and all bases

of Ml have the same cardinality by Proposition 1.4. One clearly has dim(A) = r¥ —1.
20



We will often abuse the language and say that a matroid is a simplicial complex

by identifying it in this way.

Example 1.27. The matroid U, ,, is the simplicial complex consisting of n points.
The matroid U, = K,, the complete graph on n vertices.

The matroid U, ,, is the set of all (r — 1)-simplices on n vertices.

1111
Example 1.28. Let ¢ = , then
0120
M = 2
1 4
3
and
M* = 1
2 3
4

It is clear from the definitions that for the restriction of a matroid M to A, M|A
is the subcomplex
Ay={FeM:FCA}
In particular, M|(S — a) = M\a is the subcomplex of M obtained by removing a

from all faces of M.

Example 1.29. Ifr # n then U,,\a = U, ,,—1 and if r =n then U, ,\a = Up_1 1.

1111
Example 1.30. Let ¢ = , then

0120
21



and

M\2= 1 4
3
Similarly, the contraction of a matroid M on A, M.A is the subcomplex
Apma={FC(S—A): FUB e M, for some B C A}.

In particular, M.(S —a) = M/a ={F C S —a: FU{a} € M} is the subcomplex
link(a).

Example 1.31. The matroid U, ,/a = U,_1 1.

1111

Example 1.32. Let ¢ = , then
01 20

M/4 = 'Y

o3

and
M/QZ ol o4
o3

22



Theorem 1.33. A simplicial complex is the independence complex of a matroid if

and only if it is pure and all subcomplexes are pure. O

An ordered matroid is a matroid with a linear ordering on the vertices. Since
S is finite, we may assume S = {1,...,n} where we assign these numbers so that
1 <2< ---<n. In an ordered matroid a broken circuit is obtained from a circuit by
deleting its smallest element. The family of all subsets of S that contain no broken
circuits is called the broken circuit complex of M, written BC(M) and the family of
all subsets of S — 1 that contain no broken circuits is called the reduced broken circuit

complex of M, written BC(M).

Example 1.34. The circuits of U, ,, are all v+1 element subsets. The broken circuits
of Uy, are all v element subsets except those that contain 1. Thus BC(U,,,) are all
r simplices that contain 1 and B_C'(Um) =Ur_1p-1-

1111
Example 1.35. When ¢ = , then
0120
BC (M)

= 2
1
3
and

BC(M) = o2

o3
Theorem 1.36. [3, Proposition 3.1 and 3.2] Let M be an ordered matroid of rank r.
Then

(1) BC(M) € BC(M) C M.
23



(2) BC(M) is a pure (r-1)-dimensional complex of M.
(3) BC(M) is a cone over BC(M) with apexr min(S), whose facets we call nbe-
basis.

(4) BC(M) is a pure (r-2)-dimensional subcomplex of M.

We will now review some basic topological results about simplicial complexes. Let
F = {vg,v1,...,vs} be a face of a simplicial complex A with vertex set V. Giving an
ordering to the vertices of V| we write F' = [vg, ..., vs] when vy < v < ... < v, in the
given ordering. Let 68(A) be the free abelian group generated by the s-dimensional
faces of A which we canonically identify with the symbols [vg, ..., vs]. The group

homomorphism 8, : Cs(A) — Cy_1(A) is defined on the basis clements as

S

Ou[v, -, v =D (=1)[vo, ..., G, .. 0.

i=0
The elements p € Cy(A) such that 9,(p) = 0 are called eycles and form a subgroup
Zs(A). The elements o € 5S(A) such that o = 0y41(7) for some 7 € 53+1(A) are
called boundaries and form a subgroup B(A). It is a direct calculation to see that
0500541 = 0 for all s € Z. Thus Bs(A) C Zs(A) for all s € Z. The quotient group
H,(A) = Z,(A)/By(A) is the s-dimensional reduced homology group of A. A complex
A is called acyclic if Hy(A) =0 for all s € Z.

A shelling of a pure simplicial complex of dimension d is a linear ordering of
the facets Fy, Fy, ..., F}, so that for all # > 1 the intersection F; N (UKZFJ) is a
nonempty union of facets of the boundary OF;. In a shelling, F; is a homology facet
if ;N (U, Fj) = OF;. This name reflects the fact that these particular faces index

a basis for the homology of the shellable simplicial complex:

Theorem 1.37. [1, Theorem 7.7.2] Let A be a shellable simplicial complex of dimen-
sion d with homology facets {F, ..., Fy}. Then

(1)
T
]:Q(A): 7F ifi=d '
0 if i #£d
24



(2) There are cycles oy, ..., 0, € Hy(A) uniquely determined by
oi(Fj) =6;; (Kronecker’s delta),

where o(F) is the coefficient of F in the formal linear combination o € Cy(A).
(3) {o1,...,04} is a basis of the free group Hy(A) and are called the basic cycles

corresponding to the shelling.

