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Calcium release site ultrastructure and the dynamics of puffs and sparks
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When Markov chain models of intracellular @:‘aregulated C&" channels are coupled via a mathemat-

ical representation of a @4 microdomain, simulated G4 release sites may exhibit the phenomenon of
‘stochastic C&" excitability’ reminiscent of C&t puffs and sparks. Interestingly, some single-channel
models that include G4 inactivation are not particularly sensitive to channel density, so long as the
requirement for inter-channel communication is satisfied, while other single-channel models that do not
include C&* inactivation open and close synchronously only when the channel density is in a pre-
scribed range. This observation led us to hypothesize that single-channel models fWitm&xtivation

would be less sensitive to the details of release site ultrastructure than models that lack a%fow Ca
inactivation process. To determine if this was the case, we simulated @ease sites composed of in-
stantaneously coupled éb—regulated C&" channels whose random spatial locations were chosen from

a uniform distribution on a disc of specified radius and compared the resulting release site dynamics to
simulations with channels arranged on hexagonal lattices. Analysis of puff/spark statistics confirmed our
hypothesis that puffs and sparks are less sensitive to the spatial organization of release sites when the
single-channel model includes a slow inactivation process. We also investigated the validity of several
different mean-field reductions that do not explicitly account for the details of release site ultrastructure.
The most successful approximation maintains a distinction between each channel’s substantial influence
on its own stochastic gating and the collective contribution of elevatean[pt{om neighbouring
channels.
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1. Introduction

Localized C&* elevations known as G4 puffs and sparks are cellular signals of great interest that arise
from the cooperative activity of clusters of inositol 1,4,5-trisphosphate receptaRs)Rnd ryanodine
receptors (RyRs). Calcium puff and sparks are not only the building blocks of gloBar€laase events

in eukaryotic cells but also highly specific regulators of cellular funct®eridge 1993 1997, 1998
Chenget al,, 1993 1996.
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The relationship between single-channel kinetics and the dynamics of localizédelzase is com-
plicated by the short range of action of intracellula?CgAllbritton et al, 1992 and the co-localization
of intracellular C&" channels at C& release sites on the surface of the endoplasmic reticulum (ER)
or sarcoplasmic reticulum. For example, in the cortical regions (approximatety Below the plasma
membrane) of immaturgenopus laevisocytes, IBRs occur in clusters of 5-50 with inter-cluster spac-
ing on the order of a few micron$(net al, 1998. IPsRs are also clustered on the surface of the outer
nuclear membrane ofenopusoocytes flak & Foskett 1997). Similarly, intracellular C&" release
in skeletal and cardiac myocytes is mediated by clusters of RyRs that are assembled into paracrystalline
arrays of 50-250 cooperatively gating channé&lsafzini-Armstronget al,, 1999 Bers 2002 Wang
et al, 2004 Chen-lzuet al, 2006.

The spatial organization of §Rs and RyRs is the basis of three distinct modes éf@aobilization
that have been observed via confocal microfluorimetry in oocytes, cardiomyocytes and many other cell
types: (1) localized C& elevations due to the activation of single channels that are referred tdas Ca
blips or quarks depending on whether the event is mediated4BsIBr RyRs Kiggli, 1999 Bootman
et al, 1997, (2) C&* puffs and sparks that arise from the activation of multiple channels associated
with a single C&* release siteGhenget al, 1993 Cannellet al, 1995 Yao et al, 1995 Parkeret al,,

1996 and (3) global responses such as oscillations and waves that involve multiple releagxugites (
et al, 1991 Dupont & Goldbeter1992 1994 Chenget al., 1996. These three modes of &arelease
have been dubbed fundamental, elementary and global responses, respdtirridgé 1997).

While the expression of BRs and RyRs is organism and cell specific, there is also remarkable vari-
ability in the spatial arrangement of these intracellular channels. In contrast to the paracrystalline arrays
of RyRs observed in skeletal and cardiac myocytes, RyRs are diffusely distributed throughout the ER
of human embryonic kidney cellfkpssiet al, 2002. In antigen-stimulated rat basophilic leukaemia
cells, diffusely distributed Type 2 §Rs redistribute on the ER membrane to form large isolated aggre-
gates Wilson et al, 1998. In oligodendrocyte progenitors, 4Rs and RyRs co-localize within €a
release sitesHaaket al, 2001). While IPsRs and RyRs are both expressed in leukocytes, the intracel-
lular distribution of the channels is variable. For instance, in monocytgRslBre diffusely distributed
throughout the cell, while RyRs are arranged in clust@tark & Petty, 2005. In stark contrast to the
case of skeletal and cardiac myocytesXienopusoocytes, rat basophilic leukaemia cells and many
other cell types mentioned above, little is known about the details 3f @dease site ultrastructure, i.e.
the precise position of intracellular €achannels within a given cluster.

