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Mathematics has been taught at West Point since before the United States Military Academy (USMA) was founded in 1802 and has been a central part of the curriculum ever since. The textbooks used at West Point were first British, then French, and finally American; in fact, many of the American texts were written by West Point authors. We discuss the textbooks used, the design of the curriculum, the teaching methods used, and the influence of the program on other schools. Especial attention will be paid to two subjects, calculus and descriptive geometry.

The first mathematics class at West Point was taught on 21 September 1801 by George Baron, who had been appointed by President Jefferson on June 6, 1801 [10, p. 305]. He used a “standing slate” to teach algebra, this being the first recorded use of the blackboard in the US [1, p. 11]. When Joseph G. Swift (1783-1865, USMA 1802), who became the first graduate of USMA, arrived in October of 1801, Baron furnished him with a copy of A Course of Mathematics by Charles Hutton and “gave me a specimine of his mode of teaching at the blackboard in the academy.” Soon thereafter, Baron and Swift got in a shouting match involving “coarse epithets” and Baron was, for a variety of reasons, court-martialed and fired [27]. 

Baron was born in England in 1769 and became Master of the Mathematical Academy at South Shields, in the county of Durham. He came to the US shortly before June 1798 and lived in Hollowell, Maine. After leaving West Point, he went to New York City and, in 1804, founded the first mathematical periodical published in the United States. The Mathematical Correspondent survived for only one volume [16; journal available on microfilm in the American Periodical Series, II, reel 26]. Part of the reason for its failure was Baron’s acrimonious personality, which, unfortunately, spilled over into print. This periodical was modeled after British journals such as The Lady’s Diary, and, as such was primarily for posing and solving problems. One problem that Baron posed (Question 14, p. 43) dealt with fluxions. Although it was only a modest generalization of a problem in Thomas Simpson’s New Treatise of Fluxions (1737), it does show that he knew some calculus. 

In a letter from 1840, Swift wrote that “George Baron was the first superintendent, and the first Professor of Mathematics at the Military Academy in 1801” [22, p. 138], but since the United States Military Academy was not founded until March 16, 1802, these facts are wrong. I prefer to call Baron the zeroeth mathematics professor. He was succeeded, after the founding of the Academy, by Jared A. Mansfield, William A. Barron, Ferdinand R. Hassler and Alden Partridge. While the argument can be made that each of them knew some calculus, there is no evidence that any of them taught a calculus course at West Point, so we move on to the next professor. 

Andrew Ellicott, Professor, 1813-1820

Andrew Ellicott (1754-1820) was born in Bucks County, Pennsylvania, studied with Robert Patterson of Philadelphia, published almanacs, and taught briefly in the 1780s [1, p. 13]. He developed a strong interest in astronomy, became an excellent surveyor, and served as “Geographer of the United States” from 1784 to 1790. He is perhaps best known for surveying the District of Columbia in 1790, being assisted by the Black mathematical practitioner, Benjamin Banneker. In 1808, at the age of 54, he retired from government service to pursue his interests in astronomy and science, but then in 1813, President Madison appointed Ellicott Professor of Mathematics at USMA. He replaced Captain Alden Partridge (1785-1854, USMA 1806) who became the first Professor of Engineering in the United States. For more on Partridge, see the paper by Jardine in this volume. 

Ellicott was a kindly and friendly man who was well liked by the cadets because of his interesting stories. He was famous for the perfect geometrical constructions that he made at the blackboard with cord and straightedge.

He always had, I think, attached to his buttonhole, a very small slate, with sponge and pencil, and his figures were of the smallest. He always required the figures on the board to be constructed with mathematical precision, with cord and ruler, and to construct a perfect geometrical figure was with him equal to a successful demonstration. [Recollections of George D. Ramsay (1802-1882, USMA 1820) in 12, p. 629]
A slate used by Ellicott is preserved in the Smithsonian Institution but bears no hole by which it could be attached to his buttonhole (I thank Peggy Kidwell, Curator of Mathematics, for this information). 

Another description of Ellicott is given by E. D. Mansfield (1801-1880, USMA 1819), son of Professor Jared Mansfield:

There are some who will recollect Professor Ellicott sitting at his desk at the end of a long room, in the second story of what was called the Mess Hall, teaching geometry and algebra, looking and acting precisely like the old-fashioned school-master, of whom it was written, 

“And still they gazed, and still the wonder grew

That one small head could carry all he knew.”

In the other end of the room, or in the next room, was his acting assistant, Stephen H. Long.  *   *   *  The text-book used was Hutton's Mathematics, and at that time the best to be had.   *   *   *   It was a good text book then, for there were no cadets trained to pursue deeper or more analytic works. [Quoted in 6, p. 115; while it is unclear what he is quoting it is not 19; the stars, which indicate an ellipsis, are in 6]
In a letter to Joseph G. Swift, dated 10 February 1815, Ellicott writes that they have kept 80 cadets at West Point during the winter vacation (because of the bitter winters, it was customary to have winter vacation from December first until March 15): "they have made great progress, ( these classes are in Conic sections, one of which will be in fluxions before the end of the next month." [28]. This is the earliest reference to the teaching of calculus at USMA that I have. 

