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Calcium release site ultrastructure and the dynamics of puffs and sparks
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When Markov chain models of intracellular Ca2+-regulated Ca2+ channels are coupled via a mathemat-
ical representation of a Ca2+ microdomain, simulated Ca2+ release sites may exhibit the phenomenon of
‘stochastic Ca2+ excitability’ reminiscent of Ca2+ puffs and sparks. Interestingly, some single-channel
models that include Ca2+ inactivation are not particularly sensitive to channel density, so long as the
requirement for inter-channel communication is satisfied, while other single-channel models that do not
include Ca2+ inactivation open and close synchronously only when the channel density is in a pre-
scribed range. This observation led us to hypothesize that single-channel models with Ca2+ inactivation
would be less sensitive to the details of release site ultrastructure than models that lack a slow Ca2+

inactivation process. To determine if this was the case, we simulated Ca2+ release sites composed of in-
stantaneously coupled Ca2+-regulated Ca2+ channels whose random spatial locations were chosen from
a uniform distribution on a disc of specified radius and compared the resulting release site dynamics to
simulations with channels arranged on hexagonal lattices. Analysis of puff/spark statistics confirmed our
hypothesis that puffs and sparks are less sensitive to the spatial organization of release sites when the
single-channel model includes a slow inactivation process. We also investigated the validity of several
different mean-field reductions that do not explicitly account for the details of release site ultrastructure.
The most successful approximation maintains a distinction between each channel’s substantial influence
on its own stochastic gating and the collective contribution of elevated [Ca2+] from neighbouring
channels.
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1. Introduction

Localized Ca2+ elevations known as Ca2+ puffs and sparks are cellular signals of great interest that arise
from the cooperative activity of clusters of inositol 1,4,5-trisphosphate receptors (IP3Rs) and ryanodine
receptors (RyRs). Calcium puff and sparks are not only the building blocks of global Ca2+ release events
in eukaryotic cells but also highly specific regulators of cellular function (Berridge, 1993, 1997, 1998;
Chenget al., 1993, 1996).
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The relationship between single-channel kinetics and the dynamics of localized Ca2+ release is com-
plicated by the short range of action of intracellular Ca2+ (Allbritton et al., 1992) and the co-localization
of intracellular Ca2+ channels at Ca2+ release sites on the surface of the endoplasmic reticulum (ER)
or sarcoplasmic reticulum. For example, in the cortical regions (approximately 6μm below the plasma
membrane) of immatureXenopus laevisoocytes, IP3Rs occur in clusters of 5–50 with inter-cluster spac-
ing on the order of a few microns (Sunet al., 1998). IP3Rs are also clustered on the surface of the outer
nuclear membrane ofXenopusoocytes (Mak & Foskett, 1997). Similarly, intracellular Ca2+ release
in skeletal and cardiac myocytes is mediated by clusters of RyRs that are assembled into paracrystalline
arrays of 50–250 cooperatively gating channels (Franzini-Armstronget al., 1999; Bers, 2002; Wang
et al., 2004; Chen-Izuet al., 2006).

The spatial organization of IP3Rs and RyRs is the basis of three distinct modes of Ca2+ mobilization
that have been observed via confocal microfluorimetry in oocytes, cardiomyocytes and many other cell
types: (1) localized Ca2+ elevations due to the activation of single channels that are referred to as Ca2+

blips or quarks depending on whether the event is mediated by IP3Rs or RyRs (Niggli, 1999; Bootman
et al., 1997), (2) Ca2+ puffs and sparks that arise from the activation of multiple channels associated
with a single Ca2+ release site (Chenget al., 1993; Cannellet al., 1995; Yao et al., 1995; Parkeret al.,
1996) and (3) global responses such as oscillations and waves that involve multiple release sites (Dupont
et al., 1991; Dupont & Goldbeter, 1992, 1994; Chenget al., 1996). These three modes of Ca2+ release
have been dubbed fundamental, elementary and global responses, respectively (Berridge, 1997).

While the expression of IP3Rs and RyRs is organism and cell specific, there is also remarkable vari-
ability in the spatial arrangement of these intracellular channels. In contrast to the paracrystalline arrays
of RyRs observed in skeletal and cardiac myocytes, RyRs are diffusely distributed throughout the ER
of human embryonic kidney cells (Rossiet al., 2002). In antigen-stimulated rat basophilic leukaemia
cells, diffusely distributed Type 2 IP3Rs redistribute on the ER membrane to form large isolated aggre-
gates (Wilson et al., 1998). In oligodendrocyte progenitors, IP3Rs and RyRs co-localize within Ca2+

release sites (Haaket al., 2001). While IP3Rs and RyRs are both expressed in leukocytes, the intracel-
lular distribution of the channels is variable. For instance, in monocytes, IP3Rs are diffusely distributed
throughout the cell, while RyRs are arranged in clusters (Clark & Petty, 2005). In stark contrast to the
case of skeletal and cardiac myocytes, inXenopusoocytes, rat basophilic leukaemia cells and many
other cell types mentioned above, little is known about the details of Ca2+ release site ultrastructure, i.e.
the precise position of intracellular Ca2+ channels within a given cluster.