Theorem 1.38. [1, Theorem 7.4.3] The lexicographic ordering on the facets of the
simplicial complezes BO(M) and BC(M) induces a shelling.

Hence, BC(M) is a shellable simplicial complex under any fixed ordering of S and
this will give a canonical set of generators for the homology. However, we need to be
able to identify the homology facets of BC(M). This is accomplished in [19] with a
set called a [-system, denoted Snbc(M).

A basis B has internal activity if there is an element b € B, b = min(c¢*(B, b)) where
c*(B,b) is the unique circuit in the dual matroid M* containing b and contained in
(S\B) U{b} ([19], Definition 1.3). If 1 € B then B will have 1 as an internally active
element. We say that B has no non-trivial internal activity if the only element of B

that is internally active is 1.

Definition 1.39. [19, Definition 1.3] A §-system of M is the set

Bnbe(M) = {B is an nbc-basis | B has no non-trivial internal activity}.

Theorem 1.40. [19, Theorem 1.4] If M is an ordered loopless matroid, then B €
Bnbe(M) if and only if B\1 is a homology facet for BC(M).

Theorem 1.41. [19, Section 1] Let B € Snbc(M) and define the set map ¢ : B — S
which sends p(b) = min(c*(B,b)). We find that if b # 1, then min(c*(B,b)) < b
because b € ¢*(B,b) and B has no nontrivial internal activity. Set A; = {i} Up~1(i).
Then

€1 €2 €k

op = Z Z . Z(—1)i1+~--+ik(A1 —a} )U (A —al)U...U (A, —a})

i1=043=0  i=0
25



is the canonical basic cycle in the reduced homology of the reduced broken circuit
complex associated to B with respect to the lexicographic ordering, where the union s

understood to be the elements of the cycle listed in increasing order and e; = | A;].

An alternate method of identifying a [-system is given in [19, Section 2], by es-
tablishing a certain shelling called an EL-shelling on BC(M) as follows. Create the
lattice of flats for M. Remove the entries of the lattice that contain the smallest
element 1, but keep S as the maximal flat of the remaining lattice. For a flat F', let
A(F) be the lexicographically least basis of M /(1 U F') in the fixed ordering. Let G
cover F', which we will denote F' — (G in the revised lattice. The label for the cover

F—-Gis
(0,min(GNA(F))) if GNA(F) # 0;

AMF,G) =
(1, min(G\ F)) otherwise.
1111
Example 1.42. Let ¢ = and M be the matroid defined by ¢. Recall
0120

the lattice of flats from FExample 1.14,



where the subscripts denote A(F).

Example 1.43. The lattice of flats of Us 4 ordered by inclusion.

1234

\ /

0
and with the labels we have
1234
}1 1) (1, 1) (1,1)
23@ \
o \K Y Dy
2 / \ \ 4,
\ \ 03) /(1,4)/
(a3

Theorem 1.44. [19, Theorem 2.4] Let M be an ordered matroid then
B={b,>b._1>...>by>1} € fnbc(M)

if and only if
(1,6,), (1,b,—1),...,(1,b9),(1,1)

1s the decreasing sequence of labels for the EL-shelling.

Example 1.45. The uniform matroid has

Bnbe(U,,) ={X CS||X|=r1eX, and2 ¢ X}.
27



As X is a basis of M, so |X| = r. Also, since X contains no broken circuits,
then 1 € X from Theorem 1.36. For each b € B, ¢*(B,b) = S\B U {b}, so that
if 2 € B, then 2 is an internally active element and if 2 ¢ B, then all b # 1 have
min(c*(B,b)) = 2.

1.5. Beta Invariant. The Mdbius function p on a partially ordered set, poset P, is

a function p : P X P — Z defined as follows
(X, X) =1,

Y ouX,Z)=0if X <V,

X<Z<Y

and

w(X, Z) =0 otherwise.

Example 1.46. For the lattice of flats of the matroid U,.,, one has u(, F) = (—1)I¥'
for a flat F # S and p(0,S) = (—1)ls71.

1111
Example 1.47. Let ¢ = and let M be the matroid defined by ¢ as in

0120
Ezxample 1.6. Then the lattice of flats of M* as in 1.14 is labeled below by (F, u(0, F)),

for each flat F.

(1234,2)

PN

(4,-1) (1,-1) (23,-1)

@,1)

Theorem 1.48 (Mdébius Inversion). [17, Theorem 15.2.1] If f is a real valued function

on a poset P and



for some real valued function g on P, then
g(X) = (X, Y)f(Y).
X<Y

Remark 1.49. The Mdbius function for the lattice of T-flats ordered by reverse

incluston is precisely the same as the Mobius function for the lattice of flats ordered

by inclusion in the dual matroid.

Crapo’s beta invariant is the number
TM
BM) = (1% Y u(®,X)r¥,
Xeg(M)

where £(M) is the lattice of flats for the matroid M on S.