Several groups have presented simulatidtieg & Stern 1997 Swillenset al., 1998 1999 Stern
et al, 1999 Shuai & Jung2002 2003 Rengifoet al., 2002 Hinch, 2004 Nguyenet al, 2005 Mazzag
et al, 2005 DeRemigio & Smith 2005 demonstrating that Ga puffs and sparks may arise from the
cooperative activity of clusters of intracellular €achannels modelled as continuous-time discrete-
state Markov chains; for review of simulation methods, €edquhoun & Hawkeg1995 and Smith
(2002. These calculations have established that wheft @agulated C&" channel models are cou-
pled via a time-dependent or time-independertiCaicrodomain, simulated G4 release sites may
exhibit the phenomenon of ‘stochastic Zaexcitability’, where the IBRs or RyRs open and close
in a concerted fashion. Allosteric interactions between intracelluldt @hannels may lead to syn-
chronization Gternet al,, 1999 Groff & Smith, 2007, 2008, but such direct coupling is not required
(Nguyenet al, 2005 DeRemigio & Smith 2005 Swillenset al, 1999. Rather, C&" puffs and sparks
can readily be observed when the coupling between single-channel models is mediated entirely via
the buffered diffusion of intracellular €& simulated through numerical solution of a system of non-
linear reaction—diffusion equations. In the above-mentioned studies, the specific single-channel model
chosen, the release site geometry and the description of the cytosolic milieu all contribute to the measured
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statistics of simulated puffs and sparks such as amplitude, duration and inter-event interva}Rrbe 1P

RyR models used often include transitions representing fast” Gativation and slower Ca
inactivation, two phenomena that have been repeatedly (but not uniformly) observed in single-channel
recordings from planar lipid bilayer and nuclear patch experiméfilis® Copello, 2002 Hagaret al.,

1998 Mak & Foskett 1997 Moraruet al,, 1999 Ramos-Francet al,, 1998 Bezprozvanngt al., 1991).

Although the biophysical theory relating the single-channel kinetics giR¢Pand RyRs to the col-
lective phenomena of €4 puffs and sparks is not well developed, Markov chain models of coupled
intracellular C&* channels give insight into the dynamics of’Capuffs and sparks. Several investi-
gators have observed a requirement of significant inter-channel communication in the geneéfs of Ca
puffs and sparks, i.e. low-density €arelease sites exhibit a low puff-to-blip ratio or may not exhibit
stochastic excitability at alSwillenset al, 1999. The stochastic Ga excitability exhibited by coupled
C&* channels that include both €aactivation and C&" inactivation can be eliminated by modify-
ing C&* inactivation rates. In previous work, we have found that a four-stag@ fRodel with C&*
inactivation is not particularly sensitive to the density of channels when these channels are regularly
arranged on a hexagonal lattice at simulated release sites, so long as the requirement for inter-channel
communication is satisfied. In this same study, we found that two-state channels that did not include
C&* inactivation will open and close in a synchronous fashion only when the channel density is in a
prescribed rangeNguyenet al, 2005. This observation led us to hypothesize that single-channel mod-
els that include C& inactivation would be less sensitive to the details of release site ultrastructure than
single-channel models that lack a slow’Canactivation process.

To determine if this was the case, we considered a two-state Markov chain model éfa Ca
activated intracellular G4 channel (Sectio.1) and, for comparison, two different three-state single-
channel models. Both three-state models include fast @@pendent activation; however, one contains
Ca*-dependent inactivation (Secti@?), while the other has a Ga-independent inactivation process
(Section2.3). When these single-channel models were instantaneously coupled via reaction—diffusion
equations representing the buffered diffusion of intracellulaf*Cahe resulting C&" release site
models exhibited stochastic &aexcitability reminiscent of Ca& puff and sparks (Sectiorz4, 2.5
and3.1). To test our hypothesis that &apuffs and sparks are less sensitive to the spatial organization
of release sites when the single-channel model includes a sléWifactivation process, we performed
simulations where the channels were arranged randomly according to a uniform distribution on a disc of
specified radius and compared these results to simulations with channels arranged on hexagonal lattices
with functionally equivalent inter-channel distances (Secti®@sand 3.3). In addition to confirming
our hypothesis, these simulations provided an opportunity to investigate the validity of several different
mean-field approximations to €arelease site dynamics that do not explicitly account for the details
of release site ultrastructure (Sectidd).

2. Formulation of model
2.1 A two-state channel model with €aactivation

Stochastic models of single-channel gating often take the form of continuous-time discrete-state Markov
processesqolquhoun & Hawkes1995 Smith 2002. For example, a state transition diagram for a two-
state channel activated by €ais given by

k+cl,
(closed}t = O (open) (2.1)
K-
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wherek*cl, andk™~ are transition rates with units of reciprocal tinkg, is an association rate constant
wi;r;units of conc” time™1, 5 is the cooperativity of C& binding anct, is the fixed local background
[Ca™].

We write the stationary (time-independent) probability of being in statez; and the stationary
probability distribution as the row vectar = (z¢, 7). The stationary distribution satisfies both con-
servation of probabilit)(zi T = 1) and global balance, i.e. the probability fluxes into and out of each
state are equal,

Zﬂ'icﬁj =7rquj‘i. (2.2)

i#] i#]
These conditions can be written compactly as
z Q=0 subjecttare=1, (2.3)

wherer eis an inner product anelis a commensurate column vector of 1s. Thus, for a two-state channel
activated by C&", z¢ + 7o =1 and

k— K" ktcl, cl
= = , T = = 5
k+cl, + k= ¢l + K7 © ktcl, + k= ¢l + K7

e (2.4)

whereK” = k= /k*. Figure1(A) (dotted line) shows that the open probabilityA) of this two-state
channel model increases with higher background{Q4c.,) and, because there is notdnactivation
present in the single-channel mode}, — 1 ascy,, — oo.