Several groups have presented simulations (Rios & Stern, 1997; Swillenset al., 1998, 1999; Stern
et al., 1999; Shuai & Jung, 2002, 2003; Rengifoet al., 2002; Hinch, 2004; Nguyenet al., 2005; Mazzag
et al., 2005; DeRemigio & Smith, 2005) demonstrating that Ca2+ puffs and sparks may arise from the
cooperative activity of clusters of intracellular Ca2+ channels modelled as continuous-time discrete-
state Markov chains; for review of simulation methods, seeColquhoun & Hawkes(1995) andSmith
(2002). These calculations have established that when Ca2+-regulated Ca2+ channel models are cou-
pled via a time-dependent or time-independent Ca2+ microdomain, simulated Ca2+ release sites may
exhibit the phenomenon of ‘stochastic Ca2+ excitability’, where the IP3Rs or RyRs open and close
in a concerted fashion. Allosteric interactions between intracellular Ca2+ channels may lead to syn-
chronization (Sternet al., 1999; Groff & Smith, 2007, 2008), but such direct coupling is not required
(Nguyenet al., 2005; DeRemigio & Smith, 2005; Swillenset al., 1999). Rather, Ca2+ puffs and sparks
can readily be observed when the coupling between single-channel models is mediated entirely via
the buffered diffusion of intracellular Ca2+ simulated through numerical solution of a system of non-
linear reaction–diffusion equations. In the above-mentioned studies, the specific single-channel model
chosen, the release site geometry and the description of the cytosolic milieu all contribute to the measured
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statistics of simulated puffs and sparks such as amplitude, duration and inter-event interval. The IP3R or
RyR models used often include transitions representing fast Ca2+ activation and slower Ca2+

inactivation, two phenomena that have been repeatedly (but not uniformly) observed in single-channel
recordings from planar lipid bilayer and nuclear patch experiments (Fill & Copello, 2002; Hagaret al.,
1998; Mak & Foskett, 1997; Moraruet al., 1999; Ramos-Francoet al., 1998; Bezprozvannyet al., 1991).

Although the biophysical theory relating the single-channel kinetics of IP3Rs and RyRs to the col-
lective phenomena of Ca2+ puffs and sparks is not well developed, Markov chain models of coupled
intracellular Ca2+ channels give insight into the dynamics of Ca2+ puffs and sparks. Several investi-
gators have observed a requirement of significant inter-channel communication in the genesis of Ca2+

puffs and sparks, i.e. low-density Ca2+ release sites exhibit a low puff-to-blip ratio or may not exhibit
stochastic excitability at all (Swillenset al., 1999). The stochastic Ca2+ excitability exhibited by coupled
Ca2+ channels that include both Ca2+ activation and Ca2+ inactivation can be eliminated by modify-
ing Ca2+ inactivation rates. In previous work, we have found that a four-state IP3R model with Ca2+

inactivation is not particularly sensitive to the density of channels when these channels are regularly
arranged on a hexagonal lattice at simulated release sites, so long as the requirement for inter-channel
communication is satisfied. In this same study, we found that two-state channels that did not include
Ca2+ inactivation will open and close in a synchronous fashion only when the channel density is in a
prescribed range (Nguyenet al., 2005). This observation led us to hypothesize that single-channel mod-
els that include Ca2+ inactivation would be less sensitive to the details of release site ultrastructure than
single-channel models that lack a slow Ca2+ inactivation process.

To determine if this was the case, we considered a two-state Markov chain model of a Ca2+-
activated intracellular Ca2+ channel (Section2.1) and, for comparison, two different three-state single-
channel models. Both three-state models include fast Ca2+-dependent activation; however, one contains
Ca2+-dependent inactivation (Section2.2), while the other has a Ca2+-independent inactivation process
(Section2.3). When these single-channel models were instantaneously coupled via reaction–diffusion
equations representing the buffered diffusion of intracellular Ca2+, the resulting Ca2+ release site
models exhibited stochastic Ca2+ excitability reminiscent of Ca2+ puff and sparks (Sections2.4, 2.5
and3.1). To test our hypothesis that Ca2+ puffs and sparks are less sensitive to the spatial organization
of release sites when the single-channel model includes a slow Ca2+ inactivation process, we performed
simulations where the channels were arranged randomly according to a uniform distribution on a disc of
specified radius and compared these results to simulations with channels arranged on hexagonal lattices
with functionally equivalent inter-channel distances (Sections3.2 and3.3). In addition to confirming
our hypothesis, these simulations provided an opportunity to investigate the validity of several different
mean-field approximations to Ca2+ release site dynamics that do not explicitly account for the details
of release site ultrastructure (Section3.4).

2. Formulation of model

2.1 A two-state channel model with Ca2+ activation

Stochastic models of single-channel gating often take the form of continuous-time discrete-state Markov
processes (Colquhoun & Hawkes, 1995; Smith, 2002). For example, a state transition diagram for a two-
state channel activated by Ca2+ is given by

(closed)C
k+cη

∞


k−

O (open), (2.1)
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wherek+cη
∞ andk− are transition rates with units of reciprocal time,k+ is an association rate constant

with units of conc−η time−1, η is the cooperativity of Ca2+ binding andc∞ is the fixed local background
[Ca2+].

We write the stationary (time-independent) probability of being in statei asπi and the stationary
probability distribution as the row vectorπππ = (πC, πO). The stationary distribution satisfies both con-
servation of probability

(∑
i πi = 1

)
and global balance, i.e. the probability fluxes into and out of each

state are equal,

∑

i 6= j

πi qi j = π j

∑

i 6= j

qj i . (2.2)

These conditions can be written compactly as

πππ Q = 0 subject toπππe = 1, (2.3)

whereπππe is an inner product ande is a commensurate column vector of 1s. Thus, for a two-state channel
activated by Ca2+, πC + πO = 1 and

πC =
k−

k+cη
∞ + k−

=
K η

cη
∞ + K η

, πO =
k+cη

∞

k+cη
∞ + k−

=
cη
∞

cη
∞ + K η

, (2.4)

whereK η = k−/k+. Figure1(A) (dotted line) shows that the open probability (πO) of this two-state
channel model increases with higher background [Ca2+ ] (c∞) and, because there is no Ca2+ inactivation
present in the single-channel model,πO → 1 asc∞ → ∞.