Example 1.50. We have 5(U,,) = (::f) from [7] using direct computation. How-
ever, this is also clear from Erample 1.50 and Lemma 1.53. We see from Example

1.43 that Us 4 has one decreasing chain and that

s (1) ()

1111
Example 1.51. Let ¢ = and let M be the matroid defined by ¢ then
0120

the lattice of flats of M* with the Mobius function p from Example 1.47 is

(1234,2)

PN

(4,-1) (1,-1) (23,—-1)

(0,1)

Thus, (M) = (=1)2[0 + (=1)(3)(1) + (2)(2)] = 1 and this coincides with the

number of decreasing chains from Ezample 1.42.
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We will show that Crapo’s beta invariant of M is the dimension of the T-spaces
Ts(¢) in the T-complex. First, however, we recall some facts about this number
and give support for the reduced broken circuit complex to be the correct simplicial

complex to associate to this T-space.

Theorem 1.52. [7] Crapo’s beta invariant satisfies the following properties.

1) The number 3(M) > 0 for every matroid M.
3) For any matroid M with dual M*, (M) = B(M*)

(1)

(2) B(M) = 0 precisely when M s disconnected.

(3)

(4) If a is not a loop or a coloop, then B(M) = (M/a) + S(M\a).

In order to establish the isomorphism between the reduced homology of the broken
circuit complex and the dimension of a T-space, we first must equate their dimension.
Theorems 1.37, 1.38 and 1.39 together show that for a matroid M of rank r the only
non-zero reduced homology of the reduced broken circuit complex is in degree r — 2

and of dimension |Snbc(M)].

Lemma 1.53. [19, Section 1] Let M be an ordered matroid, then |3nbc(M)| = B(M).
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2. UrPER BOUNDS FOR BETTI NUMBERS OF MULTIGRADED MODULES

This section gives a sharp upper bound for the Betti numbers of a finitely generated
multigraded R-module. Much work has been done on establishing lower bounds
for Betti numbers of L, initially motivated by the Buchsbaum-Eisenbud-Horrocks
conjecture for finite modules over regular local rings. This conjecture was shown to
hold for R/I when I is a monomial ideal by Evans and Griffith [9] and generally for
all multigraded modules by Charalambous [4] and Santoni [14].

On the other hand, little is known about upper bounds for the Betti numbers. The
main result of this section gives sharp upper bounds for the total Betti number of L
in each homological degree in terms of the rank and the first two Betti numbers of

the module L.

Theorem 1. For i > 2, we have

() et - ) (7T,

Gi(L) <

These bounds are precisely the ranks of the free modules in the multigraded
Buchsbaum-Rim complex from [5] (called there the Buchsbaum-Rim-Taylor com-
plex). However, there seems to be no appropriate map that achieves comparison
between the minimal free resolution of L and the Buchsbaum-Rim complex. Instead,
we obtain our bound using the combinatorial structure of the (not necessarily min-
imal) free resolution defined by Tchernev [16]. We show that our bounds are sharp
by giving a class of examples that attains them simultaneously in each homologi-
cal degree. To achieve this, we make the generators of L and their multidegrees
sufficiently generic, so that the Buchsbaum-Rim-Taylor complex is the minimal free
resolution. In Section 2.2, as a corollary to our main theorem, we give bounds for
the total multigraded Bass numbers of multigraded modules in terms of the first two

total multigraded Bass numbers, by using the Alexander duality functors defined by
Miller [11].

2.1. Betti Numbers of Multigraded Modules. We shall need the following lemma

to prove Theorem 1. Then we give an example to show that the bounds are sharp.
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Lemma 2.1. Let M be a matroid on a finite set S. If |S| =n and r¥' = r, then

m<M>rg( " )

r+k+1

Proof. First, rewrite the rank of the dual matroid as follows

In the above notation, we see for a T-flat A of level k, the rank of its complementary

flat in the dual matroid is
rg/l\*A:n—r—k—l.
By definition
| Z:(M)| = |Fp—pp—a (MT)]
where F,(M) denotes the collection of all flats with rank p in the matroid M. Since
a subset has the property that 73 < |A|, we see that the number of flats with rank

n —r — k — 1 must be less than the total number of subsets of S with cardinality

n—r—k—1. Thus

| Z(M)| = [Fp—r—p—1 (M7)] < (n_rﬁ/{;_ 1) B <r—|—Z+ 1)’

which verifies our bound for the number of T-flats of level k. O

Proof of Theorem 1. Let E 2, G — L — 0 be a minimal finite free multigraded
presentation of L so that fy(L) = rank(G) and (L) = rank(F). When i > 2 we
have

Bi(L) < rank(T;(®,5)) =rank | 5 R®Ti(9)

I€7;_2(M)

by definition and

< |7 i
rank @ R® Tr(o) | T2 (M) Iegl_az}((M)(dlmk T1(¢)).
IeT;_o(M)

It follows from the definition [16, Definition 2.2.3] that for each I € 7;(M) one has

dim T, () < dim S(V) = (T - : - 1>,
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where Si(V) denotes the k™ symmetric power of V = Im¢ and r = dimy (V). There-

fore, by Lemma 2.1, we get

|S] rM+i—3
AlL) < (@Mi—l)( i—2 )

Since
15| = rank(E) = 3(L)

and
ryt = dimy V = rank(¢) = rank(®) = rank G — rank L = (L) — rank L,
the bounds on Betti numbers of multigraded modules have been established. O

Next, we give an example of a finite multigraded module that achieves these bounds

simultaneously in each homological degree.