107" 10° 10" 107" 10° 10" 107" 10° 10!
Coo (uM) Coo (uM) Coo (uM)

FiG. 1. (A) Steady-state open probability) of the two-state model (dotted line), three-state model witffQaactivation (solid
line) and three-state model with €aindependent inactivation (dashed line) given By4), (2.6) and @.9), respectively, as
functions of the background [éé] (Cso). Two-state model parameters= 2,kt = 1.5 uM~—2ms~! andk~ = 0.5 msL. Three-
state model with C&-dependent inactivation parameteys: 2, ki =1.5pM~2ms~1, k3 =0.5ms L, ki =0.001uM =2 ms~1
andk; = 0.01 ms'L. Three-state model with €&-independent inactivation parameteys: 2, ki = 1.5uM =2 ms™%, k3 = 0.5
ms~1 andlig = Rg =0.01msL. (B) = of the three-state model with éb—dependent inactivation for two different dissocia-

tion constantsKp) for Ca**-mediated inactivation. Usingp = 3.16 1M, the thin solid line shows » and the thin dashed line
shows the steady-state probability that the channel is not refracteryrfd = = + z¢). The thick solid and dashed lines show
ro and 1— z for Ky = 15.8uM. (C) = of the three-state single-channel model witlftanactivation forkp = 3.16 uM
and different domain Gz concentrationscq = 0 (solid line), 1 (dashed line), 2 (dot-dashed line) andB(dotted line). Other
parameters as in (B).
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2.2 A three-state channel model with €aactivation and C&* inactivation

A state transition diagram for a three-state channel model with both f&$t&aivation ¢ — ©) and
slower C&+-mediated inactivation®® — R) is

kicl, ke (Coo + Ca)”
cC = O = R, (2.5)
ks Ky

whereR corresponds to a long-lived closed state. Assuming that @aicrodomain formation and
collapse are fast processes compared to channel gdliggyénet al, 2005 Mazzaget al., 2005,
the C&*-mediated transition rate out of the open state is giveri@gcoO + ¢q)", wherecy, is the
background [C&'] and cq is the domain [C&'], i.e. the increase in local [¢4] above background
experienced by the G4 regulatory site when the channel is open.

When the channel is not conducting®athe domain [C&] is zero €4 = 0) and the steady-state
probability distribution of the three-state model is

KIK/ K{lcl, X
= = = — 2.6
TC D , TO D 5 TR D 5 ( )

whereK;" = k™ /k' fori e {a, b}andD = KIK/+K/ck +c21. The solid line in Fig1(A) shows how
the open probability of the three-state channel increases and then decreases with increasing background
[Ca?t]. This is due to the C& inactivation present in the single-channel model which camges> 0
andzr — 1 ascs, — oo. For the three-state single-channel model with botR*Cactivation and
C&* inactivation, Fig.1(B) shows the steady-state open probability given b)(for two different
values of the dissociation constant for@anactivation Kp). The thin solid and dashed lines show
the steady-state open probabilityi{) and the steady-state probability that the channel is not refractory
(1-7r = 7o + n¢) as a function of background [€8] using Ky, = 3.16 uM. For comparison, the
thick solid and dashed lines shaovy and 1— 7z when the dissociation constant for inactivation is
increased five-foldp = 15.8uM).

When C&t is the current carrier, the domain [€ is positive €4 > 0) and the steady-state
probability distribution of the three-state model is given by

KIK/! Kecl, Co (Coo + Ca)”
= > = T~ ”R =~ >
D D D
whereK/” =k~ /k* fori e {a, b} andD = KK/ + K/'ck, + ¢k (cx + cq)". Figure1(C) shows how
changing the value of the domain €aconcentrationdy) affects the steady-state open probability of

the three-state model. Increasinigfrom O (solid line) to more elevated values (broken lines) decreases
the bell-shaped steady-state open probability curve for all values of the bifik][@a.).

e O (2.7)

2.3 Athree-state channel model with &aindependent inactivation

For comparison to the model presented in Secti@some simulations will include a three-state chan-
nel model with fast C&" activation and slower Gd-independent inactivation given by

kicl k&
C = 0 =R, (2.8)
ky Ky
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whereR again corresponds to a long-lived closed state, butlhe> R transition does not require
binding of C&*. Under the assumption of fast @amicrodomain formation and collapse, the steady-
state open probability of this model does not depend on the domaffi [Cay) and is given by

_ KdKp . _ Kpck . _Co
- D ) 0_ D > R_Da

whereK{ = k3 /ki, Kp = ki /ki andD = KZKp + Kpc + . The dashed line in Fid.(A) shows
how the open probability of the three-state channel increases with increasing backgrotiriddGiae
maximum steady-state open probabilitykof /(1 + Kp) = 0.5.

e (2.9)

2.4 Coupled C&*-regulated C&*+ channels

In our initial model formulation, the interaction between channels in the Gelease site model is
mediated through the buffered diffusion of intracellula®téNguyenet al, 2005. Each channel con-
tributes to the [C&"] profile throughout the C& release site—the so-called €amicrodomain—and
influences the local [G4] experienced by other channels (see Fp.As in the case of the single-
channel models presented above, we assume that the formation and collapse of individual peaks within
the C&* microdomain occur quickly compared to channel gating. We also assume that the validity of
superposing local [Gd] increases due to each of thechannelsaraghi & Neher1997 Smithet al,
2001). Thus, channel interactions can be summarized bian N ‘coupling matrix’ C = (gjj) that
gives the increase oveg, experienced by channg¢lwhen channel is open. The diagonal elements of
C represent the quantity denoted above as domaififld&q), the increase in [G4] above background
that an open channel contributes to its owrf Ceegulatory site Xiguyenet al,, 2005.

To specify the values of the coupling matfx we assume that channels are localized on a planar
ER membranez= 0). If we writer; = x;j X+ y; ¥ as the position of the pore of chanmethen assuming
one high concentration & buffer, the local [C&t] at positionr = x% + y¥ + z2 given by the ‘excess
buffer approximation’ isleher 1986 Smithet al.,, 2001).