FIG. 1. (A) Steady-state open probabilityπO of the two-state model (dotted line), three-state model with Ca2+ inactivation (solid
line) and three-state model with Ca2+-independent inactivation (dashed line) given by (2.4), (2.6) and (2.9), respectively, as
functions of the background [Ca2+] (c∞). Two-state model parameters:η = 2,k+ = 1.5μM−2 ms−1 andk− = 0.5 ms−1. Three-
state model with Ca2+-dependent inactivation parameters:η = 2,k+

a = 1.5μM−2 ms−1, k−
a = 0.5 ms−1, k+

b = 0.001μM−2 ms−1

andk−
b = 0.01 ms−1. Three-state model with Ca2+-independent inactivation parameters:η = 2, k+

a = 1.5μM−2 ms−1, k−
a = 0.5

ms−1 andk̄+
b = k̄−

b = 0.01 ms−1. (B) πO of the three-state model with Ca2+-dependent inactivation for two different dissocia-

tion constants (Kb) for Ca2+-mediated inactivation. UsingKb = 3.16μM, the thin solid line showsπO and the thin dashed line
shows the steady-state probability that the channel is not refractory (1− πR = πO + πC ). The thick solid and dashed lines show
πO and 1− πR for Kb = 15.8μM. (C) πO of the three-state single-channel model with Ca2+ inactivation forKb = 3.16μM
and different domain Ca2+ concentrations:cd = 0 (solid line), 1 (dashed line), 2 (dot-dashed line) and 3μM (dotted line). Other
parameters as in (B).
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2.2 A three-state channel model with Ca2+ activation and Ca2+ inactivation

A state transition diagram for a three-state channel model with both fast Ca2+ activation (C → O) and
slower Ca2+-mediated inactivation (O→ R) is

C
k+

a cη
∞


k−

a

O
k+

b (c∞ + cd)
η



k−

b

R, (2.5)

whereR corresponds to a long-lived closed state. Assuming that Ca2+ microdomain formation and
collapse are fast processes compared to channel gating (Nguyenet al., 2005; Mazzaget al., 2005),
the Ca2+-mediated transition rate out of the open state is given byk+

b (c∞ + cd)
η, wherec∞ is the

background [Ca2+] and cd is the domain [Ca2+], i.e. the increase in local [Ca2+] above background
experienced by the Ca2+ regulatory site when the channel is open.

When the channel is not conducting Ca2+, the domain [Ca2+] is zero (cd = 0) and the steady-state
probability distribution of the three-state model is

πC =
K η

a K η
b

D
, πO =

K η
bcη

∞

D
, πR =

c2η
∞

D
, (2.6)

whereK η
i = k−

i /k+
i for i ∈ {a, b} andD = K η

a K η
b +K η

bcη
∞+c2η

∞ . The solid line in Fig.1(A) shows how
the open probability of the three-state channel increases and then decreases with increasing background
[Ca2+]. This is due to the Ca2+ inactivation present in the single-channel model which causesπO → 0
andπR → 1 asc∞ → ∞. For the three-state single-channel model with both Ca2+ activation and
Ca2+ inactivation, Fig.1(B) shows the steady-state open probability given by (2.6) for two different
values of the dissociation constant for Ca2+ inactivation (Kb). The thin solid and dashed lines show
the steady-state open probability (πO) and the steady-state probability that the channel is not refractory
(1 − πR = πO + πC) as a function of background [Ca2+] using Kb = 3.16μM. For comparison, the
thick solid and dashed lines showπO and 1− πR when the dissociation constant for inactivation is
increased five-fold (Kb = 15.8μM).

When Ca2+ is the current carrier, the domain [Ca2+] is positive (cd > 0) and the steady-state
probability distribution of the three-state model is given by

πC =
K η

a K η
b

D
, πO =

K η
bcη

∞

D
, πR =

cη
∞(c∞ + cd)

η

D
, (2.7)

whereK η
i = k−

i /k+
i for i ∈ {a, b} andD = K η

a K η
b + K η

bcη
∞ + cη

∞(c∞ + cd)
η. Figure1(C) shows how

changing the value of the domain Ca2+ concentration (cd) affects the steady-state open probability of
the three-state model. Increasingcd from 0 (solid line) to more elevated values (broken lines) decreases
the bell-shaped steady-state open probability curve for all values of the bulk [Ca2+] (c∞).

2.3 A three-state channel model with Ca2+-independent inactivation

For comparison to the model presented in Section2.2, some simulations will include a three-state chan-
nel model with fast Ca2+ activation and slower Ca2+-independent inactivation given by

C
k+

a cη
∞


k−

a

O
k̄+

b


k̄−

b

R, (2.8)
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whereR again corresponds to a long-lived closed state, but theO → R transition does not require
binding of Ca2+. Under the assumption of fast Ca2+ microdomain formation and collapse, the steady-
state open probability of this model does not depend on the domain [Ca2+] (cd) and is given by

πC =
K η

a K̄b

D
, πO =

K̄bcη
∞

D
, πR =

cη
∞

D
, (2.9)

whereK η
a = k−

a /k+
a , K̄b = k̄−

b /k̄+
b andD = K η

a K̄b + K̄bcη
∞ + cη

∞. The dashed line in Fig.1(A) shows
how the open probability of the three-state channel increases with increasing background [Ca2+] to the
maximum steady-state open probability ofK̄b/(1 + K̄b) = 0.5.

2.4 Coupled Ca2+-regulated Ca2+ channels

In our initial model formulation, the interaction between channels in the Ca2+ release site model is
mediated through the buffered diffusion of intracellular Ca2+ (Nguyenet al., 2005). Each channel con-
tributes to the [Ca2+] profile throughout the Ca2+ release site—the so-called Ca2+ microdomain—and
influences the local [Ca2+] experienced by other channels (see Fig.2). As in the case of the single-
channel models presented above, we assume that the formation and collapse of individual peaks within
the Ca2+ microdomain occur quickly compared to channel gating. We also assume that the validity of
superposing local [Ca2+] increases due to each of theN channels (Naraghi & Neher, 1997; Smithet al.,
2001). Thus, channel interactions can be summarized by anN × N ‘coupling matrix’ C = (ci j ) that
gives the increase overc∞ experienced by channelj when channeli is open. The diagonal elements of
C represent the quantity denoted above as domain [Ca2+] (cd), the increase in [Ca2+] above background
that an open channel contributes to its own Ca2+ regulatory site (Nguyenet al., 2005).