Example 2.2. Let L be a finite multigraded module with a minimal presentation
matriz of uniform rank. In the above set up, this is equivalent to saying that if the
rank of the matrix ¢ is v then the image of every r-element subset of S has dimension
r. As such, the free R-modules described in [16, Definition 4.2] become precisely those
of the Buchsbaum-Rim-Taylor complex defined in [5, Definition 4.3]. In addition,
choose the multidegrees of the generators of E to be generic. In that case, no two
T-flats have the same multidegree. Therefore, the Buchsbaum-Rim-Taylor complex is

the minimal free multigraded resolution of L. Thus for 1 > 2,

so=( ) ()

our bounds are simultaneously achieved.

2.2. Multigraded Bass numbers of multigraded modules. We write p;(p, L)
for the i Bass number of an R-module L at a prime p. Since we are over a polynomial
ring and L is multigraded, there are only a finite number of mulitgraded primes p

generated by {x;,,...,x;,} for {j1,..., 51} C {1,...,m}. Thus it makes sense to call
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the well-defined integer
(L) = Z pi(p, L),
p:multigraded prime ideal

the total multigraded *" Bass number of L.

Theorem 2.3. Let R = K[xy,...,x,] be a polynomial ring over a field k with the
standard grading, L a finite multigraded R-module, then the bounds for i > 2 of the
total multigraded Bass numbers of L are

“pa (L) ) (*uo(L) Ti- 3)'

i) < (*,LLO(L)—l—z'—l i—2

Proof. For any ¢, *1;(L(—¢)) = *p;(L). Since L is finitely generated and has a finite
multigraded injective resolution, there is a ¢ so that L(—e) only has non-zero degrees
greater than or equal to 1 and so that the nonzero Bass numbers at each multigraded
prime occur in only positive degrees. Thus it suffices to establish our bound when L
satisfies these two conditions.

Let a be the componentwise maximum of the degrees of the 0" and 1% Betti
numbers of L. Thus L is a positively a-determined module as defined in [11, Definition
2.1] and the minimal free resolution will be positively a-determined [11, Proposition
2.5].

We write L® for the Alexander dual of an R-module L with respect to degree a as
defined in [11]. We write B, L of an R-module for the quotient of L by the submodule
@bﬁa Ly as in [11]. In the case when L is generated in degrees greater than 1, we
have that B,L® = L%, since L* is bounded inside the interval [0,a — 1]. Thus we
will use Miller’s results for B,L* and L® interchangeably throughout the remainder
of this section.

Let

0—L—1-27

be a minimal multigraded copresentation of L. Miller [11, Theorem 4.5] shows that
the matrix A is also a minimal presentation matrix for a free resolution of L® after

some appropriate degree shifts. In establishing bounds for the Betti numbers in the
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previous section, we obtain the coefficient matrix of the vector space complex, which
is independent of the degrees of the original free modules. Thus the coefficient matrix
of A defines a representable matroid for the multigraded module L®. One easily sees
that the bounds established in the Main Theorem depend only on the presentation

matrix. Since rank L® = 0 we have for ¢ > 2

Bi(L*) < ( o I%)(I:S . 1) (ﬁo(L;l)jQz' = 3).

Further, Miller [11, Theorem 5.3| establishes the relation

ﬁi,b(La) = H'i,(a\b)fsupp(b) (msupp(b)’ L)

where 0 < b < a - supp(b). By summing over all possible degrees and since the
nonzero Bass numbers at each multigraded prime occur in positive degrees, we see
that *uo(L) = Bo(L*) = number of rows of A, *uy(L) = (1(L*) = number of columns
of A, and

“pa(L) = Bi(L%).
Therefore, the bounds for the total multigraded Bass numbers have been established.

O

The following corollary generalizes this bound to all Bass numbers.

Corollary 2.4. Let R = k[xy,..., 2] be a polynomial ring over a field k with the
standard Z™ grading, L a finite multigraded R-module and p a prime ideal of R. Let
d = dim R, /p*R,,, where p* denotes the largest multigraded prime ideal of R contained
i p. Then, for i > 2+ d, the bounds for Bass numbers of L are

“pa(L) > (*NO(L) +i—d- 3).