Oj I — )
c(r) = Coo + Z Wli_”e Iri=ri/4 (2.10)
|

1.5 pm

FIG. 2. (A and B) Using the excess buffer approximati@nl(), the local [C§+], c(X, Y,z = rq), is shown at the level of the

Cca?t regulatory sites of 19 open channels with positions chosen from a uniform distribution on a disc (white circle) of radius
R = 2.0 and 0.5um, respectively. Parameters usegs = 0.05 pA, D = 250 uM2s1 1 =5um andry = 0.05 um. Greyscale
ranges from 50 nMdo, black) to 100uM (white).
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whereg; is the source amplitude of chanriell is the buffer length constant arid is the diffusion
constant for free C& . If we assume identical source amplitudes,

0, channel closed
oi(t) =
oo, channel open

and writea; as the position of the G4 regulatory site for channél, the increase in G4 experienced
by channelj when channei is open is given by

: o0 —Iri—aj|/4

= e ! ] .
G 2z D|rj — aj|
Assuming that the regulatory sites are located a small distapabove the channel pores, we write
aj = XiX+yiy+rgzandrjj = |rj — aj[, sorjj = |rj —&| = rq. Thus, the off-diagonal elements of
the coupling matri>xC = (cjj) are

90 ik o 211
Cij 27fDrije i#1 (2.11)

and the diagonal elements Gfare identical and given by

. _ oo —rq/A
Ciji=C=——¢€ . 2.12
ii Cd 27 Drg ( )

Note thatrij = rji implies that the interaction matrix is symmetrg;j(= c;j; ).

2.5 Release site ultrastructure

While the source amplitude of the channetg)(the free C&" diffusion coefficient D) and the buffer
length constantX) that appear in4.10 influence the coupling matrig, equally important is the release
site ultrastructure, i.e. the spatial location of the channels that make up a gi¢enelzase site. In the
C&™ release site simulations that are the focus of this manuscript, channels will be regularly arranged
in a hexagonal lattice as in previous worlkdguyenet al, 2009 or, alternatively, channels will have
positions randomly chosen from a 2D uniform distribution on a disc of raRiuBigure 2(A) shows
the C&T microdomain exhibited by an example release site with 19 randomly positioned channels
(R = 2.0 um). When channels are randomly arranged, it is often the case that the minimum inter-
channel distance can be quite small (0.06 in Fig. 2A as opposed to um for a 19-channel hexagonal
lattice of the same radius). Nevertheless, decreasing the release site radius for this release site with
randomly positioned channels (OBn in Fig. 2B) increases the average local f¢athat channels
experience when all 19 channels are open (5.28 and }h§5espectively). The observable 3
that could in principle be back-calculated from a confocal microfluorometric measurement corresponds
to the average [Gd] in a specified volume near the release site, e.g.
1 z ry X

Cavg(t) 4)_()_/2/0 /—y /—x c(x, Y, z, t)dx dydz, (2.13)
whereX, y andz determine the extent of the spatial averaging epd y, z, t) depends on the state of
each channel througi2 (10.
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3. Results
3.1 Representative G release site simulations

Figures3 and4 show example simulations—performed using Gillespie’s metltidelspie 1976—
of C&* release sites composed of two-stael) and three-state2(5) models, respectively. Note that
19 two-state channels arranged in a hexagonal lattice leat? to 224,288 configurations—45,336 of
which are distinguishable when accounting for rotational and reflective symmetries oftheebsase
site—but for simplicity Fig.3 shows the number of open channdi§) as a function of time with the
understanding that the number of closed channels is giveNby= N — Ng. Figure 3 also shows
the fluctuating spatially averaged [€4 (Ccavg) near the release site given b¥.13 that corresponds
to the observable [4] that could in principle be back-calculated from a confocal microfluorometric
measurement. Similarly, Figk shows the time evolution of the number of opeMy) and refractory
(Nz) channels in a C& release site composed of 19 three-state channels with-8gpendent inacti-
vation. Both Figs3 and4 exhibit stochastic G excitability reminiscent of C& puffs/sparks, i.e. the
expected number of open channels is Id&fNlp] = 2), but occasionally a large number of channels
open simultaneously andx increases to between 10 and 19.

Because there are a finite number of intracellulaf'Cehannels at a release site, there is always
a chance that all of them will close simultaneously, a mechanism referred to as ‘stochastic attrition’
(Stern 1992 Stern & Cheng2004 DeRemigio & Smith 2005. Because C& inactivation is absent
in the two-state single-channel modél1), the C&* puffs/sparks shown in Fig® must be terminat-
ing via stochastic attrition. In contrast, the three-state single-channel nt8eincludes a long-lived
closed (i.e. refractory) state. In simulated?Capuffs/sparks using this model (Fid), the number of

20
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FIG. 3. Representative &4 release site simulation using 19 two-state channels arranged on a hexagonal lattice exhibits stochastic
cat excitability reminiscent of ca puffs/sparks. The time evolution of the number of opR( channels is plotted as well as

the spatially averaged [é’&] (cavg) near the release site given [&13. ParametersR = 2.15um, oo = 0.1 uM, 0o = 0.05 pA,
D=250pM2s 1 i =5um =2kt =15uM2ms L k- =05ms ry=005um x=y=Randz= R/2.
Increased source amplitudesf = 0.9 pA) and the decreased affinity for@abinding kT =0.04 uM—Z ms 1 k- =1ms1

result in sparks with 10-fold higher amplitude (not shown).
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FIG. 4. Representative @4 release site simulation using 19 three-state channels with @apendent inactivation arranged on a
hexagonal lattice shows robust@apuffs/sparks. The time evolution of the number of oplig)() and refractory Nz ) channels
is shown. Parameters as in Fwith R=1.78um.

refractory channels increases throughout the duration of puff/spark events, suggesting that the puff/spark
termination mechanism includes €ainactivation as well as stochastic attrition.

