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ON COMPUTABLE NUMBERS, WITH AN APPLICATION TO ' Hilbe
| THE ENTSCHEIDUNGSPROBLEM 1 I
ﬁ | calcu
?{ By A. M. TURING. 5 differ
§L1 | Ents
0 | bility
i Reprinted with the kind permission of the London Mathematical Society from the ‘ pres:
Proceedings of the London Mathematical Society, Ser. 9, vol, 42 (1936-T), pp. 230~ \
265; corrections, Ibid, vol 43 (1937) pp. 544-546. |
i
| i
The “computable” numbers may be described briefly as the real | are
numbers whose expressions as & decimal are calculable by finite means. \ defia
Although the subject of this paper is ostensibly the computable numbers, “ unti
it is almost equally easy to define and investigate computable functions lies
of an integral variable or a real or computable variable, computable | )
predicates, and so forth. The fundamental problems involved are, i mac
g however, the same in each case, and I have chosen the computable numbers | whi
,% for explicit treatment as involving the least cumbrous technique. Ihope \‘ “ta
‘;‘é shortly to give an account of the relations of the computable numbers, sect
‘i% functions, and so forth to one another. This will include a development ; any
\E of the theory of functions of a real variable expressed in terms of com- | whi
I putable numbers. According to my definition, a number is computable squ
hi% if its decimal can be written down by a machine. SyT
\fl In §§9, 10 I give some arguments with the intention of showing that the is,
Rg computable numbers include all numbers which could naturally be rat
@f regarded as computable. In particular, I show that certain large classes it
\E of pumbers are computable. They include, for instance, the real parts of } ma
H all algebraic numbers, the real parts of the zeros of the Bessel functions, sca
]L the numbers m, e, etc. The computable numbers do not, however, include (, tha
| all definable numbers, and an example is given of a definable number ‘, In
" which is not computable. | be
Although the class of computable numbers is 80 great, and in many s5q
ways similar to the clags of real numbers, it 1s nevertheless enumerable. m
Tn §8 T examine certain arguments which would seem to prove the contrary. ; sh
By the correct application of one of these arguments, conclusions are th
reached which are superficially similar to those of Godelt. These results _
T Godel, «{iber formal unentscheidbare Satze der Principia Mathematica und ver- J.
want der Systeme, 17, Monatshefte Math. Phys., 38 (1931), 173-198%
(1
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will form the sequence of figures which is the decimal of the real number
which is being computed. The others are just rough notes to “assist the
memory *’. It will only be these rough notes which will be liable to erasure.

Itis my contention that these operations include all those which are used
in the computation of a number. The defence of this contention will be
easier when the theory of the machines is familiar to the reader. In the
next section I therefore proceed with the development of the theory and
assume that it is understood what is meant by ‘“machine”, “tape”,
“scanned ”’, etc.

2. Definitions.

Automatic machines.

If at each stage the motion of a machine (in the sense of §1)is completely
determined by the configuration, we shall call the machine an ‘“auto-
matic machine” (or a-machine).

For some purposes we might use machines (choice machines or
¢c-machines) whose motion is only partially determined by the configuration.
(hence the use of the word “possible”” in §1). When such a machine
reaches one of these ambiguous configurations, it cannot go on until some
arbitrary choice has been made by an external operator. This would be the
case if we were using machines to deal with axiomatic systems. In this
paper I deal only with automatic machines, and will therefore often omit
the prefix a-.

Computing machines.

If an a-machine prints two kinds of symbols, of which the first kind
(called figures) consists entirely of 0 and 1 (the others being called symbols of
the second kind), then the machine will be called a computing machine.
If the machine is supplied with a blank tape and set in motion, starting
from the correct initial m-configuration, the subsequence of the symbols
printed by it which are of the first kind will be called the sequence computed
by the machine. The real number whose expression as a binary decimal is
obtained by prefacing this sequence by a decimal point is called the
number computed by the machine.