, <
Ml(p’L)_<*Mo(L)+i—d—1 i—d—2

Proof. Goto and Watanabe showed in [10] that

Mz(p7 L) = Mz—d(p*7 L)

Clearly, p;—a(p*, L) < *p;—q(L). Thus Theorem 2.3 establishes our bounds. O
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3. THE COMBINATORIAL DESCRIPTION

Section 1.3 described how the T-resolution of a multigraded R-module L is deter-
mined from the T-complex by homogenization. Thus to understand the structure of
the T-resolution, it is enough to understand the structure of the T-complex. In this
section, we study the vector spaces of the T-complex called the T-spaces. In the first
subsection, we show that the dimy T4(¢) = S((M]|A)*), Crapo’s beta invariant on
the restricted matroid (M|A)*. The second subsection is devoted to understanding
the structure of the reduced broken circuit complex under restriction and contraction
away from the biggest element a with respect to a fixed ordering. There is a natural

decomposition of the complex which gives the short exact sequence

0 — Hy_;(BC(M"\a); k) ——H,_1(BC(M"); k) —H,_»(BC(M*/a); k) — 0,

because the only non-zero reduced homology occurs in the top dimension by Theorem
1.37. If r = rank(M*) then the top dimension for the reduced broken circuit complex
by Theorem 1.36 isr —2=|S| —rM -2 =1g — 1.

The final subsection will show that the set Snbc(M*) is a canonical indexing set

for both Sg and Ts. In addition, we construct a canonical isomorphism
H,_1(BC(M*); k) = Ts().

This allows us to describe an explicit basis for each T-space T4(¢). Moreover, this

isomorphism gives each vertical map in a commutative diagram

0 — H_1(BC(M*\a):k) —H,_,(BC(M*);k) > H,_»(BC(M*/a);k) — 0
H/al GJ( G\al
0= Ts\a(d/a) — Ts(¢) — Ts\a(d\a) — 0,

where the top sequence is induced from the reduced chain complex and the sequence

on the bottom row is from [16, Proof of Theorems 3.4, 3.5, and 5.45].

3.1. Dimension of a T-space. We will find the dimension of the T-space to be

Crapo’s beta invariant discussed in Section 1.5.
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Theorem 3.1. The dimension of a T-space of a T-flat A is given by
(1) dim(Ta) = Y u(A, B)(I + 1)
BCA
where p(A, B) is the Mébius function for the partially ordered set of connected T-flats

for the matroid M under reverse inclusion.

Proof. The T-complex is a resolution for ker ¢. By [16, Theorem 5.4.1], restricting
the resolution of the ker ¢ to A the result will be a resolution of ker(¢|A). This new
resolution will end at T4(¢) with all remaining T-spaces of the form Tg(¢) where

B C A, and
0=|A] —r}' = > (1) dim(T5(¢)).

BCA

We can simply rewrite this as

la+1=") (=1 dim(Ts(4)).

BCA

Next, let us define
flA) =1l4+1
and
9(B) = (=1)"" dim Ts(¢),
so that with the poset defined with reverse inclusion the above equation can be

written

BCA

Using Mobius inversion from Theorem 1.48 we obtain
9(A) =) u(A, B)f(B).
BCA

Thus our equation is verified. O

Theorem 2. Given a representable matroid M on a finite set S with representation

o

dim T () = BM).
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Proof. (M Z (0, 2)r™M | where £(M*) is the lattice of flats of the
zeL(M*)
dual matroid. This yields

=@

(M)

(~1) % ooy 10, 2) [(ls + 1) = (Isa + 1))
(=1 (ls + 1) | Xeona #0.2)] + (=115 [Zpcen #0,2) (s +1)]
(~1s
(~1s

1)'s erﬂ M*) ((Z) m)(ls\x + 1)
1)ls > perow (S B)(lp + 1) = dim Ts(¢).

Example 3.2. If M = U,,, then dimTs(¢) = ("3) = B(U,n) = B(U;,) where the
first equality follows by [16, Example 2.2.10], the second is Example 1.50, and the

third is Theorem 1.52.

Corollary 3.3. Given a representable matroid M on a finite set S with representation

¢ and a T-flat A of M, then dim Tx(¢) = S((M]|A)*).

Proof. This corollary is immediate from Theorem 2 since T'a(¢) = Ta(¢|A) [16, The-
orem 5.4.1] where ¢|A is the submatrix of ¢ whose columns are indexed by A. Thus

replacing the M by M|A we obtain the result for all T-flats A. O

3.2. Broken Circuit Complex. Since Crapo’s beta invariant satisfies the decom-
position property from Theorem 1.36(4), the decreasing chains of the shelling on the
lattice must also satisfy this relation. The next proposition shows exactly how this

transfers.

