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Abstract

Localized Ca2+ elevations known as Ca2+ puffs and sparks are cellular signals that arise from the cooperative activity of clusters of
inositol 1,4,5-trisphosphate receptors and ryanodine receptors clustered at Ca2+ release sites on the surface of the endoplasmic reticulum
or sarcoplasmic reticulum. When Markov chain models of these intracellular Ca2+-regulated Ca2+ channels are coupled via a mathematical
representation of Ca2+ microdomain, simulated Ca2+ release sites may exhibit the phenomenon of “stochastic Ca2+ excitability” where the
inositol 1,4,5-trisphosphate receptors (IP3Rs) or ryanodine receptors (RyRs) open and close in a concerted fashion. Interestingly, under some
conditions simulated puffs and sparks can be observed even when the single-channel model used does not include slow Ca2+ inactivation or,
indeed, any long-lived closed/refractory state [V. Nguyen, R. Mathias, G. Smith, Stochastic automata network descriptor for Markov chain
models of instantaneously-coupled intracellular Ca2+ channels, Bull. Math. Biol. 67 (2005) 393–432]. In this case, termination of the localized
Ca2+ elevation occurs when all of the intracellular channels at a release site simultaneously close through a process referred to as stochastic
attrition [M. Stern, Theory of excitation-contraction coupling in cardiac muscle, Biophys. J. 63 (1992) 497–517]. In this paper, we investigate
the statistical properties of stochastic attrition viewed as an absorption time on a terminating Markov chain that represents a Ca2+ release
site composed of N two-state channels that are activated by Ca2+. Assuming that the local [Ca2+] experienced by a channel depends only on
the number of open channels at the Ca2+ release site (i.e., instantaneous mean-field coupling [ibid.], we derive the probability distribution
function for the time until stochastic attrition occurs and present an analytical formula for the expectation of this random variable. We explore
how the contribution of stochastic attrition to the termination of Ca2+ puffs and sparks depends on the number of channels at a release site,
the source amplitude of the channels (i.e., the strength of the coupling), the background [Ca2+], channel kinetics, and the cooperactivity of
Ca2+ binding. Because we explicitly model the Ca2+ regulation of the intracellular channels, our results differ markedly from (and in fact
generalize) preliminary analyses that assume the intracellular Ca2+ channels are uncoupled and consequently independent.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Localized Ca2+ elevations known as Ca2+ ‘puffs’ and
‘sparks’ are cellular signals of great interest. Ca2+ puffs,
sparks, and localized Ca2+ elevations due to plasma mem-
braneCa2+ channels are not only the building blocks of global
Ca2+ release events in eukaryotic cells, but also highly spe-
cific regulators of cellular function [3–5,10,11].
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The relationship between single-channel kinetics and the
dynamics of localized Ca2+ release is complicated by the
short range of action of intracellular Ca2+ [1] and the co-
localization of intracellular Ca2+ channels at Ca2+ release
sites on the surface of the endoplasmic reticulum (ER) or
sarcoplasmic reticulum (SR). For example, in the cortical
regions (approximately 6!m below the plasma membrane)
of immature Xenopus oocytes, inositol 1,4,5-trisphosphate
receptors (IP3Rs) occur in clusters of 5–50 with inter-cluster
spacing on the order of a few microns [40]. IP3Rs are also
clustered on the surface of the outer nuclear membrane of
Xenopus oocytes [19]. Similarly, intracellular Ca2+ release in
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skeletal and cardiacmyocytes ismediated by clusters of ryan-
odine receptors (RyRs) that are assembled into paracrystaline
arrays of approximately 100 cooperatively gating channels
[6,14,44].
The spatial organization of IP3Rs and RyRs is the basis

of three distinct modes of Ca2+ mobilization that have
been observed via confocal microfluorimetry in oocytes, car-
diomyocytes, and many other cell types: (1) localized Ca2+
elevations due to the activation of a single channel that are
referred to as Ca2+ blips or quarks depending on whether the
event is mediated by IP3Rs or RyRs [25]; (2) Ca2+ elevations
due to the activation of multiple channels associated with
a single Ca2+ release site known as Ca2+ puffs and sparks
[9,11,27,45]; and (3) global responses such as oscillations
andwaves that involvemultiple release sites [10]. These three
modes of Ca2+ release have been dubbed fundamental, ele-
mentary, and global responses, respectively [4].
Several groups have presented simulations [17,21,

24,29,30,32,33,38,41,42] demonstrating that Ca2+ puffs and
sparks may arise from the cooperative activity of clusters
of IP3Rs and RyRs modeled as a continuous-time discrete-
state Markov process (for review of simulation methods
see [12,34]). These calculations have established that when
single-channel models of Ca2+-regulated Ca2+ channels are
coupled via a time-dependent or time-independent Ca2+
microdomain, simulated Ca2+ release sites may exhibit the
phenomenon of “stochastic Ca2+ excitability” where the
IP3Rs or RyRs open and close in a concerted fashion.
Allosteric interactions between intracellular Ca2+ channels
may lead to synchronization [38], but such direct coupling
is not required. Rather, Ca2+ sparks and puffs can readily be
observed when the coupling between single-channel models
is mediated entirely via the buffered diffusion of intracellular
Ca2+ simulated through solution of a system of non-linear
reaction-diffusion equations. In the above mentioned stud-
ies, the specific single-channel model chosen, the release site
geometry, and the description of the cytosolic milieu are all
important components of these simulated puffs and sparks
that contribute tomeasured statistics such as amplitude, dura-
tion, and inter-event interval. The IP3R or RyR models used
often include transitions representing fast Ca2+ activation
and slower Ca2+ inactivation, two phenomena that have been
repeatedly (but not uniformly) observed in single-channel
recordings from planar lipid bilayer and nuclear patch exper-
iments [7,13,15,19,22,28].
Although the biophysical theory relating the single-

channel kinetics of IP3Rs and RyRs to the collective phe-
nomena of Ca2+ puffs and sparks is not well-developed,
Markov chain models of coupled intracellular Ca2+ channels
give insight into the factors determining the amplitude, dura-
tion, and inter-event intervals of Ca2+ puffs and sparks. For
example, several investigators have observed a requirement
of significant inter-channel communication in the genesis of
Ca2+ puffs and sparks, that is, low-density Ca2+ release sites
exhibit a low puff-to-blip ratio or may not exhibit stochas-
tic excitability at all [42]. Another observation is that the

stochastic Ca2+ excitability exhibited by coupled Ca2+ chan-
nels that include both Ca2+ activation and Ca2+ inactivation
– e.g., the four-state type 1-like IP3Rmodel presented in [23]
– can be eliminated by modifying Ca2+-inactivation rates.
Some single-channel models that include Ca2+-inactivition
are not particularly sensitive to the density of channels at the
simulated Ca2+ release site, so long as the requirement for
inter-channel communication is satisfied, while other single-
channel models are unable to generate robust puffs regardless
of channel density [23].
Interestingly, under some conditions simulated puffs and