At any stage of the motion of the machine, the number of the scanned
square, the complete sequence of all symbols on the tape, and the
m-configuration will be said to describe the complete configuration at that
stage. The changes of the machine and tape between successive complete
configurations will be called the moves of the machine,
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If (contrary to the description in § 1) we allow the letters L, R to appear
more than once in the operations column we can simplify the table
considerably.

m-config. symbol operations  final m-config.
None Po b
b 0 R, R, P1 b
1 R, R, PO b
II. As a slightly more difficult example we can construct a machine to
compute the sequence 001011011101111011111.... The machine is to
be capable of five m-configurations, viz. “o”’, “q”, “p”, “f”, b’ and of

printing “o”, “x”, <0, «1”, The first three symbols on the tape will
be “000”’; the other figures follow on alternate squares. On the inter-
mediate squares we never print anything but “z”’. These letters serve to
““keep the place” for us and are erased when we have finished with them.
We also arrange that in the sequence of figures on alternate squares there
shall be no blanks.

Configuration Behaviour
m-config.  symbol operations final
m-conjig.
b Po, R, Po, R, PO, R, R, PO, L, L 0
[ 1 R,Px,L,L, L 0
0 1 o .
. J'Any (0 or 1) R, R q
| None Pl, L »
{:E I R q
p 1‘ ° R f
{ None L, L p
[ Any R R f
{IL None PO, L, L )

To illustrate the working of this machine a table is given below of the
first few complete configurations. These complete configurations are
described by writing down the sequence of symbols which are on the tape,
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and each small Greek letter by a symbol, we obtain the table for an
m-configuration.

The skeleton tables are to be regarded as nothing but abbreviations:
they are not essential. So long as the reader understands how to obtain
the complete tables from the skeleton tables, there is no need to give any
exact definitions in this connection.

Let us consider an example:

m-config. Symbol Behaviour Final
m-config.

] L (6,38, ) From the m-configuration

(€, ®, a) the machine finds the

symbol of form a which is far-

fa ¢ thest to the left (the <first a”)

£,(,B,0) {nota R £,(C, B, a) and the m-configuration then

becomes €. If there is mo «

None R f(€,B,a) then the m-configuration be-
a ¢ comes B. ‘

f(@,%,a) {
(not e L f(€ B, a)

fo(€,B,a) nota R (€ B, 0a)
None R B

If we were to replace € throughout by q (say), B by t, and a by @, we
should have a complete table for the m-configuration f(q, ¥, %). § is called
an ‘“m-configuration function” or «“ m-function”.

The only expressions which are admissible for substitution in an
m-function are the m-configurations and symbols of the machine. These
have to be enumerated more or less explicitly : they may include expressions
such as p(e, x); indeed they must if there are any m-functions used at all.
If we did not insist on this explicit enumeration, but simply stated that
the machine had certain m-configurations (enumerated) and all m-configu-
rations obtainable by substitution of m-configurations in certain m-func-
tions, we should usually get an infinity of m-configurations; e.g., we might
say that the machine was to have the m-configuration q and all m-configu-
rations obtainable by substituting an m-configuration for €in p(€). Then

it would have g, p(a), p(p(q)), p<p(p(q)>>, ... as m-configurations.

Our interpretation rule then is this. We are given the names of the
m-configurations of the machine, mostly expressed in terms of m-functions.
We are also given skeleton tables. All we want is the complete table for
the m-configurations of the machine. This is obtained by repeated
substitution in the skeleton tables.
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The last line stands for the totality of lines obtainable from it by
replacing 8 by any symbol which may occur on the tape of the machine
concerned.

ce(€, B, a) ¢(e(€, B, ), B, ) c(®, o). The machine
copies down: in order at the
ce(B, a) ce(ce(‘lﬁ,a),%,a) end all symbols marked o
and erases the letters a; —%.
te(€, B, a, B) f(cel(s,%,a,ﬁ),%,a} re(€, B, a, B). The ma-
. E P . chine replaces the first a by
ve; (€, %, 0,8) B, PP e B and -> € — B if thereis no a.
ve(B, a, re(ve(B, . ), B, a, te(%, a, B). The machine re-
( A ( 2 B> places all letters a by B; —%.
(€, B, a) C(W(v@:%,aa a), ‘5,&) ct(B, o) differs from
ce(®, «) only in that the
(%, o) e (‘”(%’ a),ve(%,a, ), “) letters a are not erased. The
m-configuration c¢(B, a) is
taken up when no letters
“q” are on the tape.
(€, %, G, a, B) § (cpl(@l €A, B), F(2, G, B), o.>
(€, 9, B) y # (eoa(C, %, ), U, B)
y ¢
e, (€, %,
pa( ¥) {not y a0,