To specify the values of the coupling matrixC, we assume that channels are localized on a planar
ER membrane (z = 0). If we writer i = xi x̂ + yi ŷ as the position of the pore of channeli , then assuming
one high concentration Ca2+ buffer, the local [Ca2+] at positionr = xx̂ + yŷ + zẑ given by the ‘excess
buffer approximation’ is (Neher, 1986; Smithet al., 2001).

c(r) = c∞ +
∑

i

σi

2π D|r i − r |
e−|r i −r |/λ, (2.10)

FIG. 2. (A and B) Using the excess buffer approximation (2.10), the local [Ca2+], c(x, y, z = rd), is shown at the level of the
Ca2+ regulatory sites of 19 open channels with positions chosen from a uniform distribution on a disc (white circle) of radius
R = 2.0 and 0.5μm, respectively. Parameters used:σO = 0.05 pA, D = 250μM2 s−1, λ = 5μm andrd = 0.05μm. Greyscale
ranges from 50 nM (c∞, black) to 100μM (white).
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whereσi is the source amplitude of channeli , λ is the buffer length constant andD is the diffusion
constant for free Ca2+. If we assume identical source amplitudes,

σi (t) =

{
0, channeli closed,

σO, channeli open,

and writea j as the position of the Ca2+ regulatory site for channelj , the increase in Ca2+ experienced
by channelj when channeli is open is given by

ci j =
σO

2π D|r i − a j |
e−|r i −a j |/λ.

Assuming that the regulatory sites are located a small distancerd above the channel pores, we write
a j = xi x̂ + yi ŷ + rdẑ andri j = |r i − a j |, sori i = |r i − ai | = rd. Thus, the off-diagonal elements of
the coupling matrixC = (ci j ) are

ci j =
σO

2π Dri j
e−ri j /λ (i 6= j ) (2.11)

and the diagonal elements ofC are identical and given by

cii = cd =
σO

2π Drd
e−rd/λ. (2.12)

Note thatri j = r j i implies that the interaction matrix is symmetric (ci j = cji ).

2.5 Release site ultrastructure

While the source amplitude of the channels (σi ), the free Ca2+ diffusion coefficient (D) and the buffer
length constant (λ) that appear in (2.10) influence the coupling matrixC, equally important is the release
site ultrastructure, i.e. the spatial location of the channels that make up a given Ca2+ release site. In the
Ca2+ release site simulations that are the focus of this manuscript, channels will be regularly arranged
in a hexagonal lattice as in previous work (Nguyenet al., 2005) or, alternatively, channels will have
positions randomly chosen from a 2D uniform distribution on a disc of radiusR. Figure2(A) shows
the Ca2+ microdomain exhibited by an example release site with 19 randomly positioned channels
(R = 2.0 μm). When channels are randomly arranged, it is often the case that the minimum inter-
channel distance can be quite small (0.06μm in Fig.2A as opposed to 1μm for a 19-channel hexagonal
lattice of the same radius). Nevertheless, decreasing the release site radius for this release site with
randomly positioned channels (0.5μm in Fig. 2B) increases the average local [Ca2+] that channels
experience when all 19 channels are open (5.28 and 12.55μm, respectively). The observable [Ca2+]
that could in principle be back-calculated from a confocal microfluorometric measurement corresponds
to the average [Ca2+] in a specified volume near the release site, e.g.

cavg(t) =
1

4x̄ ȳz̄

∫ z̄

0

∫ ȳ

−ȳ

∫ x̄

−x̄
c(x, y, z, t)dx dy dz, (2.13)

wherex̄, ȳ andz̄ determine the extent of the spatial averaging andc(x, y, z, t) depends on the state of
each channel through (2.10).
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3. Results

3.1 Representative Ca2+ release site simulations

Figures3 and4 show example simulations—performed using Gillespie’s method (Gillespie, 1976)—
of Ca2+ release sites composed of two-state (2.1) and three-state (2.5) models, respectively. Note that
19 two-state channels arranged in a hexagonal lattice lead to 219 = 524,288 configurations—45,336 of
which are distinguishable when accounting for rotational and reflective symmetries of the Ca2+ release
site—but for simplicity Fig.3 shows the number of open channels (NO) as a function of time with the
understanding that the number of closed channels is given byNC = N − NO. Figure3 also shows
the fluctuating spatially averaged [Ca2+] (cavg) near the release site given by (2.13) that corresponds
to the observable [Ca2+] that could in principle be back-calculated from a confocal microfluorometric
measurement. Similarly, Fig.4 shows the time evolution of the number of open (NO) and refractory
(NR) channels in a Ca2+ release site composed of 19 three-state channels with Ca2+-dependent inacti-
vation. Both Figs3 and4 exhibit stochastic Ca2+ excitability reminiscent of Ca2+ puffs/sparks, i.e. the
expected number of open channels is low (E[NO] = 2), but occasionally a large number of channels
open simultaneously andNO increases to between 10 and 19.

Because there are a finite number of intracellular Ca2+ channels at a release site, there is always
a chance that all of them will close simultaneously, a mechanism referred to as ‘stochastic attrition’
(Stern, 1992; Stern & Cheng, 2004; DeRemigio & Smith, 2005). Because Ca2+ inactivation is absent
in the two-state single-channel model (2.1), the Ca2+ puffs/sparks shown in Fig.3 must be terminat-
ing via stochastic attrition. In contrast, the three-state single-channel model (2.5) includes a long-lived
closed (i.e. refractory) state. In simulated Ca2+ puffs/sparks using this model (Fig.4), the number of

FIG. 3. Representative Ca2+ release site simulation using 19 two-state channels arranged on a hexagonal lattice exhibits stochastic
Ca2+ excitability reminiscent of Ca2+ puffs/sparks. The time evolution of the number of open (NO) channels is plotted as well as
the spatially averaged [Ca2+] (cavg) near the release site given by (2.13). Parameters:R= 2.15μm,c∞ = 0.1μM, σO = 0.05 pA,

D = 250μM−2 s−1, λ = 5 μm, η = 2, k+ = 1.5 μM−2 ms−1, k− = 0.5 ms−1, rd = 0.05μm, x̄ = ȳ = R and z̄ = R/2.
Increased source amplitude (σO = 0.9 pA) and the decreased affinity for Ca2+ binding (k+ = 0.04μM−2 ms−1, k− = 1 ms−1)
result in sparks with 10-fold higher amplitude (not shown).
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FIG. 4. Representative Ca2+ release site simulation using 19 three-state channels with Ca2+-dependent inactivation arranged on a
hexagonal lattice shows robust Ca2+ puffs/sparks. The time evolution of the number of open (NO) and refractory (NR) channels
is shown. Parameters as in Fig.3 with R = 1.78μm.

refractory channels increases throughout the duration of puff/spark events, suggesting that the puff/spark
termination mechanism includes Ca2+ inactivation as well as stochastic attrition.