sparks may occur even when the single-channel model used
does not include slow Ca2+ inactivation or, indeed, any
long-lived closed/refractory state. This has been observed,
for example, in a model of IP3-sensitive Ca2+ release sites
composed of type 2-like IP3R models that include Ca2+-
activation but not Ca2+-inactivation [23]. Because there are
a finite number of intracellular Ca2+ channels at a release
site, there is always a chance that all of them will close
simultaneously, a mechanism referred to as stochastic attri-
tion in the context of spark termination in cardiac myocytes
[36,37]. Even if Ca2+ inactivation or allosteric coupling is the
mechanism dominating the termination of a localized Ca2+
release event, stochastic attrition is always present and conse-
quently will play some role. But when are the consequences
of stochastic attrition negligible? Andwhen are the dynamics
of stochastic attrition an important aspect of stochastic Ca2+
excitability?
In order to quantify the possible contribution of stochastic

attrition to the termination of puffs and sparks, investiga-
tors have roughly estimated the rate of termination events
(kattrit) in a cluster of N uncoupled (i.e., independent) chan-
nels toggling between open and closed states with mean
open time τO and open probability pO [36,37]. The recip-
rocal of this rate gives the so-called “stochastic attrition time
constant,”

τattrit =
1

kattrit
= τO

1− (1− pO)N

N(1− pO)N−1pO
, (1)

corresponding to the mean time between extinction events
where all N channels are closed (see Appendix A). This
expression indicates that for fixed open probability and
mean open time the stochastic attrition time constant for a
cluster of uncoupled two-state channels is an exponentially
increasing function of N. For example, Fig. 1 shows that for
pO = 0.15 and τO = 1ms, the stochastic attrition time con-
stant is τattrit = 7ms when N= 20 (open circle), but this value
dramatically increases to over 10min when N= 100 (open
square). If a release site is composed of N= 100 uncoupled
channels with an open probability of pO = 0.2 and mean open
time of τO = 1ms, the stochastic attrition time constant is
greater than two days (filled square). Thus, a back-of-the-
envelope calculation (Eq. (1)) forcefully indicates that the
contribution of stochastic attrition to the termination of Ca2+
puff and spark events will be minimal.
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Fig. 1. The time constant for stochastic attrition (τattrit) as a function of
the number (N) of independent two-state channels with mean open time
τO = 1ms (Eq. (1)). The solid and dotted lines correspond to pO = 0.20 and
pO = 0.15, respectively. Exponentially increasing values of τattrit suggest that
the contribution of stochastic attrition to the termination of Ca2+ sparks and
puffs is negligible for release sites composed of uncoupled channels.

This simple statistical demonstration that stochastic attri-
tion is unlikely to contribute to the termination of Ca2+ puffs
and sparks conflicts with the observation that in some cases
stochastic Ca2+ excitability is exhibited by simulated Ca2+
release sites composed of single-channel models that do not
include Ca2+ inactivation [24]. The discrepancy is due to the
fact that the analytical result (Eq. (1)) assumes that the chan-
nels are uncoupled and independent, while the simulations
suggesting that stochastic attrition may in some cases be the
termination mechanism for Ca2+ puffs and sparks are more
realistic and more complex. Most importantly, the simula-
tions include Ca2+-regulated Ca2+ channels that are coupled
with one another through an evolving Ca2+ microdomain.
Though the channels may be identical, they are not indepen-
dent because theCa2+ microdomain formed by open channels
profoundly influences the subsequent stochastic gating of the
release site.
In this paper, we investigate the statistical properties of

the phenomenon of stochastic attrition without making the
assumption of uncoupled and independent channels. In Sec-
tions 2.1 and 2.2, we formulate the problem using a minimal
two-state model of a Ca2+-activated Ca2+ channel and show
how the extinction time of a puff or spark – the time until
stochastic attrition occurs – can be viewed as an absorp-
tion time on an N+ 1 state Markov chain. This is essentially
the same approach as used to derive Eq. (1), except that we
explicitlymodel the Ca2+ regulation of the channels and, con-
sequently, the channels do not gate independently. In Section
2.3, we derive the probability distribution function for the
time until stochastic attrition and the expectation of this ran-
dom variable, thus generalizing Eq. (1) to the case of coupled
channels. Sections 3.1–3.3 explore how the ability of stochas-
tic attrition to terminate Ca2+ puffs and sparks depends on the
number of channels at a release site, the source amplitude of

the channels (i.e., how strongly they are coupled), the back-
ground [Ca2+], and the cooperativity of Ca2+ binding.

2. Formulation of model

2.1. A two-state channel model with Ca2+ activation

Stochastic models of single-channel gating often take the
form of continuous-time discrete-stateMarkov processes (for
review see [12,34]). For example, a transition-state diagram
for a two-state channel activated by Ca2+ is given by

(closed) C
k+cη!
k−
O (open) (2)

where k+cη and k− are transition rates with units of recip-
rocal time, k+ is an association rate constant with units of
conc−η time−1, η is the cooperativity of Ca2+ binding, and
c is the local [Ca2+] that may be either constant or a func-
tion of time. If the local [Ca2+] is specified, the transition
state diagram of the channel (Eq. (2)) defines a discrete-state
continuous-time stochastic process, S(t), that takes on val-
ues in the state space S= (C, O). For example, if the local
[Ca2+] is assumed to be a fixed background [Ca2+] denoted
by c= c∞, Eq. (2) corresponds to the well-known telegraph
process with an infinitesimal generator or Q-matrix given by
[12,26]

Q = (qij) =
(

−k+c
η
∞ k+c

η
∞

k− −k−

)
(3)

where the off-diagonal elements are transition rates

qij = lim
#t→0

P{S(t + #t) = Sj|S(t) = Si}
#t

(i %= j) (4)

and the diagonal elements are such that each row sum is zero,∑
j qij = 0. Eq. (3) is important because all of the statisti-

cal properties of the two-state channel model diagrammed in
Eq. (2) can be derived from this Q-matrix. For example, the
probability that the channel is in state j at time t ≥ 0 given
that it was in state i at time t= 0 is given by the elements pij(t)
of a matrix P(t) = etQ that can be calculated from Q using a
matrix exponential.