The first symbol marked « and the first marked B are compared. If
there is neither o nor B, - €. If there are both and the symbols are alike,
- €. Otherwise — .

oe(6, %, G0 f) o (c(e(C B Co) U G 8)

epe(C, U, €, a, B) differs from (€, ¥4, €, a, f) in that in the case when
there is similarity the first « and B are erased.

epe (3, €, a, B) epe (cpe(%, €, B), U, € o, B).

epe(Y, €, a, B). The sequence of symbols marked a« is compared with
the sequence marked B. — ¢ if they are similar. Otherwise —%. Some
of the symbols « and 8 are erased.
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and, in particular, blank = Sg, 0= 83, 1 = 8,. The lines of the table are
now of form

Final
m-config. Symbol Operations m-config.
% S, P8, L I (Ny)
9 S; P8y, R m (V)
4 S, P8, Im (Vg)
Lines such as
4 8 E, B m
are to be written as
% S, PS8y, B I
and lines such as
9 S, vt Im
to be written as
% S; PS; R I

In this way we reduce each line of the table to a line of one of the forms
(Ny), (o), (IV3).

From each line of form (IV,) let us form an expression ¢;8; Si Li¢pn;
from each line of form (IV,) we form an expression ¢;8; 8 Eqn;
and from each line of form (I,) we form an expression ¢;S; S; N ¢y,

Let us write down all expressions so formed from the table for the
machine and separate them by semi-colons. In this way we obtain a
complete description of the machine. In this description we shall replace
g; by the letter «“ D followed by the letter <“ A ” repeated 1 times, and S; by
«D” followed by «C” repeated j times. This new description of the
machine may be called the standard description (S.D). It is made up
entirely from the letters w47« @G «D” <L R, “N”, and from

If finally we replace “4” by <17, «C” by «g” «D” by «8”, «“L”
by «4”, “R” by «“5”, “N” by “67, and “;” by «“7”" we shall have a
description of the machine in the form of an arabic numeral. The integer
represented by this numeral may be called a description number (D.N) of
the machine. The D.N determine the S.D and the structure of the
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then U will compute the same sequence as Al. In this section I explain
in outline the behaviour of the machine. The next section is devoted to
giving the complete table for .

Let us first suppose that we have a machine A’ which will write down on
the F-squares the successive complete configurations of .il. These might
be expressed in the same form as on p. 121, using the second description,
(C), with all symbols on one line. Or, better, we could transform this
description (as in §5) by replacing each m-configuration by «D”’ followed
by « A’ repeated the appropriate number of times, and by replacing each
symbol by <D’ followed by «“C” repeated the appropriate number of
times. The numbers of letters «“ A > and < C'”” are to agree with the numbers
chosen in §5, so that, in particular, <0 is replaced by “DC”, “1” by
«DCC”, and the blanks by “D”. These substitutions are to be made
after the complete configurations have been put, together, as in (C). Diffi-
culties arise if we do the substitution first. In each complete configura-
tion the blanks would all have to be replaced by < D ”’, so that the complete
configuration would not be expressed as a finite sequence of symbols.

Ifin the description of the machine IT of § 3 we replace “o” by «“ DAA”,
“g” by “DOCC”, “q” by “DAAA”, then the sequence (C) becomes:

DA:DCCCDCCCDAADCDDC: DOCCDCCCDAAADCDDC: ... (Cy)

(This is the sequence of symbols on #-squares.)

Tt is not difficult to see that if LIl can be constructed, then so can Al
The manner of operation of .Al’ could be made to depend on having the rules
of operation (i.e., the S.D) of I\ written somewhere within itself (¢.e. within
M) ;- each step could be carried out by referring to these rules. We have
only to regard the rules as being capable of being taken out and ex-
changed for others and we have something very akin to the universal
machine.