Ellicott’s tiny handwriting is displayed in a document preserved in the archives of Norwich University in Vermont that was addressed to Alden Partridge, Superintendent of USMA. It shows that Hutton was not the only text used. 

August 26th 1816.

One dozen copies of Simson’s conic sections wanted for the use of the mathematical department in the U. S. military academy at West-point.

Ellicott prof Math

Capt Partridge

Robert Simson’s (1687-1768) Elements of the Conic Sections was used as a textbook until 1818, but it is unclear when it was first used (the copy of the 1804 New York edition that was used by cadet William S. Maitland (USMA 1820) is currently in the USMA library). There is another document at Norwich in the Partridge archive that is of considerable interest with respect to the teaching of calculus at West Point. The first line reads

Mathematical class to be examined in Fluxions 

The document is unsigned, but is definitely in Ellicott's miniscule hand. After this heading there are seven names. By using the Register of Graduates and Former Cadets 1802-1990 [23], we know that the first two, Benjamin Louis Eulalie de Bonneville (1796-1878, USMA 1815) and James R. Stubbs (USMA 1815), graduated on 11 December 1815. Thus we can conclude that some work in fluxions was taught at USMA no later than the fall of 1815, but possibly in the spring of 1815. Curiously, another graduate of 11 December 1815 is not on this list. That is Charles Davies about whom we will have a great deal to say shortly. Perhaps he took his calculus in the spring of 1815; if so, this list would be of the second calculus class at USMA. Even earlier, Partiridge tutored Alexander Williams (USMA 1811), the son of the first superintendent, Jonathan Williams, in calculus during the winter vacation of 1810, but this could not be considered a regular class [21, p. 277]. 

There is one other curiosity from this list of seven names. One student, Edward Stoughton Gantt, entered West Point in 1814, but did not graduate. Thus he has the dubious distinction of being one of the first American students who might have flunked out of college because of failing calculus.

1815 is definitely an early date for a calculus class, but is certainly not the earliest such course in the country. Already in 1719 calculus was studied at Harvard and John Winthrop taught fluxions at Harvard in 1751 [or perhaps it should be 1756 as pp. 23 and 26 of 25 are contradictory], but it was not until 1796 that bachelors' theses dealing with fluxions were proposed for discussion at commencement exercises. Yale had a course in fluxions in 1758, Princeton in 1772, and Pennsylvania in 1778 [6]. This information is sketchy, for the introduction of calculus into American colleges has not been adequately studied.

On May 22, 1816 a new course of study was drawn up at the Academy and approved on July 1st by William H. Crawford, President Madison’s Secretary of War:

A complete course of mathematics shall embrace the following branches, viz: The nature and construction of logarithms and the use of the tables; algebra, to include the solution of cubic equations, with all the preceding rules; geometry, to include plane and solid geometry, also ratios and proportions, and the construction of geometrical problems; applications of algebra to geometry; practical geometry on the ground; mensuration of planes and solids; plane trigonometry, with its application to surveying and measuring heights and distances; spherical trigonometry, with its application to the solution of spherical problems; the doctrine of infinite series; conic sections, with their application to military and other projectiles; fluxions, to be taught and studied at the option of the professor and student. [2, 1, 838]
Thus it seems that while fluxions were taught in 1815, they were not part of the regular curriculum. 

The cadets nicknamed Ellicott "Old Infinite Series," revealing that this topic was indeed taught to the corps [17, p. 9]. Additional evidence for this nickname is found in a photocopy of a notebook by Ellicott in the USMA archives, the original of which is in the Dibner library at the Smithsonian. This manuscript deals primarily with astronomy. Most of the other examples are algebra problems, which can be matched exactly to Hutton's Course in Mathematics, but they also contain problems dealing with infinite series and, most importantly, a single page dealing with fluxions. This manuscript is undated, but it shows every sign of being classnotes.

Ellicott served until his death in 1820. He was the first professor to be buried at West Point. Today his sandstone tombstone is all but obliterated by the weather, but a barely readable picture of it survives. Then West Point tried to hire Nathanial Bowdich and Robert Adrain, the two best mathematicians in the country, but both refused the position [28, J. C. Calhoun to Thayer, October 7, 1820]. The next professor of mathematics was the 1813 Yale graduate David B. Douglass, who served from 1820 to 1823. The 1821 Regulations for the Military Academy reveal that while he was professor, “the introduction of descriptive geometry and fluxions or the calculus [became] an indispensable study of the second year” [22, p. 90]. What this means is that in 1821 calculus became a course that every cadet studied. There was probably no other school in America that required calculus of every student until the Naval Academy was founded in 1845. 

On February 21, 1824, Secretary of War John C. Calhoun sent a 34 page report to Congress on the “Condition of the Military Academy at West Point” which included a list of the textbooks in use [2]. This list is long, so we only quote the portion about mathematics texts:

	FOURTH CLASS — 1st year’s course.

	Mensuration and surveying.

Trigonometry.
	Treatise on Plane and Spherical Trigonometry, and on the application of Algebra to Geometry, translated from the French of Lacroix and Bezout, by Professor Farrar.

	Geometry.
	Legendre’s Geometry.

	Algebra.
	Complément des Elémens d’Algébre, par Lacorix.

Lacroix’s Elements of Algebra.