2.2. Instantaneously coupled two-state channels

In order to expand Eqs. (2) and (3) to represent two iden-
tical coupled channels, we write c∗ as the [Ca2+] above
background experienced by the Ca2+ regulatory site of chan-
nel 2 when channel 1 is open (and vice versa) and assume
that channel gating is a process that is slow compared to the
time required for the local [Ca2+] to change. This assump-
tion of “instantaneous coupling” [24] allows us to write the
transition state diagram for two coupled two-state channels
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where both are activated by Ca2+ as

(5)

Here the expanded state space includes both channels closed
(CC), both channels open (OO), or one channel open and the
other closed (CO and OC). Note the parameter c∗ is added to
the background [Ca2+] (c∞) when either of the two channels
makes a C→O transition while the other channel is open,
that is, in the CO→OO and OC→OO transitions in Eq.
(5). Because the channels are identical, states CO and OC
are equivalent and can be combined. This leads to a 3× 3
generator matrix corresponding to Eq. (5) where lumping
states leads to the doubling of some entries:

Q =




−2k+c

η
∞ 2k+c

η
∞ 0

k− −k− − k+(c∞ + c∗)η k+(c∞ + c∗)η

0 2k− −2k−



 (6)

For example, the transition rate out of the CC state is 2k+c
η
∞,

because either of the closed channels can open leading to the
lumped state CO/OC.
Eqs. (5) and (6) indicate how we may derive a minimal

model of N stochastically gating two-state channels, each
activated by Ca2+ as in Eq. (2), providing we assume that the
local [Ca2+] experienced by a channel depends only on the
number of open channels at the Ca2+ release site [24]. When
this assumption of mean-field coupling is combined with the
prior assumption of instantaneous coupling, we can write
the local [Ca2+] experienced by each channel as c∞ +NOc∗,
where c∞ is the background [Ca2+], c∗ is the [Ca2+] above
background contributed by any open channel, and NO is the
number of open channels. Thus, a transition-state diagram for
a cluster of N coupled two-state channels activated by Ca2+
is

0
Nk+c0!

k−
1
(N−1)k+c1!

2k−
2
(N−2)k+c2!

3k−
· · ·

2k+cN−2!
(N−1)k−

N − 1
2k+cN−1!

Nk−
N (7)

where the state of the system S= (0, 1, . . . , N) indicates
the number of open channels, NO, and the local [Ca2+] used
in each Ca2+-mediated transition is a linear function of the
number of open channels (cn = c∞ + nc∗). The Q-matrix cor-
responding to Eq. (7),

(8)

is tridiagonal with the entry qij giving the rate of transition
from a release site with i open channels (NO = i) to a release
site where NO = j. The lower diagonal elements of Eq. (8) are
unimolecular rate constants while the bimolecular rate con-
stants are included in the [Ca2+]-dependent upper diagonal.
The diamonds ( ) in Eq. (8) indicate a diagonal entry lead-
ing to a row sum of zero. Notice that the rates of O→C
transitions appearing in the lower diagonal are scaled by
the number of open channels which increases from NO = 1
to NO =N in subsequent rows. Conversely, the number of
closed channels (NC =N − NO) that scales the upper diago-
nal entries decreases in subsequent rows. The terms involving
c∗ in the upper diagonal are multiplied by NO, because under
the assumption of mean-field coupling, each open channel
contributes equally to the elevation of the [Ca2+] above back-
ground at the model Ca2+ release site.
There are six parameters in this minimal model of a Ca2+

release site composed ofmean-field and instantaneously cou-
pled two-state Ca2+-activated channels. These include the
channel parameters themselves – the association (k+) and
dissociation (k−) rate constants and the cooperativity of Ca2+
binding (η) – as well as the number of channels (N), the back-
ground [Ca2+] (c∞), and the [Ca2+] increase contributed by
each open channel (c∗). In principle, this last parameter can
be calculated from the source amplitude of open channels
using the well-studied equations for the buffered diffusion
of intracellular Ca2+ [24,35]. We will refer to the parameter
c∗ as the release site “coupling strength”, because it deter-
mines the degree to which open channels influence the rate
of Ca2+-mediated transitions of other channels at the same
release site.

2.3. Stochastic attrition viewed as an absorption time on
a terminating Markov chain

The tridiagonal generator matrix of Eq. (8) defines the
Markov chain model of a Ca2+ release site composed of N
two-state channels that is the focus of this work. Notice that
no Ca2+-dependent inactivationmechanism is included in the
single channnel model (Eq. (2)) and, consequently, the state
where all the channels at the release site are closed can be
entered only via the process of stochastic attrition.
In order to analyze the dynamics of stochastic attrition in

this model Ca2+ release site, we can view puff/spark duration
as an absorption time on a terminating Markov chain that
takes the form

(9)
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The N+ l× N+ 1 generator matrix Qattrit is identical to Q
in Eq. (8) except that the first row is zeroed out, because
it corresponds to the absorbing state where all channels are
closed (NO = 0). The N × N matrix T defines the dynamics
of the transient states where 1≤ NO≤ N and is given by the
lower right block of Q (see horizontal and vertical lines in
Eq. (8)),

(10)

The N × 1 column vector t= (k−, 0, . . . , 0)T that gives the
transition rates from transient to absorbing states has only
one non-zero element, because the only way to enter the state
NO = 0 is via a transition from NO = 1 to NO = 0 at rate k−.
Similar toQ in Eq. (8),Qattrit in Eq. (9) has row sums of zero;
thus, we may write t=−Te where e is a N × 1 column vector
of ones.
Eqs. (9) and (10) are the starting point for our analysis of

the statistics of stochastic attrition. For example, the matrix
T in Eq. (10) is invertible and the entries of the inverse of this
matrix [−T−1]ij denote the expected amount of time spent in
state j before absorption given the initial state of the chainwas
NO = i [2,18]. Furthermore, if φ is a vector of initial proba-
bilities of the Ca2+ release site being in states NO = 1 through
NO =N we can write Xφ to indicate the random variable giv-
ing the time until absorption into stateNO = 0. The cumulative
probability distribution for Xφ is

FXφ (x) = 1− φexTe. (11)

where exT is a matrix exponential and the probability density
function of the random variable Xφ is given by

fXφ (x) = φexT t. (12)

It can be shown be integrating Eq. (12) that the expected
amount of time until absorption into state NO = 0 given the
initial probability distribution φ is

E[Xφ] =
∫ ∞

0
xφexTt dx = −φT−1e, (13)

which will evaluate to a positive scalar. Using Eq. (13), it can
be shown that the entries of the N × 1 vector,

h = (hi) = −T−1e (14)

give the expected time until absorption (i.e., stochastic attri-
tion) when the initial state of the release site is NO = i. For
example, if we defineφ1 = (1, 0, . . . , 0) andφN = (0, . . . , 0, 1),
h1 =−φ1T−1e and hN =−φNT−1e give the expected amount
of time until stochastic attrition occurs when the release site
initially has one open channel or N open channels, respec-
tively.