One thing is lacking : at present the machine .\’ prints no figures. We
may correct this by printing between each successive pair of complete
configurations the figures which appear in the new configuration but not
in the old. Then (C,;) becomes

DDA4:0:0:DOCODCCCDAADCDDC : DCCC. ... (Cy)

Tt is not altogether obvious that the H-squares leave enough room for
the necessary *rough work ”, but this is, in fact, the case.

The sequences of letters between the colons in expressions such as
(C,) may be used as standard descriptions of the complete configurations.
When the letters are replaced by figures, as in §5, we shall have a numerical
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Subsidiary skeleton table.

Not4 R, R eon (€, a) con(€, a). Starting from

con(€, a) { an F-square, S say, the se-

quence O of symbols describ-

A R, Pa, B cony(G, a) ing a configuration closest on

J the right of S is marked out
| D R, Pa, B cny(C a) with letters a. —C

A L, Pa, R con(€,a)

eon; (€, a)

r C R, Pa, B cony(€, a) con(€, ). In the final con-
cony (€, a) J‘LNo‘o ¢ RR . figuration the machine is

scanning the square which is
four squares to the right of the
last square of €. C is left

unmarked.
The table for L.
b f(by, By, 5 2) . The machine prints
: DA on the F-squares after
6, R,R PR R PDREPA anf :—anf.
anf g (anfy, 1) anf. The machine marks
i the configuration in the last
anyy con(fom, ¥)  complete configuration with
y. -—>tom.
; R, Pz, L con(fmp, ) forn. The machine finds

the last semi-colon not

fom ? L, L fom marked with z. It marks
not z nor ; L fom this semi-colon with z and
the configuration following
it with .
Emp cpe(e(?om, x, ), $im, %, y> tmp. The machine com-

pares the sequences marked
x and y. It erases all letters
z and y. — sim if they are
alike. Otherwise — fom.

anf. Taking the long view, the last instruction relevant to the last
configuration is found. Tt can be recognised afterwards as the instruction
following the last semi-colon marked z. —sim.
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inst q (I(ingtl)J u) inst. The next complete

configuration is written down,
inst; o R, E inst;(a) carrying out the marked instruc-
tions. The letters u, v, w, &, ¥

inst, (L) ces (09, v, Y, T, U, W)
are erased. —>anf.
inst, (R) ces(09, , T, U, Ys w)
ngt, (V) ecs(09, ¥, T, Y5 Us w)
09 e(anf)

8. Application of the diagonal process.

Tt may be thought that arguments which prove that the real numbers
are not enumerable would also prove that the computable numbers and
sequences cannot be enumerable®. It might, for instance, be thought
that the limit of a sequence of computable numbers must be computable.
This is clearly only true if the sequence of computable numbers is defined
by some rule.

Or we might apply the diagonal process. If the computable sequences
are enumerable, let a, be the n-th computable sequence, and let ¢, (m) be
the m-th figure in a,. Let B be the sequence with 1—¢,(n) as its n-th
figure. Since f is computable, there exists a number K such that
1—¢,(n) = ¢g(n) all n. Putting n = K, we have 1=2¢g(K), te. 118
even. This is impossible. The computable sequences are therefore not
enumerable .

The fallacy in this argument lies in the assumption that pis computable.
Tt would be true if we could enumerate the computable sequences by finite
means, but the problem of enumerating computable sequences is equivalent
to the problem of finding out whether a given number is the D.N of a
circle-free machine, and we have no general process for doing this in a finite
number of steps. In fact, by applying the diagonal process argument
correctly, we can show that there cannot be any such general process.

The simplest and most direct proof of this is by showing that, if this
general process exists, then there is a machine which computes B. This
proof, although perfectly sound, has the disadvantage that it may leave
the reader with a feeling that «there must be something wrong . The
proof which I shall give has not this disadvantage, and gives & certain
insight into the significance of the idea circle-free . Tt depends not on
constructing f, but on constructing ', whose n-th figure is ¢, (1).

-

* (Cf. Hobson, Theory of functions of a real variable (2nd ed., 1921), 87, 88.
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We can show further that there can be no machine & which, when
supplied with the 8.D of an arbitrary machine A\, will determine whether .\l
ever prints a given symbol (0 say).