Proposition 3.4. Consider a linear ordering on S of a connected matroid M and let
a = max(S). Ifa is a loop, then the decreasing chains of M are precisely the decreas-
ing chains of M\a. Otherwise, the decreasing chains of M\a are those decreasing
chains of M that do not pass through m. Also, the decreasing chains of M/a are

precisely those decreasing chains of M that pass through m with a removed.
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Proof. Consider the decreasing chains of M /a. The lattice of flats for M /a is pre-
cisely the interval [{a}, S] of the lattice of flats of M with each flat F' replaced by
F\a. Consider the cover in a decreasing chain F' — G that has label (1,y) and
F —G € [{a},S]. Then F\a — G\a is a cover in M/a. In this way, A(F\a) =
lexicographically least basis element of (M/a)/(F\a U {1}) = M/(F U {1}). Thus
G\aNA(F\a) = G\aN A(F) = ) since GN A(F) = (). Since (G\a)\(F\a) = G\F,
y = min{(G\a)\(F\a)}. Thus decreasing chains keep their labels under contraction,
and it follows that the decreasing chains of M /a are those of M passing through m.

The lattice of flats for M\ a is obtained from the lattice of flats of M by removing the
element a from each flat containing a and collapsing redundant edges. We establish
the correspondence of decreasing chains of M\« in the remaining two cases.

Now, consider the decreasing chains of M. Suppose F'— (G is a cover in the chains
of M so that a ¢ G. Then A(F'\a) is the lexicographic least basis of (M\a)/(F\a U
{1}) = M/(FU{1}))\a and so A(F\a) = A(F)\a and GNA(F\a) = GNA(F)\a =
(). Clearly, min(G\F) remains the same label.

Suppose ' — G is a cover in M so that a € G but a ¢ F. If G = F'U {a} then
the decreasing chain has label (1, a), but since that is the biggest possible label, this
implies that /' = (). In this case, the edge F'— G would collapse under restriction and
so could not be the maximal chain in M\a since M is connected. So, there exists
z € G,z # a, so that z ¢ F. Since G N A(F) = () by assumption, then a ¢ A(F).
Thus, G\a N A(F\a) = G\a N A(F)\a as above and so G\a N A(F\a) = 0. Also,
min(G\F') = min((G\a)\F) since @ = max(S). Therefore, each decreasing chain is a
decreasing chain under contraction if it passes through {a_} or restriction otherwise.

O

The basic cycles of the reduced homology of the reduced broken circuit complex
decompose as in (M) in Theorem 1.52 (4) and Snbc(M*) in Proposition 3.4. When
M is a connected matroid and a is the largest element in the ordering on S the sim-
plicial complex BC(M\a) is a subcomplex of BC(M) consisting of all faces BC(M)

that do not contain a by Proposition 3.4. This induces a canonical exact sequence of
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reduced chain complexes
0 — G(BC(M\a)) — C(BC(M)) — C(BC(M/a))[~1] — 0,
which induces the following long exact sequence in reduced homology:
0 — Hiy(BO(M\a):k) ~~Hy—,(BC(M):k) —H_»(BC(M/a); k) — 0
where [ is the level of M.
Lemma 3.5. For oz € H,_1(BC(M\a); k),
(@) =75 € H_;(BC(M);k)
and the map § evaluated on a cycle G5 € ﬁl_g(B_C(M);k) yields

5o ) = Opa ifa€B
0 otherwise.

Proof. First we show that the map ¢ : B — S where B € fnbc(M) is preserved

under restriction if a ¢ B and under contraction if a € B.

If a ¢ B, then iy ,(B,b) = cjq(B,b)\a. Also, we know that a # min c*(B, b) since
min ¢*(B,b) < b < a. Therefore, the map ¢ is preserved under restriction.

For the contraction, we use a similar approach. Since a € B and a # b and
c*(B,b) C (S\B) U {b} so that a ¢ ¢*(B,b) and thus ¢*(B,b) is a circuit in M\a.
Therefore, the map ¢ is also preserved under contraction.

The map € is induced from the inclusion. Moreover, since we have that B €
fnbc(M\a) is also in fnbe(M) and ¢ is preserved under restriction on the maximal
element, we see the subsets A; will not change so that the basis element given by B
in H,_1(BC(M\a);k) is the same as the element given by B in H,_;(BC(M);k).

The map ¢ is induced from the projection onto BC(M/a) * a then removing a.

Moreover, we have that
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6(TB)
er—1 er

=D D D ()R A —al ) UL ((Ad\a) —al) . U (A — af)

i1=0 =0  i,=0
= EB\a
because ¢ preserves the A; under contraction and removing e; does not change the

coeflicient. O

3.3. Describing the T-spaces. The problem of finding a suitable combinatorial
model for the vector spaces T'4(¢) has now been changed to finding a combinatorial
model for Crapo’s beta invariant that is completely determined by the matroid M.
The remainder of this section will show that this combinatorial object is the reduced

broken circuit complex.

Definition 3.6. Fach B € Gnbc(M*) determines canonically an element xg of the
multiplicity space Ss(¢) defined as follows.
Taking the complements of the flats in M* of the decreasing chain corresponding

to B and excluding 0 yields a chain of T-flats in M, Jo C J; C ... C Jj,. Set

rp = P(ur) - P(uz) - ... ¢(uls)7

where each u; = e, + Z xje; is the unique element of Uy, 5,_,, where p is the largest
J<p
element of J;\J;—1 in the fized ordering so that ¢(u;) € Vi, NVy,_, [16, Remark

5.2.3].