3. Results

3.1. Dynamics of stochastic attrition

Fig. 2A shows a stochastic trajectory of a Markov chain
model of amoderately sizedCa2+ release site composed of 19

two-state channels under the assumptions of mean-field and
instantaneous coupling (Eq. (7)). Consistent with previous
work inwhich an identical number of channels were arranged
in a hexagonal lattice (without making the assumption of
mean-field coupling), stochastic Ca2+ excitability is observed
in Fig. 2A in spite of the fact that there is no Ca2+ inactivation
mechanism in the single-channel model (Eq. (2)). Indeed,
the single-channel model includes Ca2+ activation but not
Ca2+ inactivation and, consequently, the termination of these
simulated puffs/sparks must be attributed to the phenomenon
of stochastic attrition.
Fig. 2B shows the three largest amplitude stochastic Ca2+

release events of Fig. 2A – in each case the number of open
channels is transiently greater than five (NO > 5). The filled
circles of Fig. 2B illustrate that the puff/spark duration (or
equivalently, the time until stochastic attrition) is a random
variable (Xφ) whose distribution depends on the number of
open channels chosen for the initial state. The three events

Fig. 2. (A)Markov chainmodel of aCa2+ release sitewith 19 two-state chan-
nels exhibiting stochastic Ca2+ excitability. The single-channel model (Eq.
(2)) does not includeCa2+ inactivation and, consequently, the simulatedCa2+
puffs/sparks are terminating via stochastic attrition. Parameters used:N= 19,
η= 2, c∞ = 0.05!M, c∗ = 0.06!M, k+ = 1.5!M−2 ms−1, k− = 0.5ms−1. (B)
Three large amplitude puff/spark events from (A) are reproduced to show
diagramatically that the time until stochastic attrition occurs is a random
variable (Xφ) parameterized by the probability distribution over initial states
(φ). Here φ =φ1 = (1, 0, . . . , 0) and the initial state is NO = 1 (filled circles).
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Fig. 3. (A) Ca2+ release site simulations with 19 two-state channels exhibiting Ca2+ puffs/sparks that terminate via stochastic attrition. Total time is 3 s.
Parameters as in Fig. 2 (B) Stationary probability distribution of the number of open channels: π = (πi) where 0≤ i ≤ N. (C) Probability density function of the
time until stochastic attrition (Xφ) given by Eq. (12) with an initial state of one channel open (solid line) or N= 19 channels open (dotted line, alternate y-axis).
(D) The corresponding cumulative distribution function for Xφ given by Eq. (11).

shown use φ =φ1 = (1, 0, . . . , 0) – corresponding to an initial
state of NO = 1 – and have durations of approximately 4, 15,
and 42ms, respectively. Fig. 2A also shows many smaller
amplitude events (i.e., blip or quarks) for which the time until
stochastic attrition can be several milliseconds or less.
Fig. 3A shows a 3-sec simulation of a Ca2+ release site

exhibitingmultiple large amplitude puff/spark events that ter-
minate through the process of stochastic attrition (parameters
as Fig. 2).As a first step in characterizing the stochastic gating
of this Ca2+ release site, Fig. 3B shows the limiting probabil-
ity distribution for the number of open channels (NO) that is
obtained in a long simulation such as that in Fig. 3A. Because
the Markov chain model has a finite number of states and is
irreducible, this limiting probability distribution is equivalent
to the stationary probability distribution π = (π0, π1, . . . , πN)
solving"Q= 0 (using the generator matrix of Eq. (8)) subject
to conservation of probability (πe= 1) [39]. This stationary
probability distribution (π) plotted in Fig. 3B shows that the
release site is most often found in the state where all channels
are closed (NO = 0, π0 = 0.75). Indeed, the sum of π0 to π4 is

0.91 indicating that when the trajectories of Fig. 3A are sam-
pled at random the probability of observing more than four
open channels is less than 10%. Nevertheless, the transient
opening of channels at the release site is a notable aspect of
the dynamics of stochastic attrition in Fig. 3A.
In order to further analyze the statistics of stochastic attri-

tion, the solid line of Fig. 3C shows the probability density
function for the puff/spark duration (that is, the time until
absorption into state NO = 0) when the initial state is one
open channel (NO = 1). Using Eqs. (10) and (14), we find that
this distribution has mean of h1 = 4.7ms consistent with the
semilogarithmic plot of fXφ (x) (Eq. (12)). The dotted line of
Fig. 3C shows the probability density for the puff/spark dura-
tion when all the channels of the release site are initially open
(NO =N= 19); in this case, the expected time until absorption
is 36ms. This is consistent with our intuition that that a fully
activated release site should take longer on average to extin-
guish than a minimally activated release site. As shown in
Table 1, the expected puff/spark duration is a monotonically
increasing function of the initial number of open channels.

Table 1
Expected puff/spark duration

N init
O = 1 hi (ms) N init

O = 1 hi (ms) N init
O = 1 hi (ms) N init

O = 1 hi (ms)

1 4.7 6 24.7 11 33.9 16 36.0
2 8.8 7 27.6 12 34.6 17 36.2
3 13.1 8 29.9 13 35.1 18 36.3
4 17.3 9 31.6 14 35.5 19 36.4
5 21.3 10 32.9 15 35.8

The expected puff/spark duration (that is, the time until absorption into the state NO = 0) is a monotonically function of the initial number of open channels
NO = i (Eqs. (10) and (14)). Parameters as Fig. 3A.
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3.2. The dependence of stochastic attrition on coupling
strength and the cooperativity of Ca2+ binding

While many choices of Ca2+ release site parameters do
not lead to stochastic Ca2+ excitability in which the termina-
tion of Ca2+ puffs/sparks occurs via stochastic attrition, the
specific parameters used to generate Fig. 3A are certainly not
unique. In this section, we will explore how the cooperativity
of Ca2+ binding (η) and the coupling strength (c∗) determine
the significance of stochastic attrition as a puff/spark termi-
nation mechanism.
To facilitate this parameter study we introduce a response

measure whose value correlates well with the presence of
puff/spark events in stochastic Ca2+ release site simulations
– the so-called puff/spark Score. First, we define the fraction
of open channels in a release site as fO =NO/N, that is fO is
a random function of time proportional to Fig. 3A that takes
values between 0 and 1. The puff/spark Score is then simply
defined as the index of dispersion of the fraction of open
channels [24], that is,

Score = Var[fO]
E[fO]

= 1
N

Var[NO]
E[NO]

. (15)