We will first show that, if there is a machine £, then there is a general
process for determining whether a given machine .\l prints 0 infinitely
often. Let JAl; be a machine which prints the same sequence as .\, except
that in the position where the first 0 printed by [l stands, A\, prints 0.
M, is to have the first two symbols 0 replaced by 0, and so on. Thus, if .1l
were to print

ABA0O1AABO00104B...,

then .l\; would print

ABAO14A4AB0O010ARB...
and A, would print
ABAG14ABO0OI0AR....

Now let ' be a machine which, when supplied with the S.D of .\, will
write down successively the S.D of L, of .ll;, of Aly, ... (there is such a
machine). We combine & with £ and obtain a new machine, . In the
motion of § first ¥ is used to write.down the S.D of M, and then £ tests
it, : 0: is written if it is found that Al never prints 0; then ¥ writes the S.D
-of Ay, and this is tested, : 0: being printed if and only if .\, never prints 0,
and so on.  Now let us test G with €. Ifitis found that ¢ never prints 0,
then A prints 0 infinitely often; if { prints 0 sometimes, then Al does not
print 0 infinitely often.

Similarly there is a general process for determining whether Al prints 1
infinitely often. By a combination of these processes we have a process
for determining whether Al prints an infinity of figures, ¢.e. we have a process
for determining whether .l is circle-free. There can therefore be no
machine £.

The expression “there is a general process for determining ...’”” has
been used throughout this section as equivalent to ‘“there is a machine
which will determine ...””. This usage can be justified if and only if we
can justify our definition of ““computable””. For each of these ‘‘ general
process”’ problems can be expressed as a problem concerning a general
process for determining whether a given integer n has a property G(n) [e.g.
@ (n) might mean “n is satisfactory’ or ‘7 is the Godel representation of
a provable formula”], and this is equivalent to computing a number
whose n-th figure is 1 if G (n)is true and 0 if it is false.
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17 or 999999999999999 is normally treated as a single symbol. Similarly
in any European language words are treated as single symbols (Chinese,
however, attempts to have an enumerable infinity of symbols). The
differences from our point of view between the single and compound symbols
is that the compound symbols, if they are too lengthy, cannot be observed
at one glance. This is in accordance with experience. We cannot tell at
a glance whether 9999999999999999 and 999999999999999 are the same.

The behaviour of the computer at any moment is determined by the
symbols which he is observing, and his * state of mind ” at that moment.
We may suppose that there is a bound B to the number of symbols or
squares which the computer can observe at one moment. If he wishes to
observe more, he must use successive observations. We will also suppose
that the number of states of mind which need be taken into account is finite.
The reasons for this are of the same character as those which restrict the
number of symbols. If we admitted an infinity of states of mind, some of
them will be “ arbitrarily close ”” and will be confused. Again, the restriction
is not one which seriously affects computation, since the use of more compli-
cated states of mind can be avoided by writing more symbols on the tape.

Let us imagine the operations performed by the computer to be split up
into “simple operations’ which are so elementary that it is not easy to
imagine them further divided. Every such operation consists of some change
of the physical system consisting of the computer and his tape. We know
the state of the system if we know the sequence of symbols on the tape,
which of these are observed by the computer (possibly with a special
order), and the state of mind of the computer. We may suppose that in a
simple operation not more than one symbol is altered. ~Any other changes
can be split up into simple changes of this kind. The situation in regard to
the squares whose symbols may be altered in this way is the same as in
regard to the observed squares. We may, therefore, without loss of
generality, assume that the squares whose symbols are changed are always
““observed’”’ squares.

Besides these changes of symbols, the simple operations must include
changes of distribution of observed squares. The new observed squares
must be immediately recognisable by the computer. Ithinkitisreasonable
to suppose that they can only be squares whose distance from the closest
of the immediately previously observed squares does not exceed a certain
fixed amount. Let us say that each of the new observed squares is within
L squares of an immediately previously observed square.

In connection with “immediate recognisability”’, it may be thought
that there are other kinds of square which are immediately recognisable.
In particular, squares marked by special symbols might be taken as imme-
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squares. The move which is done, and the succeeding configuration, are
determined by the scanned symbol and the m-configuration. The
machines just described do not differ very essentially from computing
machines as defined in § 2, and corresponding to any machine of this type
a computing machine can be constructed to compute the same sequence,
that is to say the sequence computed by the computer.