To quantify the robustness of the stochastic Ca2+ excitability exhibited in Figs3 and4, we use a
response measure whose value correlates well with the presence of puffs/sparks in Ca2+ release site
simulations (Nguyenet al., 2005). The puff/spark Score is the index of dispersion of the fraction of
open channels given by

Score=
1

N

Var[NO]

E[NO]
. (3.1)

This Score takes values between 0 and 1, with values greater than approximately 0.3 corresponding
to the presence of robust Ca2+ puffs/sparks. For the stochastic trajectories shown in Figs3 and4, the
Scores are 0.40 and 0.37, respectively. Another response measure of interest is the expected fraction of
open channels at the release site,

fO =
1

N
E[NO]. (3.2)

3.2 Ca2+ inactivation and release site dynamics—regularly arranged channels

In Ca2+ release site simulations where channel positions are explicit, the radius of the release site
influences puff/spark statistics such as the fraction of open channels (fO) and the Score (3.1) (Nguyen
et al., 2005). To determine whether Ca2+-regulated channels that include Ca2+ inactivation are less
sensitive to release site radius than Ca2+ channels that are activated but not inactivated by Ca2+, we
calculatefO and Score as functions ofR for release sites composed of two-state channels without Ca2+

inactivation or three-state channels with Ca2+-dependent inactivation (Figs5 and6).
The filled circles in Fig.5 correspond to release site simulations, where 19 two-state channels are ar-

ranged on a hexagonal lattice, while the filled and open squares show results for 19 three-state channels.
Figure5(A) shows that for release sites composed of two-state Ca2+-activated channels, the fraction
of open channels (fO) is an increasing function of release site density, i.e. whenR is small fO ap-
proaches 1. Conversely, the Ca2+-inactivation mechanism of the three-state channel model prevents
release sites from being tonically active at high density (open squares in Fig.5A). In this case, the frac-
tion of refractory channels (fR) increases with release site density, i.e. the three-state channels with
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FIG. 5. Filled circles give the fraction of open channels (A), Score (B) and the increase in local [Ca2+] above background (C) for
a Ca2+ release site composed of 19 two-state channels regularly arranged on a hexagonal lattice. Filled squares (alternatey-axis
in (C)) give results for 19 three-state channels with Ca2+-dependent inactivation, and open squares in (A) show the fraction of
refractory channels. Puff statistics are plotted as a function of the release site radiusR. Other parameters as in Fig.3.

FIG. 6. Puff/spark statistics (see Fig.5) for 19 two-state channels and three-state channels with Ca2+-dependent inactivation with
random positions chosen from a uniform distribution. The mean and standard deviation for 25 different release site configurations
are plotted for eachR. Other parameters as in Fig.3.

both Ca2+ activation and Ca2+ inactivation tend to inactivate each other whenR is small (open squares
show fR approaching 1). For both of these models, there is little Ca2+ excitability for release site radii
larger than 2μm ( fO approaches 0) because open channels are unable to influence the gating of their
neighbours when the inter-channel distance is too large.

Figure5(B) shows that for release sites composed of either two-state channels or three-state chan-
nels with Ca2+-dependent inactivation, the puff/spark Score is a biphasic function of release site den-
sity, i.e. robust puffs/sparks are observed for intermediate values ofR. However, there is a broader
range of elevated Scores (above 0.3) for release sites composed of three-state as opposed to two-state
channels (compare filled squares to circles). This indicates that the presence of Ca2+ inactivation in
single-channel models can lead to Ca2+ release sites that are relatively insensitive to channel density.

Figure5(C) shows the increase of local [Ca2+] (above background) experienced by the Ca2+ regula-
tory sites of the channels averaged over both time and channel position. At high channel density (small
R), the average local [Ca2+] is nearly seven-fold lower for the three-state model with Ca2+-dependent
inactivation than the two-state model (4.5 versus 30μM), consistent with the lowerfO and higher Score
exhibited by Ca2+ release sites that include Ca2+ inactivation (Fig.5A and B).

3.3 Ca2+ inactivation and release site dynamics—randomly positioned channels

While the puff/spark statistics of Fig.5 were obtained from release site simulations with channels ar-
ranged in a hexagonal lattice, Fig.6(A–C) shows fO, Score and average local [Ca2+] for release sites
with channels randomly positioned on discs of varying radii (the mean and standard deviation for 25
different configurations are shown for eachR). Interestingly, these puff/spark statistics are qualitatively
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FIG. 7. (A) Representative release site simulations using 19 two-state channels randomly positioned on a disc ofR = 3.16μm.
The time evolution of the number of open channels (NO) is shown for three trials, i.e. three different release site configurations.
(B) Limiting probability distributions of the number of open channels for the three stochastic trajectories shown in (A). Other
parameters as in Fig.3.

similar to Fig.5, suggesting that release sites that include Ca2+ inactivation are relatively insensitive to
the details of release site ultrastructure as well as channel density.