This response measure takes values between 0 and 1, with
values greater than approximately 0.3 corresponding to the
presence of robust Ca2+ puffs/sparks.
Fig. 4A, C, and E show three stochastic Ca2+ release site

simulations demonstrating that an elevatedScore corresponds
to the presence of Ca2+ puffs/sparks. The parameters used are
identical to Figs. 2 and 3 except that the coupling strength
takes values of c∗ = 0.04, 0.06, and 0.08!M. In Fig. 4A,

the coupling strength is insufficient to allow generation of
Ca2+ puff/spark events and the Score is a comparatively
low value of 0.09. In Fig. 4E, the Score is also quite low
(Score= 0.04) because the coupling strength is too strong
for puff/spark events to terminate via stochastic attrition. In
Fig. 4C, the coupling strength of c∗ = 0.06!M leads to robust
Ca2+ puffs/sparks and a comparatively large Score of 0.43.
Fig. 4B,D, and F show the stationary probability distributions
for the number of open channels as the coupling strength is
increased. The rightward shifts in these distributions corre-
spond to an increase in the expected number of open channels
(E[NO]) as the coupling strength (c∗) is increased (compare
Fig. 4D and E).
Fig. 5 summarizes the results of many simulations such

as Fig. 4 by plotting the Score for 19 channel Ca2+ release
site simulations as a function of the coupling strength (c∗).
The thick solid line of Fig. 5 shows that when the coop-
erativity of Ca2+ binding is η= 2 the puff/spark Score first
increases and then decreases as a function of the coupling
strength c∗. The filled square, circle, and triangle correspond
to the simulations presented in Fig. 4A, C, and E, respec-
tively. Because simulations such as those in Fig. 4 indicate
that a Score of 0.3 or more corresponds to robust puffs or
sparks, we conclude that the range of coupling strengths lead-
ing to significant stochastic Ca2+ excitability in this release
site composed of 19 two-state channels is approximately
c∗ = 0.056–0.070!M.
To determine the extent to which the phenomenon of

stochastic attrition depends on the cooperativity ofCa2+ bind-
ing (η) in the two state model (Eq. (2)), Fig. 5 also shows the
Score as a function of the coupling strength (c∗) for release

Fig. 4. (A, C, E) Ca2+ release site simulations with 19 two-state channels using different values of the coupling strength: c∗ = 0.04, 0.06, and 0.08!M,
respectively. Other parameters as in Fig. 3. Only the intermediate value of 0.06!M (A) leads to robust puff/spark events. (B, D, F) The stationary probability
distributions for A, C, and E, respectively: π = (πi) with 0≤ i ≤ N.
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Fig. 5. The Ca2+ puff/spark Score as a function of the coupling strength
c∗ and the cooperativity of Ca2+ binding for η= 1 (thin solid line), 2 (thick
solid line), η= 3 (dashed line), and η= 4 (dotted line). Other parameters as
in Fig. 3. The filled square, circle, and triangle correspond to Fig. 4A, C,
and E, respectively.

sites using η= 1, 3, and 4. So long as the cooperativity of
Ca2+ binding is greater than or equal to 2 (η≥ 2) we find
that a range of coupling strengths give rise to spontaneous
Ca2+ puffs/sparks with Scores greater than 0.3. We also find
that the maximum possible Score increases as the cooper-
ativity of Ca2+ binding increases; in the case of η= 4, the
optimal Score is nearly 1. However, when the cooperativity
of Ca2+ binding is η= 1, robust Ca2+ puffs/sparks terminated
by stochastic attrition are not observed regardless of coupling
strength (thin solid line).

3.3. Stochastic attrition can occur for release sites
composed of many channels

In Sections 3.1 and 3.2, we focused on the stochastic
gating of Ca2+ release sites composed of 19 two-state
channels that are activated, but not inactivated, by Ca2+. In
order to determine how the dynamics of stochastic attrition
depend on the number of such two-state channels at a Ca2+
release site, Fig. 6 shows the Score as a function of coupling
strength for release sites composed of 19, 30, 50, 100 and
150 channels modeled using generator matrices similar to
Eq. (10) but of larger size. Because a Score of greater than
0.3 corresponds to a Ca2+ release site simulation with robust
puffs/sparks, Fig. 6 demonstrates that for each value of N
studied there exists a range of coupling strengths (c∗) that
gives rise to puffs/sparks terminated by stochastic attrition,
though the range of coupling strengths leading to stochastic
Ca2+ excitability narrows as N increases. The filled and
open circles of Fig. 6 show that when the coupling strength
is fixed, increasing the number of two-state Ca2+ activated
channels from N= 19 to 30 or more may lead to a tonically
active release site. However, Ca2+ release sites composed
of large numbers of instantaneously coupled two-state
channels (up to 150 shown here) are capable of generating

Fig. 6. The Ca2+ puff/spark Score as a function of the coupling strength
(c∗) when the number of two-state Ca2+-activated channels is N= 19 (solid
line), N= 30 (dashed line), N= 50 (dot–dash–dashed line), N= 100 (dot–dot
dashed line), and N= 150 (dotted line). Other parameters as in Fig. 3.

puffs/sparks terminating by stochastic attrition so long as
the coupling strength (c∗) is appropriately chosen.
Interestingly, Fig. 6 shows that the optimal value coupling

strength – that is the value of c∗ leading to the highest Score
– decreases as the number of channels in the release site
increases (compare location of peaks). In fact, for fixed chan-
nel parameters (k+, k−,η), the product of the optimal coupling
strength (copt∗ ) and the number of channels at the release site is
nearly invariant. More precisely, using the optimal coupling
strength (copt∗ ) value for a given N, the value of c̃opt∗ that will
produce the maximum Score for any other Ñ of interest is
given by

c̃opt∗ = c
opt
∗ (N − 1)
Ñ − 1

(16)

Fig. 7 confirms this relationship by plotting the optimal cou-
pling strength (copt∗ , filled circles) for Ca2+ release sites with
a range of sizes (N). The dotted line in Fig. 7 is a plot of
optimal coupling strength c̃

opt
∗ as a function of Ñ as predicted

by Eq. (16) with c
opt
∗ = 0.0637!M and N= 19. The agree-

ment between the filled circles and dashed line of Fig. 7
confirms that as the number of channels in a Ca2+ release
site increases, the optimal coupling strength decreases in a
matter well-approximated by Eq. (16).
It is important to note that the optimal Scores presented in

Fig. 7 are all in the range 0.461–0.488 asN increases from 19
to 250. Thus, Fig. 7 demonstrates that Ca2+ release sites with
very large numbers of channels are still capable of exhibiting
puffs/sparks that are terminated by stochastic attrition when
the coupling strength (c∗) is optimally chosen. To clarify this
point, Fig. 8A–D shows representative stochastic gating of
Ca2+ release sites composed of N= 19, 50, 100, and 150 two-
state Ca2+-activated channels, respectively (corresponding to
three peaks in Fig. 6 and the open circles in Fig. 7. In each
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Fig. 7. The optimal coupling strength (copt∗ ) – that is, the value of c∗ leading
to maximum puff/spark Score – is a decreasing function of the number of
channels (N) in Ca2+ release sites composed of coupled two-state channels.
Filled and open circles summarize results from calculations similar to Fig. 4.
The dashed line shows the relationship predicted by Eq. (16) where N= 19
and c

opt
∗ = 0.0637!M while the dotted line is c̃

opt
∗ = c

opt
∗ N/Ñ.