I1. [Type (b)].

If the notation of the Hilbert functional calculust is modified so as to
be systematic, and so as to involve only a finite number of symbols, it
becomes possible to construct an automatic} machine ¥, which will find
all the provable formulae of the calculus§.

Now let o be a sequence, and let us denote by &,(x) the proposition
“The z-th figure of a is 1 7, so that| — @, (z) means *“ The z-th figure of
is 0. Suppose further that we can find a set of properties which define
the sequence « and which can be expressed in terms of G,(x) and of the
propositional functions IV (x) meaning ““z is a non-negative integer’’ and
F(z, y) meaning “y==z-+1". When we join all these formulae together
conjunctively, we shall have a formula, % say, which defines a. The terms
of ¥ must include the necessary parts of the Peano axioms, viz.,

(3u) N () & (2) (N (@)~ (3y) F@, 9)) & (Flz, y) >N (),

which we will abbreviate to P.

When we say “U defines a”’, we mean that —% is not a provable
formula, and also that, for each n, one of the following formulae (A,) or
(B,) is provable.

2

Y & ™ G, (u), (A
% & FO— (— G, (um)), (B,

where F gtands for F(u, w') & Fu', %) & ... Fu®D, u™),

t The expression “the functional calculus’’ is used throughout to mean the restricted
Hilbert functional calculus.

} It is most natural to construct first a choice machine (§2) to do this. But it is
then easy to construct the required automatic machine. We can suppose that the choices
are always choices between two possibilities 0 and 1. Each proof will then be determined
by a sequence of choices 4,, %y, ..., 4, (4, =0 or 1, 4,=0 or 1, ..., 4, = 0 or 1), and hence
the number 2" ¢, 20144, 2224 ... +4, completely determines the proof. The automatic
machine carries out successively proof 1, proof 2, proof 3, ....

§ The author has found a description of such a machine,

Il The negation sign is written before an expression and not over it.

9 A sequence of r primes is denoted by (.
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instructions and the symbols on the tape. That is, the state of the system
may be described by a single expression (sequence of symbols), consisting
of the symbols on the tape followed by A (which we suppose not to appear
elsewhere) and then by the note of instructions. This expression may be
called the ““state formula”. We know that the state formula at any
given stage is determined by the state formula before the last step was
made, and we assume that the relation of these two formulae is expressible
in the functional calculus. In other words, we assume that there is an
axiom % which expresses the rules governing the behaviour of the
computer, in terms of the relation of the state formula at any stage to the
state formula at the preceding stage. If this is so, we can construct a
machine to write down the successive state formulae, and hence to
compute the required number.

10. Examples of large classes of numbers which are computable.

It will be useful to begin with definitions of a computable function of
an integral variable and of a computable variable, etc. There are many
equivalent ways of defining a computable function of an integral
variable. The simplest is, possibly, as follows. If y is a computable
sequence in which 0 appears infinitely T often, and # is an integer, then let
us define ¢(y, m) to be the number of figures 1 between the n-th and the
(n41)-th figure 0 in y. Then ¢(n) is computable if, for all » and some v,
d(n)=E£(y, n). An equivalent definition is this. Let H(z, y) mean
$(z)=1y. Then, if we can find a contradiction-free axiom %, such that
%,— P, and if for each integer n there exists an integer N, such that

Uy & FO— H (u™, w(#m),
and such that, if m #¢(n), then, for some N',
A, & BN (—H (u™, um),

then ¢ may be said to be a computable function.

We cannot define general computable functions of a real variable, since
there is no general method of describing a real number, but we can define
a computable function of a computable variable. If n is satisfactory,
let y,, be the number computed by Al(n), and let

a, = tan (w(yn—%)),

1 If M computes v, then the problem whether Al prints 0 infinitely often is of the
same character as the problem whether Al is circle-free.
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there is a computable number ¢ such that
Gla)>a <,
—Ga)>a=¢.

Tn other words, the theorem holds for any section of the computables
such that there is a general process for determining to which class a given
number belongs.