	

	THIRD CLASS — 2nd year’s course.

	Fluxions.
	Traité du Calcul, Différential et Intégral, par Lacroix.

Essai de Géométrie Analytique appliquée aux Courbes et aux Surfaces du seconde ordre, par Biot.

	Analytic geometry.
	Essai de Géométrie Analytique appliquée aux Courbes et aux Surfaces du second ordre, par Biot.

	Perspective, shades, and shadows.
	Crozet’s Treatise on Perspective, Shades, and Shadows.

	Conic sections. 

Descriptive geometry.
	Crozet’s Treatise on Descriptive Geometry and Conic Sections

	[2, 2, p. 661]


The most notable thing about this list of textbooks is that four of them are in French. This is because good English language textbooks were not available at the time (probably the calculus book of Vince was too hard) [19, p. 59-60]. Hutton’s text had been used previously because the cadets could not be expected to know French, but now it was a regular part of the curriculum. 

In the same report just cited a daily schedule for the cadets is given. The first year students have “Study and recitation of French” from 12 to 1 and 2 to 4 six days every week. The rest of the academic day is taken up with mathematics: recitation from 8 to 11 and study of mathematics from sunrise to 7AM, 11 to 12, and “From half hour past sunset to half past 9 o’clock” [2, 2, p. 658]. The same schedule was continued in the second year except that “drawing of the human figure” was done three days per week from 2 to 4 in the afternoon. If they used this time wisely they would have mastered mathematics and learned to read French, but many did not, for between 1833 and 1854, 19.6% of the cadets failed mathematics [20, p. 165]. 

The report of the Board of Visitors in 1825 contains two pages of “Specimens of problems solved by the cadets, in philosophy and mathematics'' [29, pp. 78-79]. Eight “Problems in different branches of Mathematics'' are listed, two from descriptive geometry, one about logarithms, and then five dealing with calculus:

4. Show what the differential of the logarithm of any quantity in any system is equal to, and the manner in which it is found.

5. Analyze a curve from its most general equation, find the points of rebroussement, of inflection, and where the tangents are parallel, or perpendicular to the axis of Abscipa [sic].

6. Explain the method of integrating monomial, and binomial expressions, rational and irrational functions; and the general process of integrating by parts and series.

7. Find the solidity and surface of the solid, generated by the revolution of the cycloir [sic] about its base.

8. Show the application of the calculus to the rectification of curves. [29, pp. 78-79]
One must wonder whether these problems were included to impress the Board of Visitors or whether they really were posed to cadets, for they seem more like a synopsis of the material taught in calculus. However, since the June examinations before the Board of Visitors were oral exams, such questions were asked. The instructors wrote out general questions like this on slips of paper, covering the main themes of the course, and then selected them randomly. Each cadet was examined for a considerable length of time, so there would be time for the necessary give and take to see if the cadet understood the material. The 1825 Report [29] indicates that the text for calculus continued to be Lacroix's Traité Elémentaire de Calcul Différential et de Calcul Intégral. This is a fine book to learn calculus from, but it is surprising that the English translation of Babbage, Herschel, and Peacock of 1816 was not used, for a copy was then in the library [1, p. 153].
Teaching Methods. 

Claude Crozet (1790-1864) graduated from the École Polytechnique in Paris and served as an engineer for Napoleon. He joined the USMA faculty on September 20, 1816 as Assistant Professor of Engineering and on January 1 of 1817 he became Professor of Engineering, serving until 1823 [2, 1, 386]. Thus he arrived before SylvanusThayer (1785-1872, USMA 1808) returned to West Point from France on July 28, 1817 to become superintendent. It is doubtful that they met in France. But what did Crozet teach and how did he teach it?

There was no textbook in English, and none to be had just then in French. Geometry is not a thing to be taught orally. What is to be done? It was here at this precise time that Crozet, by aid of the carpenter and painter, introduced the blackboard and chalk. It is a very simple thing, and so is everything which is useful; but we know of no more adjunct of teaching, so useful as the blackboard. To Professor Crozet, as far as we know, is due the introduction of this simple and useful maching [machine?]. [18, p. 31]
Although the author of this quotation, Edward D. Mansfield (1801-1880, USMA 1819), is of the opinion that Crozet introduced the blackboard at USMA, he was wrong, for Baron had used it already in 1801. But Crozet did introduce descriptive geometry and that is far more important. So how did he teach this subject?

The first problems are drawn and demonstrated on the blackboard, by the Professor; then drawn and demonstrated by the pupils, and then accurately copied into permanent drawings; and thus this class were taught in the most important and valuable method of imparting true knowledge, which has been given to mankind since the days of Socrates. Fortunately, Professor Crozet had brought with him the complete drawings of the French Polytechnique, so that he was not, in this particular, obliged to depend upon himself. The path of his instruction soon became easier, and then this class completed their course in drawing, mathematics, and Engineering. [18, p. 31]

This quotation yields a nice insight into the teaching methods. The problems of descriptive geometry were presented by the professor, copied by the pupils, and then recopied in accurate form so that each cadet would have a permanent copy, in a sense, his own textbook. To my knowledge, only one set of cadet drawings survives from this time, those being done by Richard Delafield (1798-1873, USMA 1818), one of Crozet’s earliest pupils. I do not know if Crozet’s drawings survive. 