panel, the cooperativity of Ca2+ binding is η= 2 and the cou-
pling strength leading to optimal Score – found using Fig. 7
or Eq. (16) – leads to stochastic Ca2+ excitability in spite
of the fact that there is no Ca2+ inactivation in the single-
channel model (Eq. (2)). The association and dissociation
rate constants (k+ and k−) used in Fig. 8B–D were chosen
so that the expected time until stochastic attrition from state
NO =N toNO = 0 is 63.2ms in each panel and the dissociation
constant (Kη = k−/k+ = 0.33!Mη) remains fixed; the back-

ground [Ca2+] is also fixed at c∞ = 0.05!M. Fig. 8 shows
that when release sites are composed of a large number of
channels (N), the parameters of the single-channel model (k+,
k−, and η) can be chosen so that robust Ca2+ puffs/sparks
are terminated via stochastic attrition. Interestingly, when
N is large the Ca2+ puffs/sparks appear more “boxy” (com-
pare Fig. 8B and D), indicating that the stationary probabil-
ity distribution is distinct in Fig. 8A–D. Specifically, when
N is large it is unlikely that the Ca2+ release site will be
found with the fraction of open channels (fO =NO/N) in the
range 0.1–0.2.

3.4. The expected time until stochastic attrition

The previous section explored how the ability of stochas-
tic attrition to terminate Ca2+ puffs and sparks depends on the
number of channels at a release site (N) and how strongly they
are coupled (c∗). These calculations include Ca2+-regulation
and cooperativeCa2+ binding and, consequently, the expected
time for stochastic attrition to occur can be much shorter (or
much longer) than that predicted by the back-of-the-envelope
calculation that assumes independent and uncoupled chan-
nels (Eq. (1)). In this section, we derive an analytical formula
analogous to Eq. (1) for the expected time until stochastic
attrition in a release site composed of N instantaneously and
mean-field coupled two-state Ca2+-activated channels (Eq.
(2)).
As discussed in Section 2.2, there are six parameters in this

minimal model of a release site composed of two-state Ca2+-
activated channels. These include the channel parameters

Fig. 8. (A–D) Ca2+ release site simulations with N= 19, 50, 100 and 150 two-state Ca2+-activated channels using the optimal coupling strength-the value of
c∗ leading to the maximum possible Score (0.0637, 0.0234, 0.0116, and 0.0077!M, respectively). Association and dissociation rate constants (k±) are chosen
so that the time to absorption from state NO =N to NO = 0 is 63.2ms regardless of N. These rate constants are given by k− = k+Kη and k+ = 1.5, 6.94, 65.85,
and 651.81 !M−#ms−1, respectively, so that dissociation constant K is fixed (Kη = 0.33!Mη). The cooperativity of Ca2+ binding is η= 2 and the background
[Ca2+] is c∞ = 0.05!M.



82 H. DeRemigio, G.D. Smith / Cell Calcium 38 (2005) 73–86

themselves – the association (k+) and dissociation (k−) rate
constants and the cooperativity of Ca2+ binding (η) – as well
as the number of channels (N), the background [Ca2+] (c∞),
and the [Ca2+] increase contributed by each open channel
(c∗). To calculate the expected time until stochastic attrition,
it is helpful to measure concentration in units of the dissoci-
ation constant for Ca2+ binding to the two-state channel (K)
andmeasure time in units of the reciprocal of the dissociation
rate constant (k−). Thus, we write

ĉ∗ = c∗
K

, ĉ∞ = c∞
K

, Q̂ = Qk− (17)

and substitute these expressions into Eq. (8) to find a dimen-
sionless generator matrix for the Ca2+ release site composed
of coupled two-state channels,

(18)

Notice that the six parameters of the original dimensional
generator matrix (k+, k−, c∞, c∗, N, and η in Eq. (8) corre-
spond to four dimensionless parameters (ĉ∞, ĉ∗, N, and η

in Eq. (18)). When the dimensionless versions of Q̂attrit =
Qattritk

− and T̂ = Tk− are defined as in Eq. (9), the dimen-
sionless hitting time vector ĥ = hk− is given by ĥ = −T̂−1e.
Beginningwith Eq. (18), AppendixB shows that the expected
time until absorption into state NO = 0 given an initial state

of NO = 1 (that is, h1) is given by

τattrit = 1
kattrit

= 1
k−

{
1+

N−1∑

i=1

[
(N − 1)!

(i + 1)!(N − 1− i)!

×
i∏

j=1

(
c∞ + jc∗

k

)η







 (19)

where Kη = k−/k+ as defined above. This expression is a
generalization of Eq. (1) that gives the expected time until
stochastic attrition occurs for a release site composed of N
coupled two-state Ca2+-activated channels.
The non-dimensionalization presented above allows a full

exploration of the contribution of stochastic attrition to the

termination ofCa2+ puffs/sparks. For example, Fig. 9A shows
the Ca2+ puff/spark Score as a function of the dimension-
less coupling strength (ĉ∗) and dimensionless background
[Ca2+] (ĉ∞) for a release site composed of 19 two-state Ca2+-
activated channels with cooperativity of Ca2+ binding η= 2.
Fig. 9A shows that for any dimensionless background [Ca2+]
(ĉ∞ = c∞/K) less than approximately 0.1, a dimension-
less coupling strength of approximately ĉ∗ = c∗/K = 0.1

Fig. 9. (A) The Ca2+ puff/spark Score plotted in pseudocolor as a function of the dimensionless coupling strength (ĉ∗) and dimensionless background [Ca2+]
(ĉ∞) for a release site composed of coupled two-state Ca2+-activated channels with cooperativity of Ca2+ binding η= 2. The number of channels is N= 19 (A)
and 50 (B), respectively.
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leads to a high Score. As the dimensionless background
[Ca2+] increases from 0.1 to 0.3, the optimal dimensionless
coupling strength decreases slightly; when the dimension-
less background [Ca2+] is greater than approximately 0.3,
there is no coupling strength leading to a high puff/spark
Score. Fig. 9B shows that for Ca2+ release sites composed of
N= 50 coupled two-state channels the range of dimension-
less coupling strengths leading to a high Score narrows and
the maximum dimensionless background [Ca2+] that permits
Ca2+ puffs/sparks terminated by stochastic attrition decreases
slightly. Comparing Fig. 9A and B for low dimensionless
background [Ca2+] (e.g., ĉ∞ = 0.01), we see that the optimal
dimensionless coupling strength for N= 50 channels is less
than the optimal dimensionless coupling strength for N= 19
channels (consistent with Eq. (16) and Fig. 6).