Figure7(A) shows representative release site simulations using 19 two-state channels in which two-
state single-channel models are randomly positioned on a disc ofR = 3.16 μm (chosen because it
leads to the maximum Score of 0.34 in Fig.6). The time evolution of the number of open channels
(NO) is shown for three trials, i.e. three different release site configurations. In these release sites that
do not include Ca2+ inactivation, the different channel positions lead to three distinct modes of release
site activity including blips (top panel), robust puffs/sparks (middle) and a tonically active release site
(bottom). The histograms of Fig.7(B) are estimates of the steady-state probability distribution of the
number of open channels (π̂ππ ), i.e. thenth element ofπ̂ππ is defined by

π̂n = P{NO = n}, 06 n 6 N.

These histograms correspond to puff/spark Scores of 0.12, 0.36 and 0.21, respectively.
For comparison, Fig.8(A) shows representative release site simulations using three randomly chosen

spatial distributions of 19 three-state channels with Ca2+-dependent inactivation (in this case the optimal
R of 2.61μm gives a Score of 0.33). In these release site simulations, robust puff/spark activity is
observed in spite of the different channel positions used in each trial. In particular, note the similarity
of the histograms of Fig.8(B) with Scores in the comparatively narrow range 0.30–0.34 (cf. Fig.7B).
Interestingly, Fig.9 shows that release sites composed of three-state channels with Ca2+-independent
inactivation are also relatively insensitive to the location of individual channels (hereR = 2.61μm leads
to an average Score of 0.31).

Figure10(A) shows histograms of the observed fraction of open channels (fO) and Score when 19
two-state channels are randomly positioned on a disc of optimal radius (see above). In these release
site simulations that do not include a slow inactivation process, 1000 different channel configurations
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FIG. 8. (A) Representative release site simulations for 19 three-state channels with Ca2+-dependent inactivation randomly posi-
tioned on a disc ofR = 2.61μm. The time evolution of the number of open channels (solid line) and the number of refractory
channels (dotted line) is shown for three trials, i.e. three different release site configurations. (B) Limiting probability distributions
of the number of open channels for the three stochastic trajectories shown in (A). Other parameters as in Fig.3.

FIG. 9. (A) Representative release site simulations for 19 three-state channels with Ca2+-independent inactivation randomly
positioned on a disc ofR = 2.61μm. Other parameters as in Fig.3. See caption of Fig.8.
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FIG. 10. (A) Histograms of observed fraction of open channels (fO , left) and Score (centre) for 1000 different release site
configurations using 19 two-state channels arranged according to a uniform distribution on a disc of radiusR = 3.16 μm.
Two-dimensional plot (right) of thefO and Score pairs obtained from the simulation results summarized in the left and centre
panels. (B) Similar puff/spark statistics for 19 three-state channels with Ca2+ inactivation (R = 2.61μm). The black histogram
(left) shows the observed fraction of refractory channels (fR) for three-state channels. (C) Puff/spark statistics for 19 three-state
channels with Ca2+-independent inactivation (R = 2.61μm). Other parameters as in Fig.3.

result in a broad range offO (0.01–0.84) and Score (0.02–0.41). Conversely, Fig.10(B) shows that
release sites composed of three-state channels with Ca2+ inactivation display puff/spark statistics that
are less variable, i.e. the observedfO and Score are in the more restricted ranges of 0.03–0.19 and
0.20–0.35, respectively. Figure10(C) shows that this consistency among puff/spark statistics occurs
even when the slow inactivation process is Ca2+ independent (2.8). In this case,fO and Score are in the
restricted ranges of 0.03–0.36 and 0.12–0.37, respectively. The rightmost panels in Fig.10(A–C) show
the frequency with which blips (lowfO, low Score), puffs/sparks (lowfO, high Score) or a tonically
active release site (highfO, low Score) occur in these 1000 channel configurations. For the optimal
release site radius used here, simulations involving three-state channels with Ca2+-dependent or Ca2+

-independent inactivation are very likely to result release site activity reminiscent of Ca2+ puff/sparks.
Conversely, two-state channels without inactivation demonstrate a wider range of release site activity,
including both blips and tonically active release, consistent with the three representative simulations
presented in Fig.7.

The spread of the open circles in Fig.11shows how much variability exists in release site simulations
that are identical except for channel position (randomly selected from a uniform distribution on a disc
of radiusR). Each open circle is thè2-norm of the difference between the probability distribution of
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FIG. 11. (A) Open circles show thè2-norm of the difference between the probability distribution of the number
of open channels for two release site simulations (π̂ππ andπ̂ππ ′) for 19 two-state channels randomly positioned on a
disc of radiusR = 3.16μm. The black line shows the average`2-norm for 10 comparisons. (B) Distributions as
in (A) using 19 three-state channels with Ca2+-dependent inactivation randomly positioned on a disc of radius
R = 2.61μm. Other parameters as in Fig.3.

the number of open channels for two release site simulations (π̂ππ andπ̂ππ ′), i.e.

‖δδδπ̂ππ‖2 =

√√
√
√

N∑

n=0

(δπn)2,

whereδπn is thenth element ofδπ̂ππ = π̂ππ − π̂ππ ′. The black lines in Fig.11 show the averagè2-norm as
a function ofR (five configurations lead to 10 distinct comparisons for eachR). For channel densities
likely to lead to puffs/sparks (26 R 6 4 μm; see Fig.6B), elevated averagè2-norms indicate that
channels without Ca2+ inactivation exhibit more varied activity than channels with Ca2+ inactivation
(compare Fig.11A and B).

3.4 Validity of two different mean-field approximations

Below, we investigate the validity of several different mean-field approximations to Ca2+ release site
dynamics that do not explicitly account for the details of release site ultrastructure. In these reduced
simulations, the local [Ca2+] experienced by each channel is assumed to depend on the number of
open channels at the Ca2+ release site, as though the channels were indistinguishable. While prior work
has shown that mean-field release site simulations result in puff/spark statistics that well approximate
the dynamics of release sites with regularly arranged channels (Nguyenet al., 2005), the variability
observed in simulations with randomly positioned channels (Figs7–11) led us to investigate the validity
of mean-field reductions for release sites with irregular ultrastructure.