Theorem 3.7. The collection {xp | B € Bnbc(M*)} is a basis for the multiplicity
space Ss(o).

Proof. If M is disconnected, then Sg(¢) = 0 by [16, Theorem 5.3.5], 5(M*) = 0 by
Theorem 1.52 and fnbc(M*) = ). Therefore, we may assume that M is a connected
matroid. We will use induction on |S|. Suppose |S| = 1, then S = {a} is dependent
or independent. If S is independent, then Ss(¢) = 0 by [16, Definition 2.2.3]. Also, S

is a loop in M*, so ry= = 0 and Snbe(M*) = (). Therefore, there is nothing to show.
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If S is dependent then S is independent in M*, so r\+ = 1 and has no circuits and
therefore no broken circuits. Therefore, fnbc(M*) = {{a}}. Thus x(, is the product
of zero factors, hence xy,y =1 € k = Sg(¢) by Theorem 3.6 and [16, Definition 2.2.3
O

Now, suppose n = |[S| > 1. Let a = max(S). By our inductive hypothesis and
Proposition 3.4, {zp | B € fubc(M*\a) = fnbc((M/a)*)} is a basis for Sg\.(¢/a)
and {zp | B € fnbc(M*/a) = Bnbc((M\a)*)} is a basis for Sg\q(¢\a).

We have the short exact sequence of vector spaces from [16, Theorem 5.4.5]

TS/a

0 — Ss\a(9) ® Va(¢) —— Ss(¢) —— Sswa(9.5\a) — 0

When B € fnbc(M*) and a ¢ B we have mg/q(xp) = xp where B € fnbc(M*\a).
Let xp be a basis element in Sg\,(¢) where B € fnbc(M*/a) and ¢(e,) the linear
form in V,(¢). Then

v(rp @ ¢(eq)) = ¢(eq) - B = Tpua € Ss(0),

because e, = uig in Ug\(s\a) = Us. Thus, {zp | B € fnbc(M*)} gives a spanning set
of Ss(¢). However, there are 3(M*) elements in this spanning set and dimy Ss(¢) =
dimy Ts(¢) = (M) = G(M*) by Theorem 2 and Theorem 1.52, so {zp | B €
fnbc(M*)} is a basis of Sg(¢). 0

Example 3.8. For the uniform matroid U,,,, we have
Bnbe(Uy,) ={X CS||X|=n—-r1€X but2¢ X}

from Example 1.50. Therefore, from [16, Example 2.2.10] and Theorem 3.7 if ¢ is a

representation of U,.,, then the set

{¢(eg) | |B|=n—r,1€ B, but2 ¢ B}
is a basis for Ss(¢) = Sp—r_1V, the (n —r — 1)-th symmetric power of V = Im ¢.
Definition 3.9. [16, Proof of Theorem 6.1] Using the fized linear ordering on S, we

identify each subset of S with the increasing sequence of its elements. For a sequence
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K = (ay,...,a,), we set
ex = €aq N - Neg, € NU  and vig = deq,) N+ N d(eq,) € NIV.

If K is a subset of S and the elements ¢(eq,),...,d(eq,) form a basis of Vi, we
write e} and vy for the unique elements of NUj; and NV respectively, such that
ex(ex) =1 and vi(vg) = 1. In particular, if B is a basis of M* then ve\p is a basis

of N"sVs and Vg U the dual basis of N"SV{.

Theorem 3. Let M be the ordered matroid on S obtained from ¢ of level . Then

there is a canonical isomorphism

Hy(BO(M?); k) —— Ts(6)

which sends
Op— I Qes® UE\B,

where {x% | B € [nbc(M*)} is the basis of Si(¢) dual to the basis {xp | B €
Bnbc(M*)} of Ss(¢).

Proof. If M is disconnected, then Ts(¢) = 0 and BC(M*) = () which gives that
H,_1(BC(M*)) = 0 unless [ = 0, in which case M is connected. Therefore, we may
assume M is a connected matroid. We showed in Theorem 3.7 that {xp | B €
fnbc(M*)} is a canonical basis of Sg(¢), so {2}; ® es ® v 5 | B € fnbc(M”)} is a
canonical basis for Ts(¢). Thus, both sets of basis elements are indexed by fnbc(M*),

hence 6 is an isomorphism. O
Corollary 3.10. Let M be the ordered matroid obtained from ¢. Then for each T-flat
A of level 14 there is a canonical isomorphism

Hy, - (BO((M]A)):k) " Ta(9).

Proof. This follows by considering the matroid M|A as in proof of Corollary 3.3. O
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Lemma 3.11. Let M be a connected matroid on S with representation ¢. If S and

S\a are T-flats of M and | = lg, then the sequence of k vector spaces

(71)1(7115\04)45 . (_1)\S\a\¢S,S\a
0 — Tova(¢/a) ———% Ts(p) ———— Tora(¢) — 0

15 exact.