4. Discussion

In this paper, we investigate the statistical properties of
stochastic attrition viewed as an absorption time on a ter-
minating Markov chain representing Ca2+ release sites com-
posed ofN two-state Ca2+-activated channels. In release sites
composed of comparatively small number of channels (e.g.,
N= 19 in Fig. 3),MonteCarlo simulation indicates that robust
Ca2+ puffs and sparks can be observed in spite of the fact that
Ca2+ inactivation is not present in the single-channel model
(Eq. (2)). Several parameter studies involving a response
measure referred to as the Ca2+ puff/spark Score show that
stochastic attrition is sufficient as a termination mechanism
for Ca2+ puffs and sparks so long as cooperative Ca2+ binding
is included in the single-channel model (η≥ 2).
Interestingly, when simulations are performed with large

numbers of two-state Ca2+-activated channels (up to N= 250
in Fig. 7 and N= 150 in Fig. 8), robust Ca2+ puffs/sparks ter-
minated by stochastic attrition are observed so long as the
coupling strength (c∗) and channel kinetics (k+ and k−) are
chosen appropriately. At first glance, this result appears to
be in disagreement with a back-of-the-envelope calculation
(Eq. (1)) indicating that the time constant of stochastic attri-
tion is an exponential function of the number of channels
in a Ca2+ release site. However, Eq. (1) is derived under the
unphysiological assumption that a release site is composed of
uncoupled and independent channels. Conversely, this anal-
ysis begins with a minimal representation of the influence of
open Ca2+ channels on the Ca2+-regulation and subsequent
stochastic gating of Ca2+ release sites. With this addition of
this physiological realism, we find that stochastic attrition is
not so easily eliminated as a potential Ca2+ puff/spark termi-
nation mechanism.
Our results indicate that the significance of stochas-

tic attrition as a Ca2+ puff/spark termination mechanism
depends on the coupling strength (c∗), the background [Ca2+]
(c∞), and the dissociation constant for Ca2+ binding to a
two-state Ca2+-activated channel (K). Analysis of a non-
dimensionalized generator matrix for a collection of N two-

state Ca2+-activated channels (Eq. (17)) shows that so long
as the ratio (ĉ∞ = c∞/K) is small enough, there is always
a range of dimensionless coupling strengths (ĉ∗ = c∗/K)
leading to robust Ca2+ puffs/sparks terminated by stochas-
tic attrition. This non-dimensionalization also facilitates the
derivation of an analytical formula for the time until stochas-
tic attrition (Eq. (19)) that generalizes Eq. (1) to the case of
coupled channels. Indeed, when the coupling strength is set
to zero (c∗ = 0), Eq. (19) reduces to Eq. (1).
It is important to note that we observe stochastic attrition

serving as a Ca2+ puff/spark termination mechanism in situ-
ations where the stochastic attrition time constant for uncou-
pled channels (Eq. (1)) suggests that terminationby stochastic
attrition was highly unlikely. For example, in the simulation
presented in Fig. 8D involving 150 coupled channels, the
expected value for the time until stochastic attrition is 63.2ms
(Eq. (14)). However, the mean open time of the two-state
channels is τO = 1/k− = 0.005ms and the open probability –
equivalent to the steady-state open fraction of channels – is
fO = pO = 0.1. Substitution of these values into Eq. (1) sug-
gests a stochastic attrition time constant of approximately
2.4 h, values that are not consistent with Fig. 8D. Thus, it is
clear that by neglecting coupled gating Eq. (1) may overesti-
mate the expected time until stochastic attrition occurs.
As mentioned above, we find that as long as the dimen-

sionless background [Ca2+] (ĉ∞ = c∞/K) is small enough,
there is always a range of dimensionless coupling strengths
(ĉ∗ = c∗/K) leading to robust Ca2+ puffs/sparks terminated
by stochastic attrition. It is important to note that although
the coupling strength is a monotonic function of the source
amplitude of open channels in a Ca2+ release site [24], the
dimensionless coupling strength c∗ is also determined by
the dissociation constant for Ca2+ binding the channels (K).
This means that the small optimal dimensionless coupling
strengths observed for large N do not imply that unphysio-
logically small single-channel conductances are required for
Ca2+ sparks/puffs to be terminated by stochastic attrition.
On the other hand, several important caveats are required

so as not to misinterpret these simulations of Ca2+
puffs/sparks terminated by stochastic attrition. First, we con-
sistently observe an optimal coupling strength leading to
robust Ca2+ puffs/sparks terminating by stochastic attrition,
but the range of values around this maximum becomes nar-
row with large N. For example, for low dimensionless back-
ground [Ca2+], the range of coupling strengths leading to a
Score ≥ 0.3 is approximately four times the size when N= 19
channels than when N= 50 channels (cf. Fig. 9).
Secondly, it is important to recognize that the assumptions

of mean-field and instantaneous coupling are limitations of
the analysis of stochastic attrition presented here; and yet,
we hasten to add, these assumptions are much to be pre-
ferred over the assumption of independent and uncoupled
channels that has appeared in previous work (Eq. (1)). When
instantaneously coupled channels are assigned specific spa-
tial locations, the dynamics of stochastic Ca2+ excitability are
often similar to simulations utilizing amean-field approxima-
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tion [24]. On the other hand, in some cases the dynamics of
instantaneously coupled Ca2+ release sites depends on the
precise location of channels, even when the average chan-
nel density at a Ca2+ release site is unchanged [23]. For
example, the dynamics of Ca2+ release sites composed of
single-channel models that include fast Ca2+ activation but
no slow Ca2+ inactivation (Eq. (2)) tend to be more sensitive
to channel position than release sites composed of single-
channel models that include both Ca2+ activation and Ca2+
inactivation – e.g., the four-state type 1-like IP3R model pre-
sented in [24].
Similarly, the assumption of instantaneous coupling is

a limitation of the present study. When two-state Ca2+-
activated channels are coupled via a time-dependent Ca2+
domain as in [21], the time constant for Ca2+ domain forma-
tion and collapse can have a strong effect on both the genera-
tion and termination of Ca2+ puffs/sparks. For example, if the
domain [Ca2+] does not increase fast enough in response to
a single-channel opening, Ca2+ blips and quarks are unlikely
to trigger puffs and sparks. Similarly, if the domain [Ca2+]
does not drop quickly in response to the spontaneous closing
of channels, residual Ca2+ from previous channel openings
may prohibit termination ofCa2+ release events via stochastic
attrition [43].
Thirdly, we observed for coupled two-state Ca2+ activated

channels leading to robust Ca2+ puffs/sparks only when the
cooperativity of Ca2+ binding was 2 or more. More biophysi-
cally realistic single-channel models also exhibit cooperative
Ca2+-regulation through the gating of independent subunits,
some number of which must be permissive for the channels
to be open. For example, the transition state diagram

