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How to Estimate Using Data and Functions

1. R = [a, b]X[c, d] = {(x, y) ∈ R2|a ≤ x ≤ b, c ≤ y ≤ d}

2. S = {(x, y, z) ∈ R3|0 ≤ z ≤ f(x, y), (x, y) ∈ R}

3. Now we make rectangles each with area ∆A = ∆x∆y.

4. We chose sample points and get f(x∗ij , y
∗
ij)∆A. Where our sample point could be the mid-

point, upper-left corner, upper-right corner, lower-left corner, or lower-right corner of each
rectangle.

5. Next we set up Riemann Sums V = lim
m,n→∞

m∑
i=1

n∑
j=1

f(x∗ij , y
∗
ij)∆A

6. Finally we get the double integral
∫∫
R

f(x, y)dA = lim
m,n→∞

m∑
i=1

n∑
j=1

f(x∗ij , y
∗
ij)∆A

7. Midpoint Rule for Double Integrals
∫∫
R

f(x, y)dA ≈
m∑

i=1

n∑
j=1

f(x̄i, ȳi)∆A Where x̄i is the

midpoint of [xi−1, xi] and ȳi is the midpoint of [yj−1, yj ].

8. Average Value fave =
1

A(R)

∫∫
R

f(x, y)dA
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