To quantify the robustness of the stochastié Caxcitability exhibited in Figs3 and4, we use a
response measure whose value correlates well with the presence of puffs/sparks irl€ase site
simulations Nguyenet al, 2005. The puff/spark Score is the index of dispersion of the fraction of
open channels given by

1 Var[N
Score= —M

= N ElNol (3.1)

This Score takes values between 0 and 1, with values greater than approximately 0.3 corresponding
to the presence of robust €apuffs/sparks. For the stochastic trajectories shown in Bigad4, the

Scores are 0.40 and 0.37, respectively. Another response measure of interest is the expected fraction of
open channels at the release site,

fo = %E[No]. (3.2)

3.2 Ca?t inactivation and release site dynamics—regularly arranged channels

In C&* release site simulations where channel positions are explicit, the radius of the release site
influences puff/spark statistics such as the fraction of open chanfig)safd the Score3(1) (Nguyen

et al, 2005. To determine whether Ga-regulated channels that include Zainactivation are less
sensitive to release site radius tharfCahannels that are activated but not inactivated b§*Cave
calculatefy and Score as functions &for release sites composed of two-state channels withcit Ca
inactivation or three-state channels witi’Calependent inactivation (Fidgsand6).

The filled circles in Fig5 correspond to release site simulations, where 19 two-state channels are ar-
ranged on a hexagonal lattice, while the filled and open squares show results for 19 three-state channels.
Figure 5(A) shows that for release sites composed of two-stafe @ativated channels, the fraction
of open channelsf() is an increasing function of release site density, i.e. wReis small fp ap-
proaches 1. Conversely, the €ainactivation mechanism of the three-state channel model prevents
release sites from being tonically active at high density (open squares i54ign this case, the frac-
tion of refractory channelsfz) increases with release site density, i.e. the three-state channels with
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FiG. 5. Filled circles give the fraction of open channels (A), Score (B) and the increase in loél [@zove background (C) for

a C&™" release site composed of 19 two-state channels regularly arranged on a hexagonal lattice. Filled squaresyfaltesnate
in (C)) give results for 19 three-state channels witfCalependent inactivation, and open squares in (A) show the fraction of
refractory channels. Puff statistics are plotted as a function of the release siteRaditrger parameters as in Figj.
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FiG. 6. Puff/spark statistics (see F&).for 19 two-state channels and three-state channels witi ®apendent inactivation with
random positions chosen from a uniform distribution. The mean and standard deviation for 25 different release site configurations
are plotted for eaclR. Other parameters as in Fig.

both C&* activation and C&" inactivation tend to inactivate each other wHeis small (open squares
show fr approaching 1). For both of these models, there is littl&"Gccitability for release site radii
larger than 2um (fp approaches 0) because open channels are unable to influence the gating of their
neighbours when the inter-channel distance is too large.

Figure5(B) shows that for release sites composed of either two-state channels or three-state chan-
nels with C&*-dependent inactivation, the puff/spark Score is a biphasic function of release site den-
sity, i.e. robust puffs/sparks are observed for intermediate valué& éfowever, there is a broader
range of elevated Scores (abov8)or release sites composed of three-state as opposed to two-state
channels (compare filled squares to circles). This indicates that the presenc&oh@etivation in
single-channel models can lead to’Caelease sites that are relatively insensitive to channel density.

Figure5(C) shows the increase of local [€g (above background) experienced by théTeegula-
tory sites of the channels averaged over both time and channel position. At high channel density (small
R), the average local [¢4] is nearly seven-fold lower for the three-state model witf Gdependent
inactivation than the two-state model (4.5 versus®f), consistent with the lowef» and higher Score
exhibited by C&" release sites that include €ainactivation (Fig5A and B).

3.3 Ca’" inactivation and release site dynamics—randomly positioned channels

While the puff/spark statistics of Fi¢p. were obtained from release site simulations with channels ar-
ranged in a hexagonal lattice, Fig(A—C) showsfy, Score and average local [&g for release sites

with channels randomly positioned on discs of varying radii (the mean and standard deviation for 25
different configurations are shown for eaRh Interestingly, these puff/spark statistics are qualitatively



CALCIUM RELEASE SITE ULTRASTRUCTURE 75

Yo "m' oy L
. | MWW i o r
AT m o m

FIG. 7. (A) Representative release site simulations using 19 two-state channels randomly positioned on R €is8.96 um.

The time evolution of the number of open chann®lg() is shown for three trials, i.e. three different release site configurations.
(B) Limiting probability distributions of the number of open channels for the three stochastic trajectories shown in (A). Other
parameters as in Fig.

similar to Fig.5, suggesting that release sites that includ&Gaactivation are relatively insensitive to
the details of release site ultrastructure as well as channel density.

Figure7(A) shows representative release site simulations using 19 two-state channels in which two-
state single-channel models are randomly positioned on a dist ef 3.16 um (chosen because it
leads to the maximum Score of 0.34 in F&). The time evolution of the number of open channels
(Np) is shown for three trials, i.e. three different release site configurations. In these release sites that
do not include C&' inactivation, the different channel positions lead to three distinct modes of release
site activity including blips (top panel), robust puffs/sparks (middle) and a tonically active release site
(bottom). The histograms of Fig(B) are estimates of the steady-state probability distribution of the
number of open channelg ), i.e. thenth element ofz is defined by

n=P{No=n}, 0<n<N.