Half a century after Francis H. Smith (1812-1890, USMA 1833) graduated he gave a talk to the annual meeting of the Association of Graduates which contains some interesting information about what happened in the classroom. The textbook being used in plebe mathematics was John Farrar’s translation of Lacroix’s Algebra, a text that Smith later taught from, frequently supplemented, and then translated anew in 1831. He described his teacher, LT Edward C. Ross (1801?-1851, USMA 1821), as “the best teacher of mathematics I ever knew.” Here is Ross in action: 

In putting upon the blackboards these extra demonstrations, every line appeared as if it had been printed, so neat was he in the use of his chalk pencil. But when he commenced to explain, he would twist and wriggle about from one side of the board to the other, pulling his long whiskers, and spitting out, in inordinate volumes, his tabacco juice. The class was as ignorant, when he closed as when he began. We copied, word for word, what was written, well knowing that on the next day the first five would be called upon to make the discussion. We read to him what we had placed on the board. Then commenced his power as a teacher. In a series of orderly questions he would bring out the points of the discussion step by step, sometimes occupying half an hour with each cadet, and when the three hours of recitation were over, we knew the subject thoroughly. He was an expert in his power of questioning a class. He did this without note or book, an gave such earnestness and vividness to his examinations, that he kept his class up to the highest pitch of interest all the time. [26, p. 9]
This quotation confirms the earlier statement that the material was first lectured on. Then the cadets went back to their rooms and studied the material (or did they memorize it?) and on the second day they had to work problems on the board and then answer detailed questions about what they did. 

An 1828 letter of Sylvanus Thayer to President Monroe about teaching methods confirms that this approach was the norm or at least Thayer’s desired classroom method.

by employing a number of young graduates who would not only act as assistant professors but also under the Instruction of the President [of West Point] would perform the more active executive duties. This class of persons would as teachers be eminently useful even now but will be found indispensable whenever the number of students shall amount to several hundreds. A professor can deliver lectures to many more than he can thoroughly teach. I will illustrate the idea I would convey by supposing a case. A class of 80 students is to be taught Mathematics or Natural Philosophy devoting three hours of each day to the study of the subject at their rooms and three other hours with the Professor. One hour is to be taken up in the Lecture but this alone is not sufficient. Each student should demonstrate a proposition or explain an investigation at the Black-board and also be interrogated to see that he thoroughly understands the principles. This will require, as experience proves, not less than 15 minutes on an average for each student. Now it is evident that only eight students can be examined in the remaining few hours so that each can be examined only about once a fortnight with in effect is merely equivalent to no examination at all. What is to be done? Let the class be divided into at least four parts or sections and let each section attend 3 hours daily with an assistant professor to be examined upon the subject of the Lecture or lessons given on the preceding day. The Professor besides lecturing may either have the recitations of one Section himself or what would be the better practice, he might without taking the immediate charge, be present at the recitations, visiting each section in turn and only occasionally putting questions and giving explanations. You know that this is the system of instruction which has been practiced at West Point during the last ten years with what success I leave it for others to say. These assistant professors might doubtless be engaged for small salaries say $500 per annum or such other sum as would barely support them; their principal inducement to accept of those situations being the opportunity of prosecuting their studies under able professors. [28, Thayer to Monroe, October 10, 1828.]

Claude Crozet and Descriptive Geometry

When Crozet arrived at West Point his English was extremely poor. He planned to teach military engineering to the cadets, but when he attempted it, he realized that they did not have the requisite mathematical background, so he taught them what they needed, descriptive geometry. 

We now see Crozet with his blackboard before him, chalk in hand, an animated intellectual face, about to teach his class a new science, without a textbook. With extreme difficulty he makes himself understood. With extreme difficulty his class comprehends that two planes at right angles with one another are to be understood on the same surface of the blackboard, on which are represented two different projections of the same object. But at last it is done. The professor labors with inexhaustible patience and the pupils are pleased to receive into their minds new ideas. [E. D. Mansfield, as quoted in 9, p. 105]
This passage contains the essential idea of Gaspard Monge’s descriptive geometry (for more detail, see the paper by Amy Shell in this volume). Consider a line or other object in space, more concretely, in a room. Project it vertically downward onto the floor and also horizontally onto one wall. Then rotate the wall outward from the floor of the room until it lies in the same plane as the floor. These are the two projections of the object and from them, one can reconstruct the object. This represents the earliest teaching of descriptive geometry in America [31, I, p. 244].

Crozet was aware that the only books on descriptive geometry were in French and so he started to write his own. In 1821 he published the first book on the subject in English, A Treatise on Descriptive Geometry for the Use of the Cadets of the United States Military Academy [11]. By this time either Crozet’s English had improved remarkably or he got someone to rework his draft, for it is written in good English. Perhaps he wrote the text in French and someone translated, but there is no comment in the book to that effect. To give an elementary sample of the subject we consider 

Problem III. The projections of two points being given to find the length of the line which joins them. 

19. If the points were at an equal distance from one of the planes of projection, the line would be parallel to it; and consequently the real length would be measured by the length of its projection in that plane. [11, pp. 8-9]

Observe how he begins with a special case. The next paragraph is designed to aid the student’s intuition. 