Owing to this restriction of Dedekind’s theorem, we cannot say that a
computable boundéd increasing sequence of computable numbers has a
computable limit. This may possibly be understood by considering a
sequence such as

1 —1 —1 1 1
> 27 4 8’ 167

ISz

3 seo e

On the other hand, (v) enables us to prove

(vi) If « and B are computable and « < f and $(a) <0< $(B), where
¢ (a) is a computable increasing continuous function, then there is a unique
computable number v, satisfying a <y < B and ¢(y)=0.

Computable convergence.

We shall say that a sequence f8, of computable numbers converges
computably if there is a computable integral valued function N () of the
computable variable e, such that we can show that, if e >0 and n > N(e)
and m > N (e), then |B,—Bn| < e.

We can then show that

(vii) A power series whose coefficients form a computable sequence of
computable numbers is computably convergent at all computable points
in the interior of its interval of convergence.

(viii) The limit of a computably convergent sequence is computable.
And with the obvious definition of «“ uniformly computably convergent

(ix) The limit of a uniformly computably convergent computable
sequence of computable functions is a computable function. Hence

(x) The sum of a.power series whose coefficients form a computable
sequence is a computable function in the interior of its interval of
convergence.

From (viii) and 7= 4(1—%-+4—...) We deduce that = is computable.

Frome=1+41-+ 51—‘—]—51—‘ +... we deduce that e is computable.
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and
°, & FHM)— [{G’(u(vm)), wm™) y G (), ulm) )
& H(u(n)’ u(ﬂ(n))}_> (_.H(u(n), u(m))) ],

Hence 9%, & FOI) ( —H(u™, u(m)))_

The conditions of our second definition of a computable function are
therefore satisfied. Consequently 7 is a computable function.

Proof of a modified form of (iii).

Suppose that we are given a machine 0\, which, starting with a tape
bearing on it oo followed by a sequence of any number of letters “ F”’ on
F-squares and in the m-configuration b, will compute a sequence y,
depending on the number n of letters F». If ¢,(m) is the m-th figure of
v, then the sequence 8 whose n-th figure is ¢, (n) is computable.

We suppose that the table for 9\ has been written out in such a way
that in each line only one operation appears in the operations column. We
also suppose that Z, @, 0, and 1 do not occur in the table, and we replace
o throughout by @, 0 by 0, and 1 by 1. Further substitutions are then
made. Any line of form

pi a PO B
we replace by
o a Po (DB, u, b, k)
and any line of the form
9 a P1 B
by i a Pl re(B, v, b, k)
and we add to the table the following lines:
u pe(uy, 0)
1y R, Pk, R, PO, R, PO U,
Uy ve(uy, ug, &, B)
Uy pe(uy, F)
and similar lines with v for u and 1 for 0 together with the following line
¢ R, PE, R, Ph b.

We then have the table for the machine 9 which computes f. The
initial m-configuration is ¢, and the initial scanned symbol is the second e.
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I(z, y) is to be interpreted as “in the complete configuration  the
square y is scanned”.

K, (x)is to be interpreted as “in the complete configuration z the
m-configuration is g,,.

F(x, y)is to be interpreted as ““y is the immediate successor of z .

Inst {q;8; 8, Lq} is to be an abbreviation for

(@ 42,90 { (gl ) & 10, 9) & K, (o) & Flo, 2) & Py, )
> (16, y') & Ry, 9) & Ky (@)
& [P, 2)v (B fe, ) By (@, z))]) }
Inst {g;S; S, RBq} and Inst{g8,S,N g}

are to be abbreviations for other similarly constructed expressions.

Let us put the description of Al into the first standard form of §6. This
description consists of a number of expressions such as 7;8; 8, Lg,” (or
with B or NV substituted for L). Let us form all the corresponding expres-
sions such as Inst{g; 9,8, Lg} and take their logical sum. This we call
Des (M). ,

The formula Un (M) is to be

(3u) [ N () & (2) (N (2) > (32') F(a, 2))
& @, APy, 5)>N(y) £ N()) & () B, (u, 9)
& I(u, u) & Ky (u) & Des() |
~(38) (3t) [N (s) & N () & Rg,(s, £)].