These histograms correspond to puff/spark Scores of 0.12, 0.36 and 0.21, respectively.

For comparison, FigB(A) shows representative release site simulations using three randomly chosen
spatial distributions of 19 three-state channels with'Gdependent inactivation (in this case the optimal
R of 2.61 um gives a Score of 0.33). In these release site simulations, robust puff/spark activity is
observed in spite of the different channel positions used in each trial. In particular, note the similarity
of the histograms of Fig8(B) with Scores in the comparatively narrow range 0.30-0.34 (cf. FB8J.
Interestingly, Fig9 shows that release sites composed of three-state channels Withir@ependent
inactivation are also relatively insensitive to the location of individual channels fher2.61um leads
to an average Score of 0.31).

Figure10(A) shows histograms of the observed fraction of open chanrdglsd&nd Score when 19
two-state channels are randomly positioned on a disc of optimal radius (see above). In these release
site simulations that do not include a slow inactivation process, 1000 different channel configurations
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FIG. 8. (A) Representative release site simulations for 19 three-state channels \%Ihlfdé]aendent inactivation randomly posi-
tioned on a disc oR = 2.61 um. The time evolution of the number of open channels (solid line) and the number of refractory
channels (dotted line) is shown for three trials, i.e. three different release site configurations. (B) Limiting probability distributions
of the number of open channels for the three stochastic trajectories shown in (A). Other parameters &s in Fig.
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FIG. 9. (A) Representative release site simulations for 19 three-state channels \thkir(dependent inactivation randomly
positioned on a disc dR = 2.61 um. Other parameters as in Fi§).See caption of FigB.
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Fic. 10. (A) Histograms of observed fraction of open channédls,(left) and Score (centre) for 1000 different release site
configurations using 19 two-state channels arranged according to a uniform distribution on a disc oRradit&16 um.
Two-dimensional plot (right) of thé» and Score pairs obtained from the simulation results summarized in the left and centre
panels. (B) Similar puff/spark statistics for 19 three-state channels with @ectivation ® = 2.61 um). The black histogram

(left) shows the observed fraction of refractory channéjs X for three-state channels. (C) Puff/spark statistics for 19 three-state
channels with C&t-independent inactivatiorR = 2.61 um). Other parameters as in Fi.

result in a broad range of» (0.01-0.84) and Score (0.02-0.41). Conversely, E@B) shows that
release sites composed of three-state channels with i@activation display puff/spark statistics that
are less variable, i.e. the observéd and Score are in the more restricted ranges of 0.03-0.19 and
0.20-0.35, respectively. Figu)C) shows that this consistency among puff/spark statistics occurs
even when the slow inactivation process i€ CadependentZ.9). In this casefp and Score are in the
restricted ranges of 0.03-0.36 and 0.12-0.37, respectively. The rightmost panelslio(AigC) show
the frequency with which blips (low», low Score), puffs/sparks (lovip, high Score) or a tonically
active release site (higlfin, low Score) occur in these 1000 channel configurations. For the optimal
release site radius used here, simulations involving three-state channels Witil&@endent or C&
-independent inactivation are very likely to result release site activity reminiscentdfidf/sparks.
Conversely, two-state channels without inactivation demonstrate a wider range of release site activity,
including both blips and tonically active release, consistent with the three representative simulations
presented in Figr.

The spread of the open circles in Fig.shows how much variability exists in release site simulations
that are identical except for channel position (randomly selected from a uniform distribution on a disc
of radiusR). Each open circle is thé-norm of the difference between the probability distribution of
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Fic. 11. (A) Open circles show thé2-norm of the difference between the probability distribution of the number
of open channels for two release site simulatiohsaqdz’) for 19 two-state channels randomly positioned on a
disc of radiusR = 3.16 um. The black line shows the averag&norm for 10 comparisons. (B) Distributions as
in (A) using 19 three-state channels with®adependent inactivation randomly positioned on a disc of radius
R = 2.61 um. Other parameters as in Fig).

the number of open channels for two release site simulatibres(iz ), i.e.

o7 [l2 =

wheredr, is thenth element 0Bz = # — #’. The black lines in Figl1 show the averagé-norm as
a function ofR (five configurations lead to 10 distinct comparisons for eBghFor channel densities
likely to lead to puffs/sparks (X R < 4 um; see Fig6B), elevated averagé’-norms indicate that
channels without G& inactivation exhibit more varied activity than channels wittfCinactivation
(compare Figl1A and B).

3.4 Validity of two different mean-field approximations

Below, we investigate the validity of several different mean-field approximations 46 ease site
dynamics that do not explicitly account for the details of release site ultrastructure. In these reduced
simulations, the local [C4] experienced by each channel is assumed to depend on the number of
open channels at the €arelease site, as though the channels were indistinguishable. While prior work
has shown that mean-field release site simulations result in puff/spark statistics that well approximate
the dynamics of release sites with regularly arranged chanNglsyenet al, 2005, the variability
observed in simulations with randomly positioned channels (Fid4) led us to investigate the validity
of mean-field reductions for release sites with irregular ultrastructure.