Figure12(A and B) shows the probability distribution of the number of open channels (NO, black
bars) for 19 two-state channels and three-state channels with Ca2+ inactivation arranged on hexagonal
lattices of optimal radii (R = 2.15 and 1.78 μm, respectively). These simulations used a spatially
explicit coupling matrixC = (ci j ) (2.10) and should be considered the ‘correct’ result. For comparison,
Fig. 12(A and B) repeats these simulations using a mean-field approximation (white bars), where the
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FIG. 12. (A) Black, white and grey bars show the probability distribution of the number of open two-state channels for a Ca2+

release site simulated using the full model (hexagonal lattice withR = 2.15μm, (2.10)), Type 1 mean-field approximation (3.3)
and Type 2 mean-field approximation (3.4). (B) Statistics as in (A) for three-state channels with Ca2+-dependent inactivation
(R = 1.78μm). Other parameters as in Fig.3.

local [Ca2+] experienced by each channel is

c = c∞ + c̄NO, wherec̄ =
1

N2

∑

i, j

ci j . (3.3)

Note that this mean-field reduction (white bars) tends to disagree with the spatially explicit release site
simulation (black bars) for both single-channel models used; in particular, they severely overestimate
the fraction of open channels at the release site.

Figure12(A and B) also shows the results of an alternative mean-field approximation (grey bars)
that maintains a distinction between each channel’s substantial influence on its own stochastic gating
and the collective contribution of elevated [Ca2+] from neighbouring channels, i.e. the local [Ca2+]
experienced by each channel is given by

c =
{

c∞ + NOc∗, when closed,
c∞ + cd + (NO − 1)c∗, when open,

(3.4)

where

c∗ =
1

N(N − 1)

∑

i 6= j

ci j and cd = cii .

For both single-channel models used, this alternative mean-field approximation appears to work well
(compare grey and black bars).

Let us refer to the original mean-field approximation given by (3.3) as ‘Type 1’ approximation, while
the alternative that treats domain Ca2+ in a special way as ‘Type 2’ (3.4). To determine if Type 2 mean-
field approximation is generally superior to Type 1, Fig.13presents simulation results for Ca2+ release
sites with randomly positioned channels and a range of radii. The open (Type 1) and filled (Type 2)
circles of Fig.13show thè 2-norm of the difference between the probability distribution of the number
of open channels for two release site simulations (π̂ππ andπ̂ππapp), whereπ̂ππ is obtained using a spatially
explicit release site and̂πππapp is one of the mean-field approximations. The black lines of Fig.13 give
the averagè2-norm obtained from 10 random release site configurations.

Figure 13(A and B) shows that for both two-state channels with Ca2+ activation and three-state
channels with both Ca2+ activation and Ca2+ inactivation, Type 2 approximation results in smaller
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FIG. 13. (A) Open circles shoẁ2-norm of the difference between the probability distribution of the number of open channels for
two release site simulations (π̂ππ andπ̂ππapp), whereπ̂ππ is obtained using a spatially explicit release site where 19 two-state channels
randomly positioned on a disc of radiusR andπ̂ππapp assumes Type 1 mean-field approximation (3.3). Filled circles show results

for Type 2 mean-field approximation (3.4). Black lines show the average`2-norm for 10 release site configurations. (B) Statistics
as in (A) for 19 three-state channels with Ca2+-dependent inactivation. Other parameters as in Fig.3.

`2-norms than Type 1 approximation over the entire range of release site radii considered, indicating
that this approximation usually works best. Type 1 mean-field approximation becomes inaccurate at
large release site radii (open circles), presumably because including the contribution of domain Ca2+

(cii in (3.3)) in the calculation of̄c leads to an overestimate of the rate of Ca2+-mediated transitions out
of closed states. While Type 2 approximation is generally superior to Type 1 regardless of the single-
channel model used or release site ultrastructure, it performs better in the case of the three-state channels
described in (2.5).

4. Discussion

In this paper, we have investigated whether single-channel models that include Ca2+-dependent or Ca2+-
independent inactivation are less sensitive to the details of release site ultrastructure than single-channel
models that lack a slow inactivation process. We limited our study to three single-channel models—a
two-state model with Ca2+ activation but no Ca2+ inactivation (2.1) and two three-state models with
Ca2+ activation and either a slow Ca2+-dependent or a Ca2+-independent inactivation process ((2.5)
and (2.8), respectively). Consistent with previous work (Nguyenet al., 2005), we have found that sim-
ulated Ca2+ release sites with two- or three-state channels regularly arranged on a hexagonal lattice
exhibit stochastic Ca2+ excitability reminiscent of Ca2+ puffs/sparks when the release site radius is in a
prescribed range (see Figs3 and4).

Quantitative estimates of the range of release site radii that lead to puffs/sparks will depend on the
parameters chosen for the equations for the buffered diffusion of intracellular Ca2+, the source ampli-
tude of the channels and the single-channel model (see Fig.2). One important qualitative observation
in our simulations of Ca2+ puffs/sparks is the requirement of significant inter-channel communica-
tion for release sites to exhibit stochastic Ca2+ excitability (Swillenset al., 1999; Nguyenet al., 2005).
Interestingly, the observed range of elevated Scores (3.1) for release sites composed of regularly arranged
three-state channels with Ca2+ inactivation is broader than that observed for two-state channels with
Ca2+-dependent activation but no inactivation (Fig.5B). In the case of three-state channels, the Score
drops more slowly as the release site radius decreases, indicating that release sites composed of channels
that include Ca2+ inactivation are less likely to become tonically active than release sites composed of
two-state channels.
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This paper establishes that the above-mentioned results generalize for release sites with random
channel positions chosen from a uniform distribution on a disc of radiusR (Fig. 6B), a finding that is
significant because the details of Ca2+ release site ultrastructure are unknown for most cell types (see
Section1). In simulations where the release site radius was chosen to maximize the puff/spark Score,
we found that two-state channels without Ca2+ inactivation exhibit more varied activity than three-state
channels with either Ca2+-dependent or Ca2+-independent inactivation (Figs7–9). These observations
and the histograms offO and Score for release sites composed of irregularly arranged two- and three-
state channels (Fig.10) have confirmed our hypothesis that single-channel models with Ca2+ inactiva-
tion are indeed less sensitive to the details of release site ultrastructure than single-channel models that
lack a slow Ca2+ inactivation process. Interestingly, we also observed that Ca2+-dependent inactivation
is not required for this insensitivity to release site ultrastructure, i.e. a slow Ca2+-independent inacti-
vation process is sufficient to allow channels to be relatively insensitive to release site ultrastructure
(Fig. 9).