[N(u) & ... & Des (M)] may be abbreviated to A(M),

When we substitute the meanings suggested on p.146-46 we find that
Un (M) has the interpretation “in some complete configuration of AL, S,
(v.e. 0) appears on the tape ”’. Corresponding to this I prove that

() If 8, appears on the tape in some complete configuration of M, then
Un (M) is provable.

(b) If Un (M) is provable, then 8, appears on the tape in some complete
configuration of L.

When this has been done, the remainder of the theorem is trivial.
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and (4(M) & Fw— 00, ) > (4 (M) & FortD > CCpi1),
ie. OF,—~CF,,,.

COF, is provable for each n. Now it is the assumption of this lemma
that 8, appears somewhere, in some complete configuration, in the sequence
of symbols printed by M; that is, for some integers N, K, (Cy has
R (u®, wE) as one of its terms, and therefore 0Cy— Rg (u®, u®) is
provable. We have then

CCx— Rg (ul), uB)
and AM) & FO - OCOF,
We also have
(3u) A(M) > (Fu) (Fw) ... (Su@) (A (M) & FD),
where N’ = max (N, K). And so
(Fu) A(M) = (Tu) (3) ... (Fu) Bs, (u, ulD),
(Fu) A (M) — (Fu®) (quE) By, (u®, D),

)-
b)
)=
(Bu) A(M)—(Fs) (Tt) Rg,(s, ¢),
3.e. Un(M) is provable.

This completes the proof of Lemma 1.

Lemma 2. If Un(M) is provable, then S, appears on the tape in some
complete configuration of M.

If we substitute any propositional functions for function variables in
a provable formula, we obtain a true proposition. In particular, if we
substitute the meanings tabulated on pp.145-46 in Un(M), we obtain a
true proposition with the meaning “ §; appears somewhere on the tape in
some complete configuration of JL”.

We are now in a position to show that the Entscheidungsproblem cannot
be solved. Let us suppose the contrary. Then there is a general
(mechanical) process for determining whether Un(Al) is provable. By
Lemmas 1 and 2, thisimplies that there is a process for determining whether
M ever prints 0, and this is impossible, by §8. Hence the Entscheidungs-
problem cannot be solved.

In view of the large number of particular cases of solutions of the
Entscheidungsproblem for formulae with restricted systems of quantors, it
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into which M is convertible (cf. foot-note p.138). The machine £
includes £, as a part. The motion of the machine £ when supplied
with the formula M, is divided into sections of which the =-th is
devoted to finding the n-th figure of y. The first stage in this n-th section
is the formation of {M,}(N,). This formula is then supplied to the
machine £,, which converts it successively into various other formulae.
Each formula into which it is convertible eventually appears, and each, as
it is found, is compared with

Az [/\x'[{x}( {x}(x'))ﬂ, ie N,

and with Az I:A:c’[{x}(x’)]], i.e. V.

If it is identical with the first of these, then the machine prints the figure 1
and the n-th section is finished. If it is identical with the second, then 0
is printed and the section is finished. If it is different from both, then the
work of £, is resumed. By hypothesis, {3 }(IV,) is convertible into one of
the formulae N, or N;; consequently the n-th section will eventually be
finished, i.e. the n-th figure of y will eventually be written down.

To prove that every computable sequence y is A-definable, we must
show how to find a formula M, such that, for all integers n,

{M}(N,) conv Ny )

Let M be a machine which computes y and let us take some description
of the complete configurations of A by means of numbers, e.g. we may take
the D.N of the complete configuration as described in §6. Let £(n) be
the D.N of the n-th complete configuration of Al. The table for the
machine M gives us a relation between £(n-1) and £(n) of the form

£(n-+1)=p, (£(n)),

where p, is a function of very restricted, although not usually very simple,
form : itis determined by the table for M. p,isA-definable (I omit the proof
of this), 7.e. there is a W.F.F. 4, such that, for all integers n,

{Av} (Nﬁ(n)) conv -Né(n+1)'
Let U, stand for

da [ {up4)} @) ],
where r = £(0); then, for all integers =,
{U} (V) conv Ny,
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