Proof. Although it was not stated explicitly, this was shown in [16]. The injective
map is one component of the injective complexes of Theorem 7.7. The vector space
Ts\o(¢) being the cokernal of (—l)l(W.S\a)z\a, denoted by Cj, is shown within the
proof of Theorem 3.4, 3.5 and 5.45 in Section 9. The author shows that the map
77+ Cp — Tg\o(¢) induced from (—1)'5\“%2’5\“ : Ts(¢) — Ts\a(@) is an isomorphism.

O

Theorem 3.12. Let M be an ordered matroid on S with representation ¢ andl = lg.

If a = max(S) and S\a is a T-flat of M, then the following diagram commutes,

0 — H,_1(BC(M*"\a);k) 5 H,_,(BC(M*);k) > H,_o(BC(M*/a);k) — 0
G/al Hl G\al
0 — Ts\a(9/a) — Ts(¢) — Ts\a(@\a) — 0,

where the maps € = (—1)le and § are from Lemma 3.5 and the bottom row is from

Lemma 5.11.

Proof. Notice that the top row of the diagram is not the sequence induced from the
reduced chains of the reduced broken circuit complex, even so this sequence is exact.
In order to show that our diagram is commutative, it is enough to show that the dual
diagram
0 — Ts\a(P\a)* — Ts(p)* — Ts\o(p/a)* — 0
0 — H,_o(BC(M*/a);k)* S H,_(BC(M*);k)* SH,_1(BC(M*\a): k)* — 0
is commutative. We will do this by investigating the images of the basis elements

indexed by fnbc(M*) under each map.
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Let {o5|B € fnbe(M*)} in H,_(BC(M*);k)* be the basis dual to {o5|B €
fnbc(M*)}. By taking duals, Lemma 3.5 shows that

6" (0p) = Thua
and
(-D'ey ifa¢ B
0 otherwise.

Also, Theorem 3 gives

0" (xp ®es ®us\p) = 0p,

(0\a)" (25 ® €5, ® V(s\a)\B) = T,
and
(0/a)" (x5 ® €5, @ V(s\a)\B) = Tp-

Therefore, it remains to show that

— S,S Qa\ x 3 *
(—1)I5=1 (g, V(25 ® €s\a @ V(S\a)\B) = TBua ® €5 ® Us\(Bua)
and

y . (—1)Z$B (039 eg a X E(S\a)\B if a Q_f B
(173 )va(w5 ® €5 D v\5) = ' ,
otherwise.

Since M is connected, Vs = Vs, and thus in Definition 1.18 we have that Kg g\, = 0.
Therefore, the map gbf’s\a from Definition 1.19 can be rewritten as the composition
Ts = St ® AUsA Vg

A®SR1
Vr® S;\a QUs @ NUg\o ® A Vs*\a
VIieU,® S;\a QR AUs\a ® A V;\a
1®¢p®1

Vi@ Va® S, ®AUsa ® AV,

JIg!

Sha ® AUsva ® AVG, = To\a
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The next diagram gives the composition of the dual maps in the left sequence and

the image of 5 ® €5\ ® Us\B 1N the right sequence.

Ssva @ AUE A Vara 7B ® €}, ® vs\p
g
Vao®Vy®Ss\a @ AUS, ©AVava 0. QU Q25 ® €}, ®vs\n
1®¢*®1
Va®U; ® 80 ®AUL, ®AVow  1a® €} @5 ® €l , @va\n

*

Va®S5va @UF @ AUS, @A Veyw 1. Q@06 e, Qvs\n

r@AR®1

SS@/O\U;@/O\VS (—1)|S\a‘$BUa®eg®Us\B

Therefore,

— S,S Qa\ x * ES
(—1)151 (g Y (2 @ €5\ @ V(S\a)\B) = TBUa ® €5 ® Vs\(Bua)

so that the left square commutes.

The map
(m.5\a)%\, : Tsva(®/a) — Ts(9)

in Definition 1.21 is given by the composition of the sequence of maps

Tsva(®/a) = Ss\a(0/a)* @ AUs\aA Vaa(¢/a)*

1®d

Ssva(¢/a)* @ AUs\a @ AVis\a(9/a)* @ U, @ Vi

T

SS\a(¢/@)* & /O\ US\a & Ua & /o\ VS\G(¢/G)* ® Va*
T*RARC

Ss(¢)* @ AUs ®4/Z Vs(¢)* = Ts(o).




Similarly, we obtain image of a basis element x5 ® €§ ® vg\p by composition of the
sequence of dual maps as follows.
Tp ® €5 ®vs\B
rRsRC"
T ® €5, ® e ®V(s\B)\a @ Va

T

T X 62\[1 ® U(s\B)\a @ er & g

1d*
TB ® €5, ® V(s\a)\B

Therefore,

(—D"(78\ ) 5a(TB @ €5 @ va\n) = (=1)'zp ® €5, @ Vs\a\5 ¢
otherwise

and the diagram commutes. O
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