C1
2k+c!
k−
C2

k+c!
2k−
O,

represents a two-subunit channel that is open only when both
subunits are permissive. When such Ca2+-regulated chan-
nel models are instantaneously coupled, we have repeatedly
observed that cooperative Ca2+ regulation due to the sequen-
tial binding of multiple Ca2+ ions is able to substitute for
the instantaneous binding of multiple Ca2+ ions implied by
Eq. (2) [24]. This sets to rest the concern that the simplic-
ity of the two-state Ca2+-activated channel model that is the
focus of this paper somehowmakes it more likely for stochas-
tic attrition to occur. In future work, we hope to more fully
explore the relationship between single-channel kinetics and
stochastic Ca2+ excitability using more complex and realis-
tic single-channel models and, when possible, relaxing the
assumptions of mean-field and instantaneous coupling.
Finally, it is important to note that the question of whether

stochastic attrition is a theoretical possibility is model and
parameter-dependent and must be determined on a case-by-
case basis. The observation that Ca2+ inactivation is not a
requirement for puff- and spark-like dynamics in the simu-
lations presented here is intriguing, because Ca2+ inactiva-
tion and the ‘bell-shaped’ curve relating [Ca2+] to channel
open probability does not apply to all IP3R and RyR iso-

forms [15,28,8]. However, we should remind ourselves that
whether or not stochastic attrition, Ca2+ inactivation, adap-
tation, dissociation of co-agonist, or other mechanism deter-
mines Ca2+ puff or spark duration in any particular cell type
is an empirical question [31,20]. But in spite of these caveats,
it seems reasonable to interpret the robust Ca2+ puffs/sparks
observed in these simulations of coupled two-state channels
as a demonstration that the phenomenon of stochastic attri-
tion may contribute more significantly to the termination of
stochastic Ca2+ release events than previously supposed.

Appendix A. Stochastic attrition time constant for
independently gating channels

In order to quantify the possible contribution of stochastic
attrition to the termination of puffs and sparks, investigators
have roughly estimated the rate of termination events (kattrit)
in a cluster ofNuncoupled and independent channels toggling
between open and closed states with mean open time τO and
open probability pO [36,37]. Assuming the channels are not
only identical but also independent, the steady-state number
of open channels (NO) is binomially distributed, that is,

P{NO = n} =
(

N

n

)
(1− pO)N−npn

O.

where 0≤ n ≤ N. Conditioning the above distribution on
NO %= 0 gives

P{NO = n|NO %= 0} =

(
N

n

)
(1− pO)N−npn

O

1− (1− pO)N
.

where 0≤ n ≤ N. The rate of extinction events (that is,
NO = 1 to NO = 0 transitions) is obtained by multiplying
P{NO = n|NO = 0} by the NO = 1→ 0 transition rate constant
(k− = 1/τO),

kattrit = k−
N(1− pO)N−1pO
1− (1− pO)N

.

This expression is then inverted to give Eq. (1), the time
constant for stochastic attrition forN uncoupled and indepen-
dently gating two-state channels.

Appendix B. Expected time until stochastic attrition
for coupled two-state channels

The expected time until stochastic attrition for coupled
two-state channels can be derived using Hill’s diagrammatic
method for calculating the mean absorption time on a termi-
natingMarkov chain [16]. Beginningwith the transition-state
diagram forN coupled two-state channels (Fig. 10A), a mod-
ified transition-state diagram (Fig. 10B) is constructed by
eliminating the absorbing state (NO = 0). Next, any transi-
tions leading to the absorbing state (here q10 is the only one)
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Fig. 10. (A): The topology of the transition-state diagram for N coupled two-state channels (Eq. (7)). Solid lines represent bidirectional transitions between
states (0≤ NO ≤ N). The transition rate from state NO = i to state NO = j is given by qij in Eq. (8). (B, C): Modified transition-state diagrams used to calculate
the expected time until absorption into state NO = 0 when the initial state is NO = 1 and NO =N, respectively. A unidirectional transition from the absorbing state
(NO = 0) to the initial state (NO = 1 in B and NO =N in C) occurs at rate q10.

are redrawn so that the destination state is the initial state of
theMarkov chain (hereNO = 1). Thus, themodified transition
diagram of Fig. 10B corresponds to a Markov chain where,
upon absorption into state NO = 0, a new process immedi-
ately begins in state NO = 1. Fig. 10C shows the modified
transition-state diagram that results when state NO =N is the
initial state of the Markov chain.
The stationary distribution of the modified transition

diagram can be found by considering the transition rates
directed toward each of the N states in Fig. 10B. After non-
dimensionalization, these rates are

q̂n,n−1 = n and q̂n,n+1 = (N − n)ĉn = (N − n)(ĉ∞ + nĉ∗)

where 1≤ n ≤ N (recall that the state where NO = 0 has been
removed). We indicate the transition rates directed toward
state n as zn and write,

zn = N!
n!

· N!
(N − n)!

n−1∏

i=1
ĉi

where the first term is the product of the downward transition
rates q̂i,i−1 from i=N to n+ 1 and the second term is the prod-
uct of the upward transition rates q̂i,i+1 from i= 1 to n − 1.
The stationary probability distribution π = (πn) can thus be
written as

πn = zn

N∑

n−1
zn

and, furthermore, the stationary probability of the modified
Markov chain being in state NO = 1 is

π1 =
{
1+

N−1∑

n=1

[
(N − 1)!

(n + 1)!(N − 1− n)!

n∏

i=1
ĉ
η
i

]}−1

(20)

where ĉi = ĉ∞ + iĉ∗ and ĉ∞ = c∞/K and ĉ∗ = c∗/K are
the dimensionless background [Ca2+] anddimensionless cou-
pling strength, respectively (Eq. (17)). Finally, the mean first
passage time to absorption can be calculated as the inverse
of the steady-state probability flux, which in its dimensional
form is kattrit = q10π1 where q10 = k− (Eq. (2)). The stochas-
tic attrition time constant is thus τattrit = 1/kattrit = 1/k−π1 as
shown in Eq. (19).
WhileHill’s diagrammaticmethod is also applicablewhen

the initial number of open channels is NO =N, the analyt-
ical formula (not shown) becomes more cumbersome due
to the cycle present in the modified transition-state diagram
(Fig. 10C). In this case, we have found it more convenient to
numerically calculate the expected time to stochastic attrition
using Eq. (14).
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