When the line is oblique to both planes of projection, its length is greater than that of either of its projections; but it may be deduced very easily from them. 


Fig. 2 & 2 bis. For, it is then the hypothenuse AB of a triangle, the base of which AC is equal and parallel to its horizontal projection ab, and its altitude the difference BC between the projecting perpendiculars Bb, Aa of the extremities of the line.


This triangle may be constructed by drawing through the lower point A (fig. 2. bis.) the horizontal line AC; then will BC be the difference of the altitudes of the points B and A; because Aa' and Bb' (fig. 2.) are respectively equal to Aa and Bb (11). If now A’C be made equal to the horizontal projection ab, the hypotenuse A'B will be the length required. [11, p. 9]

[image: image1.jpg]



Fig 2 and Fig 2 bis, Crozet, Descriptive Geometry.

At first glance this is a bit mysterious since descriptive geometry is so little know today and also because we have skipped the preliminaries, but if one realizes that the ends of the given line are Aa and Bb, where the capital letters denote the projection of the point on the vertical plane and the small letters on the horizontal, then the argument is more comprehensible. Next he presents an alternate solution, a device which is always good pedagogy:


The following solution may sometimes be easier in practice:


Knowing the point D where the line pierces the horizontal plane, draw to the horizontal projection ab the perpendiculars aA', Bb'; make one of them B'b equal to Bb', draw Db'; the intercepted part A'B is the true length of the line. [11, p. 9]

One might think that this problem is much easier in analytic geometry where the coordinates are given, but one of the aims of descriptive geometry is to do things without computation. 

This book was used at West Point for a decade. Part II never appeared in print, but there is evidence that it was used in manuscript form. The course, however, remained in the West Point curriculum for a century. 

Charles Davies, Professor, 1823-1837, and Descriptive Geometry

Charles Davies was able to come to West Point because he had met Swift during the war of 1812 and impressed him. Davies graduated on 11 December 1815, spent a year in garrison duty, and then returned to USMA as a faculty member first in mathematics, then in Natural and Experimental Philosophy, i.e., Physics, and then served as head of the mathematics department from 1823 to 1837 when he retired, for health reasons, to devote his time to writing. But he was too committed to teaching and so accepted several other positions.  The influence of his textbooks was incredible, for they were used across the country. See the paper of Amy Ackenburg-Hastings in this volume for details. Here is how E. D. Mansfield viewed his contributions: 

With the exception of two or three intervals of civil and military service, he was practically a teacher; and whether at West Point for many years or in civil institutions, whether in the instruction of a class or writer of textbooks, or the author of various essays and treatises, he has made his mark on the educational system of this country probably quite as much, if not more, than any man in his generation. It was not merely the class teaching of thirty-two years to thousands of young men, who have gone forth to instruct again the millions of their countrymen, but it was also the producing of the best textbooks on the exact sciences, which have gone into the schools, academies, and colleges of our country, directing the studies and enlightening the minds of millions of our rising youth. The books and writings of Professor Davies were not those of a brilliant genius. Neither the character of his mind nor the subjects upon which he wrote admitted that; but, with two or three exceptions, they were those simple, familiar textbooks which concentrate and crystallize the light of science.

In 1826, Davies published his first textbook, Elements of Descriptive Geometry, with Their Application to Spherical Trigonometry, Spherical Projections, and Warped Surfaces [13]. Apparently it was not used as a textbook at USMA until 1832, but then it was used until 1864. In the preface he notes that descriptive geometry has been taught at West Point since 1817 but that the subject has not spread to many other schools. “The progress of science, like that of truth, is always slow” is the way he puts it. “In France, Descriptive Geometry is an important element of a scientific education; it is taught in most of the public schools, and is considered indispensable to the Architect and Engineer.” Thus Davies prepared this textbook for West Point cadets and makes “no claim to invention or discovery.” [13, pp. iii-iv]
To contrast with the style of Crozet, we consider the same proposition form Davies:

Problem II. To find the length of a line joining any two [given] points in space, given by their projections. [13, p. 18]

When Davies was writing this book it is inconceivable that he did not have a copy of Crozet’s book on his desk, and there are an abundance of similarities between the works to support this contention. Whether the statement of this Problem is any clearer in Davies than in Crozet is a matter of individual taste. The word “given” in brackets has been written into the copy in the USMA library. Happily, one of the riches of the USMA library is the abundance of heavily marked up copies of texts. Whether done by cadets, faculty, or the authors themselves is something that will take considerable effort to unravel. Now we give the proof from Davies:

§ 38. Pl. 2. Fig.1. Let (A, A') and (B, B') be the given points. [13, p. 18]
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Fig 1, Davies, Descriptive Geometry.

It is easy for us to think of Cartesian coordinates, but Davies has simply changed Crozet’s notation AA' to (A, A'). Perhaps this is better, but since the cadets were also studying analytic geometry, it is not so clear. At least one reviewer did not like this notation:

Mr. Davies is so thorough a mathematician, and has been so long a professor, that he has probably forgotten what is yet fresh in our memory, viz. The misery of distinguishing between great A and a small a, and little a accented, and little a with two accents, and so on to the end of the chapter. [3]
We now continue with the proof: 


If a line pass through a point in space, the projections of the line will pass through the projections of the point; therefore, AB is the horizontal, and A'B' the vertical projection of the line joining the given points. 