Figure12(A and B) shows the probability distribution of the number of open chanils black
bars) for 19 two-state channels and three-state channels withiGactivation arranged on hexagonal
lattices of optimal radii R = 2.15 and 178 um, respectively). These simulations used a spatially
explicit coupling matrixC = (gjj) (2.10 and should be considered the ‘correct’ result. For comparison,
Fig. 12(A and B) repeats these simulations using a mean-field approximation (white bars), where the



CALCIUM RELEASE SITE ULTRASTRUCTURE 79

0.69,0.74 0.69

% ES

Prob 3>
o
w

0.62, 0.64
0.3

: !;..l‘mm-JJJ

No

Prob ™

.HJIA‘_

19

Fic. 12. (A) Black, white and grey bars show the probability distribution of the number of open two-state channels %6r a Ca
release site simulated using the full model (hexagonal lattice Rith 2.15 um, (2.10), Type 1 mean-field approximatio8.Q)

and Type 2 mean-field approximatio8.4). (B) Statistics as in (A) for three-state channels witFtalependent inactivation

(R =1.78um). Other parameters as in FIg).

local [C&*] experienced by each channel is

C=Cx +CNp, whereC = %Zqi‘ (3.3)
i
Note that this mean-field reduction (white bars) tends to disagree with the spatially explicit release site
simulation (black bars) for both single-channel models used; in particular, they severely overestimate
the fraction of open channels at the release site.

Figure 12(A and B) also shows the results of an alternative mean-field approximation (grey bars)
that maintains a distinction between each channel’s substantial influence on its own stochastic gating
and the collective contribution of elevated f&4 from neighbouring channels, i.e. the local f¢a
experienced by each channel is given by

|t + Noc., when closed (3.4)
" |coo + ¢4+ (No — 1)c., when open '
where
1
C*ZN(N——]_)ZC” and Cd = Gjj.

i#]
For both single-channel models used, this alternative mean-field approximation appears to work well
(compare grey and black bars).

Let us refer to the original mean-field approximation given®g)as ‘Type 1’ approximation, while
the alternative that treats domain3tan a special way as ‘Type 23(4). To determine if Type 2 mean-
field approximation is generally superior to Type 1, Fi§ presents simulation results for €arelease
sites with randomly positioned channels and a range of radii. The open (Type 1) and filled (Type 2)
circles of Fig.13 show ther2-norm of the difference between the probability distribution of the number
of open channels for two release site simulatiohsa(d7 app), Wherez is obtained using a spatially
explicit release site andlapp is one of the mean-field approximations. The black lines of E&give
the averag&2-norm obtained from 10 random release site configurations.

Figure 13(A and B) shows that for both two-state channels witlf Cactivation and three-state
channels with both G4 activation and C&" inactivation, Type 2 approximation results in smaller
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FiG. 13. (A) Open circles show?-norm of the difference between the probability distribution of the number of open channels for
two release site simulations @ndz app), wherez is obtained using a spatially explicit release site where 19 two-state channels
randomly positioned on a disc of radisandz app assumes Type 1 mean-field approximati8r8). Filled circles show results

for Type 2 mean-field approximatio.@). Black lines show the averagé—norm for 10 release site configurations. (B) Statistics
as in (A) for 19 three-state channels with2¢adependent inactivation. Other parameters as in¥:ig.

£?-norms than Type 1 approximation over the entire range of release site radii considered, indicating
that this approximation usually works best. Type 1 mean-field approximation becomes inaccurate at
large release site radii (open circles), presumably because including the contribution of doftain Ca

(cii in (3.3) in the calculation of leads to an overestimate of the rate oftanediated transitions out

of closed states. While Type 2 approximation is generally superior to Type 1 regardless of the single-
channel model used or release site ultrastructure, it performs better in the case of the three-state channels
described inZ.5).

4. Discussion

In this paper, we have investigated whether single-channel models that incRitkel€aendent or G4 -
independent inactivation are less sensitive to the details of release site ultrastructure than single-channel
models that lack a slow inactivation process. We limited our study to three single-channel models—a
two-state model with G activation but no C& inactivation .1) and two three-state models with
C&™" activation and either a slow &a-dependent or a Ga-independent inactivation proces2.§)
and @.8), respectively). Consistent with previous woguyenet al., 2005, we have found that sim-
ulated C&" release sites with two- or three-state channels regularly arranged on a hexagonal lattice
exhibit stochastic C& excitability reminiscent of C& puffs/sparks when the release site radius is in a
prescribed range (see Figand4).

Quantitative estimates of the range of release site radii that lead to puffs/sparks will depend on the
parameters chosen for the equations for the buffered diffusion of intracellufar, @& source ampli-
tude of the channels and the single-channel model (se€Fi@ne important qualitative observation
in our simulations of C& puffs/sparks is the requirement of significant inter-channel communica-
tion for release sites to exhibit stochastic?Ca&xcitability (Swillenset al, 1999 Nguyenet al,, 2005.
Interestingly, the observed range of elevated Sc@&d}for release sites composed of regularly arranged
three-state channels with €ainactivation is broader than that observed for two-state channels with
Cat+-dependent activation but no inactivation (F&R). In the case of three-state channels, the Score
drops more slowly as the release site radius decreases, indicating that release sites composed of channels
that include C4&' inactivation are less likely to become tonically active than release sites composed of
two-state channels.
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This paper establishes that the above-mentioned results generalize for release sites with random
channel positions chosen from a uniform distribution on a disc of ra|i(@iSig. 6B), a finding that is
significant because the details ofCarelease site ultrastructure are unknown for most cell types (see
Sectionl). In simulations where the release site radius was chosen to maximize the puff/spark Score,
we found that two-state channels without?Canactivation exhibit more varied activity than three-state
channels with either Ga-dependent or G4 -independent inactivation (Figs-9). These observations
and the histograms of» and Score for release sites composed of irregularly arranged two- and three-
state channels (Fid.0) have confirmed our hypothesis that single-channel models wit Bactiva-
tion are indeed less sensitive to the details of release site ultrastructure than single-channel models that
lack a slow C&* inactivation process. Interestingly, we also observed that @@pendent inactivation
is not required for this insensitivity to release site ultrastructure, i.e. a sldW-Baependent inacti-
vation process is sufficient to allow channels to be relatively insensitive to release site ultrastructure
(Fig.9).