4.1 Mean-field coupled Ca2+ channels

The two mean-field approximations considered here neglect release site spatial organization and instead
assume that the local [Ca2+] experienced by each channel is a function of the number of open channels
(Type 1, (3.3)) or the current state of the channel and the number of open ‘neighbours’ (Type 2, (3.4)).
Such mean-field approximations are important because they can relieve the state-space explosion that
occurs whenN M-state single-channel models are coupled. While a spatially explicit release site model
will have M N distinct states, the mean-field reductions that assume indistinguishable channels result in
a contracted state space of size(N + M − 1)!/(N!(M − 1)!). Although mean-field reductions are often
used in release site simulations either for convenience or out of necessity—e.g. when directly calculating
the stationary distribution from the generator matrix of the release site—it is not generally recognized
that both Type 1 and Type 2 approximations are possibilities (Sobieet al., 2002; DeRemigio & Smith,
2005).

In prior work, we showed that mean-field results obtained using Type 2 reduction agree with puff/
spark statistics from a spatially explicit release site simulation when channels are regularly arranged in a
hexagonal lattice (Nguyenet al., 2005). Consistent with this prior work, we found that Type 2 mean-field
approximation is a valid reduction technique for release sites with regularly arranged two-state channels
with Ca2+ activation and three-state channels with Ca2+-dependent activation and inactivation (Fig.12).
Importantly, we also were able to validate Type 2 approximation for release sites with random channel
positions (Fig.13). For the three-state model with Ca2+-dependent inactivation, we found Type 1 mean-
field approximation to be inferior to Type 2, presumably because it is important to distinguish between
a channel’s influence on its own gating (cd) and the contribution from open neighbours (c∗(NO − 1))
in this case. However, for the three-state model with Ca2+-independent inactivation (2.8) and no Ca2+-
mediatedO→ R transition, Type 1 and Type 2 mean-field approximations performed equally well (not
shown).

4.2 Timescale of Ca2+ inactivation

Our simulations indicate that the presence of slow Ca2+ inactivation in a single-channel model causes
release site dynamics to be less sensitive to channel position. In these simulations, the dissociation
constant for Ca2+ inactivation was approximately five-fold larger than that of Ca2+ activation (Kb/Ka =
5.5, (2.5)). When the rate of theR → O transition (k−

b ) is decreased so thatKb/Ka = 2.75 (not
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shown), puff/spark statistics are largely unchanged, i.e. there is a broad range ofR values leading to
Ca2+ puffs/sparks as in Fig.6, in spite of the fact that the dwell time associated with the refractory state
is much longer. Conversely, doublingk−

b so thatKb/Ka = 11 leads to shorter refractory state dwell
times and puff/spark statistics reminiscent of the two-state results shown in Fig.6. Similarly, when
the three-state model includes Ca2+-independent inactivation (2.8), we find that puff/spark statistics
are influenced by the timescale of the inactivation process. For example, whenk̄−

b = 0.01 ms−1, we
observe both broad (k̄+

b = 0.01 ms−1) and narrow (̄k+
b = 0.001 ms−1) ranges ofR leading to Ca2+

puffs/sparks depending on parameters (recall Fig.6B). Thus, the timescale of the inactivation process
and its dissociation constant determine the sensitivity of puffs/sparks to the density of channels, for both
Ca2+-dependent and Ca2+-independent inactivation.

4.3 Limitations to the study

Single-channel models of IP3Rs and RyRs can be significantly more complicated than the two- and
three-state models that are the focus of this manuscript. For example, a recent IP3R model includes 14
states, six of which are open (Fraiman & Dawson, 2004), and the well-known De Young–Keizer IP3R
model includes four eight-state subunits for a total of 330 distinguishable states (De Young & Keizer,
1992). In simulations of release sites composed of 19 four-state Type 1-like IP3Rs (Nguyenet al., 2005),
puff/spark statistics are qualitatively similar to those presented in Figs5 and6. This suggests that it is
the presence of inactivation in a single-channel model—and not any peculiarity of the three-state single-
channel models used throughout this manuscript—that influences the sensitivity of release site dynamics
to channel position.

This study has focused on release site simulations where channels are arranged on a regular hexago-
nal lattice or, alternatively, channel positions are randomly chosen from a uniform distribution. However,
when channels are arranged in a different regular pattern (e.g. a square lattice), we observe results that
are consistent with Fig.5 (not shown). Similarly, when channel positions are randomly chosen from a
bivariate Gaussian distribution, we observe results qualitatively similar to Fig.6 (not shown). Thus, the
conclusion that single-channel models that include Ca2+-dependent or Ca2+-independent inactivation
are relatively insensitive to the details of release site ultrastructure is not limited to the specific release
site geometries used in this manuscript.

It is also important to recognize that the assumptions of instantaneous coupling via the excess buffer
approximation (2.10) are limitations to the present study. In previous work, we have shown that when
Ca2+-regulated channel models such as (2.1), (2.5) and (2.8) are coupled via a time-dependent Ca2+

domain, the time constant for domain formation and collapse can have a strong effect on both the gen-
eration and the termination of Ca2+ puffs/sparks (Mazzaget al., 2005; Huertas & Smith, 2007). Thus, it
remains an open question whether the results presented in this paper will generalize to situations where
the separation of timescales between channel kinetics and Ca2+ domain formation and collapse are not
well separated. It is also possible that different results would be obtained for instantaneously coupled
channels coupled using the rapid buffer approximation or the full equations for buffered diffusion of
intracellular Ca2+ (Smithet al., 2001).
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