Revolve the plane which projects the line on the horizontal plane around its horizontal trace till it coincides with the horizontal plane of projection. The point (A, A') will fall in a line drawn through A, perpendicular to AB (11), and at a distance from A equal to its height above the horizontal plane. The point (B, B') also falls in a perpendicular to the trace AB, and a distance from the point B equal to its height above the horizontal plane. Having made AD and BC respectively equal to the heights of the point above the horizontal plane, draw DC, which will be the length of the line sought. The point F, in which the line joining the points pierces the horizontal plane, being in the axis, remains fixed during the revolution; the line CD produced should, therefore, pass through this point. A similar construction might be made on the vertical plane. [13, p. 18]
The penultimate sentence here provides a nice way for the student to check his work, although this is not pointed out explicitly. Lest there be any doubt that Davies is looking on a copy of Crozet, we quote the next sentence:

§ 39. We may here remark, that the projection of a line on either plane is less than the line itself, unless the line be parallel to the plane on which it is projected. 
[13, p. 18]
Albert E. Church, Professor 1838-1878, and Descriptive Geometry

When Davies retired in 1837, Church served as acting head for one year and then became professor for the rest of his life. He was tremendously influential at West Point, but here we only want to consider his 1864 book, Elements of Descriptive Geometry, with its Applications to Spherical Projections, Shades and Shadows, Perspective and Isometric Projections [7]. We look at the proposition already considered from Crozet and Davies: 

28. Problem 2. To find the length of a right line joining two given points in space. [7, p. 15]

Note that the word “given” which was written into the text of Davies has been incorporated in this book of Church. This indicates that Church had the text of Davies on his desk as he was writing his own book. Now for the proof: 


Let AB, Fig. 13, be the ground line, and (mm') and (nn') the two given points.


Analysis. Since the required line contains two points, its projection must contain the projections of the points, Art. (13). Hence, if we join the horizontal projections of these points y a right line, it will be the horizontal projection of the line; and if we join the vertical projections of the points we shall have its vertical projection. 


If we now revolve the horizontal projecting plane of the line about its horizontal trace until it coincides with the horizontal plane, and find the revolved position of the points, and join them by a right line, it will be the required distance, since the points do not change their relative position during the revolution, Art. (17).


Construction. Draw mn and m'n'. MN will be the required line. 


Now revolve its horizontal projecting plane about mn until it coincides with H; the points M and N will fall at m'' and n'', at distances from m and n equal to rm' and sn' respectively, Art. (17); join m'' and n''; m''n'' will be the required distance. 


Since the point o, in which the line produced pierces H, is in the axis, it remains fixed. The line m''n'' produced must then pass through o, and the accuracy of the drawing may thus be verified. [7, p. 15]
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Fig 13, Church, Descriptive Geometry.

Chares Davies, Textbook Writer
Davies was the most prolific and most influential textbook writer in mathematics in the mid-nineteenth century, being rivaled only by McGuffy and his Readers. Since Amy Ackenberg-Hastings has dealt with his work in detail in this volume, we shall not repeat information about Davies’s production here, but only wish to iterate that he was tremendously prolific and influential. To give a glimpse of how widespread the books of Davies were, consider the books used at the University of Michigan in 1857: 

The role of West Point and of Davies’s ideas and work in spreading this influence is apparent in the list of mathematics texts adopted at the University of Michigan in 1837 [sic; founded 1842, so perhaps 1857] for its seven students: Davies, Arithmetic; Davies, Bourdon’s Algebra (translated from the French); Davies, Legendre’s Geometry (translated from the French); Davies, Surveying; Davies, Descriptive Geometry; Bridges, Conic Sections; Gregory, Mathematics for the Practical Man. [15, p. 29]
This is but an example of his influence. If one looks at almost any school in the country, either high school or college, one will find textbooks by Davies used. His calculus book, which was not yet used at Michigan, has the distinction of being the first commercially viable calculus text published by an American author [24]. 

Albert E. Church, Professor 1838-1878

Albert Ensign Church (1807-1878) graduated first in the USMA class of 1828 and immediately joined the faculty. After three years of teaching mathematics, he joined an artillery unit for two years (there were no openings in the Corps of Engineers when he graduated), and then in 1833 he became Principal Assistant Professor of Mathematics under Professor Charles Davies. In 1838, he succeeded Davies as Professor of Mathematics, a post he held for the remainder of his life. 

In 1842 Church published his first book, Elements of the Differential and Integral Calculus [8]. The following year it was adopted as a textbook at USMA, replacing the text of Davies, and various editions of this book remained in use until 1895.

In 1860 Church prepared a report for a commission appointed to examine USMA. It contains a detailed description of the mathematics curriculum. Let us examine part of it. 

The subjects taught in my department are algebra, geometry, trigonometry, mensuration; descriptive geometry, with its applications to spherical projections; shades, shadows, and perspective; analytical geometry, differential and integral calculus and surveying. 