4.1 Mean-field coupled C#& channels

The two mean-field approximations considered here neglect release site spatial organization and instead
assume that the local [€5] experienced by each channel is a function of the number of open channels
(Type 1, @8.3) or the current state of the channel and the number of open ‘neighbours’ (TyR&)2, (

Such mean-field approximations are important because they can relieve the state-space explosion that
occurs wherN M-state single-channel models are coupled. While a spatially explicit release site model
will have MN distinct states, the mean-field reductions that assume indistinguishable channels result in
a contracted state space of sia¢+ M — 1)!/(N!(M — 1)!). Although mean-field reductions are often

used in release site simulations either for convenience or out of necessity—e.g. when directly calculating
the stationary distribution from the generator matrix of the release site—it is not generally recognized
that both Type 1 and Type 2 approximations are possibiliedieet al., 2002 DeRemigio & Smith

2009.

In prior work, we showed that mean-field results obtained using Type 2 reduction agree with puff/
spark statistics from a spatially explicit release site simulation when channels are regularly arranged in a
hexagonal latticeNlguyenet al, 2005. Consistent with this prior work, we found that Type 2 mean-field
approximation is a valid reduction technique for release sites with regularly arranged two-state channels
with C&t activation and three-state channels witffGalependent activation and inactivation (Fig).
Importantly, we also were able to validate Type 2 approximation for release sites with random channel
positions (Fig13). For the three-state model with €adependent inactivation, we found Type 1 mean-
field approximation to be inferior to Type 2, presumably because it is important to distinguish between
a channel’s influence on its own gatingyY and the contribution from open neighboucs(No — 1))
in this case. However, for the three-state model with'Giadependent inactivatior?(8) and no C&"-
mediated? — R transition, Type 1 and Type 2 mean-field approximations performed equally well (not
shown).

4.2 Timescale of C&" inactivation

Our simulations indicate that the presence of slo'Gaactivation in a single-channel model causes
release site dynamics to be less sensitive to channel position. In these simulations, the dissociation
constant for C&" inactivation was approximately five-fold larger than that of Cactivation K,/ Ka =

5.5, (2.5). When the rate of th&k — O transition k) is decreased so th#t,/Ka = 2.75 (not
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shown), puff/spark statistics are largely unchanged, i.e. there is a broad raRyeatfes leading to

ca&™* puffs/sparks as in Fig, in spite of the fact that the dwell time associated with the refractory state

is much longer. Conversely, doublikgy so thatK,/Ka = 11 leads to shorter refractory state dwell
times and puff/spark statistics reminiscent of the two-state results shown is.Fggmilarly, when

the three-state model includes <aindependent inactivatior2(8), we find that puff/spark statistics

are influenced by the timescale of the inactivation process. For example,Rghen0.0l ms1, we
observe both broadkf = 0.01 ms't) and narrow Kk = 0.001 ms™!) ranges ofR leading to C&*
puffs/sparks depending on parameters (recall 68). Thus, the timescale of the inactivation process
and its dissociation constant determine the sensitivity of puffs/sparks to the density of channels, for both
Cca*-dependent and G&-independent inactivation.

4.3 Limitations to the study

Single-channel models of $Rs and RyRs can be significantly more complicated than the two- and
three-state models that are the focus of this manuscript. For example, a regemadeel includes 14

states, six of which are opeRraiman & Dawson2004), and the well-known De Young—Keizer4R

model includes four eight-state subunits for a total of 330 distinguishable sBae¥oung & Keizer

1992. In simulations of release sites composed of 19 four-state Type 1-kRsIRguyenet al,, 2005,
puff/spark statistics are qualitatively similar to those presented in%-asl6. This suggests that it is

the presence of inactivation in a single-channel model—and not any peculiarity of the three-state single-
channel models used throughout this manuscript—that influences the sensitivity of release site dynamics
to channel position.

This study has focused on release site simulations where channels are arranged on a regular hexago-
nal lattice or, alternatively, channel positions are randomly chosen from a uniform distribution. However,
when channels are arranged in a different regular pattern (e.g. a square lattice), we observe results that
are consistent with Figh (not shown). Similarly, when channel positions are randomly chosen from a
bivariate Gaussian distribution, we observe results qualitatively similar t@Kimpt shown). Thus, the
conclusion that single-channel models that includé'Ga@ependent or G4 -independent inactivation
are relatively insensitive to the details of release site ultrastructure is not limited to the specific release
site geometries used in this manuscript.

It is also important to recognize that the assumptions of instantaneous coupling via the excess buffer
approximation 2.10 are limitations to the present study. In previous work, we have shown that when
C&*-regulated channel models such asl, (2.5) and @.8) are coupled via a time-dependent’ta
domain, the time constant for domain formation and collapse can have a strong effect on both the gen-
eration and the termination of €apuffs/sparks{lazzaget al, 2005 Huertas & Smith2007). Thus, it
remains an open question whether the results presented in this paper will generalize to situations where
the separation of timescales between channel kinetics afitl@anain formation and collapse are not
well separated. It is also possible that different results would be obtained for instantaneously coupled
channels coupled using the rapid buffer approximation or the full equations for buffered diffusion of
intracellular C&t (Smithet al,, 2001).
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