Descriptive geometry. — The course of descriptive geometry comprehends the representation of lines and surfaces on planes; the classification and mode of generation of lines and surfaces; the construction of their tangent lines and planes; the intersection and development of surfaces; the construction of spherical triangles, of spherical projections, of the shades and shadows of various objects and their perspective. 

Calculus. — The course of differential and integral calculus comprehends the elementary principles and rules, with their application to maxima and minima; the drawing of tangents, curation [sic] of curves, their rectification, quadratures, cubatures, construction, and discussion of the properties of curves and surfaces. 

The fourth class commences this course about the 5th of February, and completes it about the 15th of April, the first section learning most of the text (Church’s Differential and Integral Calculus); the lowest not more than one half. [29, pp. 56-57]

Ten weeks might seem awfully fast for a calculus class, but the class met six days per week for three hours per day [20, p.166]. This is a total of 180 hours, which is twice as long as a modern year long course that meets five days per week. Since the syllabus seems to just involve single variable calculus and since a quick look at Church’s text confirms this, plenty of time was devoted to calculus. However, the compressed time period would detract from assimilation. Church also adds

From three and a half to four hours should be given daily by the cadet to render him thoroughly proficient in the prescribed lessons of the mathematical course. [29]

If cadets really did study this much, then they would likely be proficient. This may be reasonable since at the same time the cadet is only taking French for two hours per day and taking English and Fencing on alternate days for one hour [20, p. 166]. If the amount of study time in the other classes is proportional, then 14 hours per day is spent in class or. This seems excessive. 

The classes were small, 10 to 15 cadets, and taught by instructors, some of whom were still cadets and most of whom were recent graduates. Every member of each section is, if possible, required to daily explain, at the blackboard or wall slate, one or more propositions of the lesson given out on the previous day, and is thoroughly examined by questions on a portion or all of it. 

The Elements of the Differential and Integral Calculus [8] was Church’s first book, being published in 1842. It continued in print until 1876 [1, pp. 78-79]. The preface begins

An experience of more than twenty-five years, in teaching large classes in the U. S. Military Academy, has afforded the Author of the following pages unusual opportunities to become familiar with the difficulties encountered by most pupils, in the study of the Differential and Integral Calculus. [8, p. iii]

Church indicates that originally this book was written “solely as aids to himself, in the instruction of his own pupils” and that each edition has been carefully revised both in the “arrangement of the matter, and in the modes of demonstration” [8, p. iii]. Consequently it is safe to assume that this represents Church’s mature views on the calculus. His comment about “large classes” is a bit hard to interpret; perhaps he was referring to the whole graduating class, for the individual sections were certainly small, in the range of 15, unless he considered that large. 

We shall examine the section of the book dealing with maxima and minima. Church begins with a definition, although he does not use the word:

68. Let u = f(x), and suppose x to be increased by insensible degrees from its least value, until we obtain a corresponding state of the function which is greater than the state which immediately precedes it, and greater also than that which immediately follows it; this state of the function is called a maximum. [8, p. 90]

Here a “state” of a function is just what we call a function value. The phrase “increased by insensible degrees” has nothing to do with infinitesimals, but seems to be a phrase designed to aid the student. This definition is not rephrased in terms of inequalities, but the idea is there. While no proof is given, it is explicitly said that “at the maximum state the first differential coefficient must change its sign from plus to minus, as the variable increases.” [8, p. 90] It is clearly pointed out that a maxima can occur only when the derivative is zero or infinity. But nothing is said about the derivative not existing. Examples are given, but, not surprisingly for 1861, there are no graphs of the functions being maximized. 

After reading portions of this text, my view is that it is a carefully written book (no errors were detected) and the explanations try to accommodate the student. However, there is nothing exciting or innovative about the text. As to originality, the title page says it all: “Arranged by Albert E. Church.”

Edgar W. Bass, Professor, 1878-1898

Edgar Wales Bass (1843-1918) graduated USMA 4th in a class of 54 on 15 June 1868. He served in an Engineer Battalion until August 1869 when he was selected to fill the position of Assistant Professor of Natural and Experimental Philosophy at USMA. In 1874-1875 he was an Assistant Astronomer on the US expedition to New Zealand to observe the transit of Venus. In September 1876, he returned to USMA as Assistant Professor of Natural and Experimental Philosophy and then on 2 May 1878 he was appointed Professor of Mathematics and Head of the Mathematics Department, without ever having taught the subject. He served in this position for twenty years but retired in 1898 because of deteriorating eyesight. On 6 November he died of pneumonia, age 75. 

Henry Metcalfe (USMA 1868), a classmate of Bass, recalled him as an "exceedingly accurate mathematician, a devout West Pointer" who was instrumental in developing the efficient method of teaching mathematics at West Point. Bass was not satisfied with the clearness of language and simplicity of certain fundamental definitions and concepts in Church's textbook, so he spent many years writing his own. As portions of it were finished, he had them published as pamphlets and issued to the cadets to supplement Church's book (none of these seem to survive). 

During the years 1887, 1889, and 1893 different portions of Church's differential Calculus gave place to chapters prepared by Bass, and in 1896 Church's Differential Calculus was entirely replaced by that of Bass [31, I, 249]. In 1896, Bass's Elements of Differential Calculus [5] replaced Church's text, a book that had been used for over fifty years at USMA. 

The last chapter of the text is entitled “Maxima and Minima” and occupies the final 38 pages of the book. Naturally it begins with a definition:

135. A Maximum state of a continuous function of a single variable is a state greater than adjacent states which precede or follow it. Thus, f(x) has a maximum state corresponding to x = a, provided, that as h vanishes from any definite value, we have continuously 

f(a) > f(a + h).
    [5, p. 183]

I find this clearer than what Church wrote, but it does have its problems. The word “continuously” near the end of the definition will undoubtedly confuse the student who has recently studied continuous functions. The use of the strict inequality undoubtedly bothers the modern reader, but I suppose that when “h vanishes” it never becomes 0 and so the statement is correct. But such philosophical arguments were hidden from the reader. 

A complicated graph is given where “The ordinates PA, RC, —TE and WI represent maxima states of the function” [5, p. 184]. Note that no inflection points are indicated. However, Bass goes a bit beyond what we do today.
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Bass, Differential Calculus, p.184.

The point I at which two branches of a curve terminate with separate tangents is called a point saillant, and the points C and F at which two branches of a curve terminate with a common tangent are called Cusps. [5, p. 184]

Thus Bass included some topics that are not commonly discussed in a first calculus course today.

Rolle’s Theorem is stated, but without giving it any name. “Exceptional cases,” where the function is not continuous, are discussed and Church speaks of an “infinite maximum.” More interestingly an example of a “point d’arrêt” is given [5, p. 185]. We would speak of an endpoint extrema, but it is interesting to see that the French influence still persists at West Point in 1887. 

This discussion of the theory is followed by 103 problems and examples. These range from finding the extrema of a fifth degree polynomial (problem 1) to problem 

33. Find the radius of a circle such that the segment corresponding to an arc of a given length, shall be a maximum. [5, p. 203]
While this problem is not common in our textbooks today, you can see that the answer is a semicircle. This splendid collection of problems foreshadows the famous calculus text of Granville. 

In February 1900, Church's Integral Calculus was replaced, on the recommendation of the new department Head, W. P. Edgerton (1852-1904, USMA 1874), by Murray's Integral Calculus [31, I, 249]. Thus the Davies-Church era came to an end at West Point.
Conclusion 

The first century of the United States Military Academy was unique in the history of American Education. With its beginnings using Hutton, it was the most advanced school on the continent, for nowhere else did so many students learn so much mathematics, yet it was in the backwaters compared with what was happening in France, although there is no evidence that Thayer or his successors ever acknowledged this. Compared with other American colleges, it was in the avant gard. Descriptive geometry, a subject which today has morphed into computer aided design, was first taught at West Point and then spread across the country (although we have not argued the point here). More impressively, it was the first school in the country where calculus was a required course of all students. Undoubtedly it was unique in this requirement until joined by the Naval Academy in mid-century. But, as I intend to show in further papers, this position as harbinger of progress was not to continue, for stagnation set in by mid-century. 

APPENDIX I:  CALCULUS BOOKS USED AT USMA

Lacroix S. F., Traite Elementaire de Calcul Differentiel et de Calcul Integral. Paris 1820. Textbook 1824 to ?. 

Lacroix, S. F., An elementary treatise of the differential and integral calculus. Cambridge 1816. Textbook1824 to ?. 

Davies, Charles, Elements of the Differential and Integral Calculus, 2d ed, N. Y., 1838. Textbook 1839 to 1842. 

Church, Albert E., Elements of the Differential and Integral Calculus. N. Y., 1842. Textbook 1843 to 1899. 

Bass, Edgar W., Introduction to the Integral Calculus. West Point, 1887. Textbook 1887 to ?.

Bass, Edgar W., Differential Calculus, parts 1 and 2. West Point, 1889. Textbook, Part I, 1889 to 1896; Part II, 1893 to 1896.

Murray, Daniel Alexander, An Elementary Course in the Integral Calculus. N. Y. 1898. Textbook 1900 to 1936.

APPENDIX II: DESCRIPTIVE GEOMETRY BOOKS USED AT USMA

Crozet , Claudius, A treatise on descriptive geometry: for the use of the cadets of the United States military academy; part I. containing the elementary principles of descriptive geometry, and its application to spherics and conic sections. New York: A. T. Goodrich, 1821. Textbook 1824 to 1831. 

Davies, Charles, Elements of descriptive geometry, with their application to spherical trigonometry, spherical projections, and warped surfaces. Philadelphia, H. C. Carey and I. Lea, 1826. Textbook 1832 to 1864.

Davies, Charles, A treatise on shades and shadows and linear perspective. N. Y., 1851. Textbook 1832 to 1865.

Mahan, Dennis Hart, Descriptive geometry as applied to the drawing of fortifications and stereotonomy. N. Y., 1900. Textbook Department of Civil and Military Engineering, 1841 to 1863 and 1866 to ?.

Church, Albert E., Elements of descriptive geometry: with its applications to spherical projections, shades and shadows, perspective and isometric projections, N. Y., 1864. Textbook 1864 to Fall 1929, except 1920-1922.

Remark: All of these authors, except Lacroix and Murray, were West Point faculty and, of the remainder, all but Crozet were graduates. 
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