THE MATHEMATICS OF
PURSUIT AND EVASION



USMA POTW #15, Spring 2008
Problem 15: Concentric Chase I

Two boats are traveling in open water in circular patterns. One boat is traveling
in a circle along the parametric curve x(t) = (10 cos(wt), 10sin(nt)) (constant
speed 31.41592653589793 knots). The second boat can travel at half that speed,
and always heads eractly towards the other boat. Find the location of the two

boats when ¢t = 200.

X, (t) = (10 cos(mt), 10 sin(mt))

%, (t) — %, (t)
1%, () — X%, ()|

X,'(t) =b5m

(Note: assuming that the two boats are relatively close to begin with, you do
not need to know the starting location of the second boat. A numerical solution
is okay, but an answer will only receive full credit with some sort of analysis.)
This problem was inspired by my 1-year old son and a remote control Hummer.

http: //www.youtube.com/watch2v=K8vuApTglAk



http://www.youtube.com/watch?v=K8vuApTqIAk

Differential Equations
N
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0 http://www.dean.usma.edu/departments/math /peo

ple /peterson/blaise /circularchase /



http://www.dean.usma.edu/departments/math/people/peterson/blaise/circularchase/
http://www.dean.usma.edu/departments/math/people/peterson/blaise/circularchase/
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evasion game look like??

0 Exact Solution
Best case
Some beautiful solution techniques
Not very robust!
“I mpossi ble” outside of

1 Approximate Solution
Hopefully close to the best case
Much easier to work with

01 Any Solution
Good place to start
About the best you can do with highly complex games
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Lead Factor Analysis
(CDT Andrew Plucker 0608)

g(t) +1é'(t) — p(t)
18(t) + té'(t) — p(t)]

W

What value Is best??

p'(t)=S5




Lead Factor Analysis
(CDT Andrew Plucker
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http://www.dean.usma.edu/math/people /Peterson/applets /peqg?2 /peg2.html



http://www.dean.usma.edu/math/people/Peterson/applets/peg2/peg2.html

Multiplayer Games: Task Handling

_

0 Players need to
be able to
balance multiple
goals

o MA104 Problem:

Where do you
position a supply

distance between
several units?

o Corresponding
Question:How do
you get there?

MA 104 Block ITI PSL: Multivariable Optimization Problems

P 1. In pursuit-evasion algorithms, the following function can be
used as a measure of the “closeness” of two agents at positions (a,b) and

(c.d):

gla.b.c.d)=1+(@a-c) +(d-ad)?)".
The equation is designed to approach one as the two agents approach the
same position.

(a) Suppose that a velociraptor is at (a,b)=(2.3) and a goat at
(c.d)=(x.v). Plot the function f(x.v)=g(2.3.x.v) in this case, and find
the maximum and minimum values of g in theregion -5 <x <5 and
-5 = v = 5. Does theresult match your perceptions of closeness?

(b) Now, suppose the goatis at (3.0) and gets out his laptop to
calculate the optimal direction to head in order to escape the raptor.
In the middle of calculating the gradient, Mathematica starts
beeping. and he is caught and eaten by the raptor. Hence there is no
question to ask for part (b).

(c) Two days later, vou stumble upon the goat’s still-running laptop. UAV coverage indicates
there are raptors at (-2.0). (2.-4). and (0.4). You quickly fix the syntax errors and modify the
program to consider all three raptors at once, defining:

f(x)»)=g(-20.x.») +g35.x.») +£(0.4.x. )
Where should you travel to escape the raptors?



COPS & ROBBERS

Gradient Task Handling

Define d(X) to be the distance from a player X to
another player X

Proposition 6.1. In order to mazximize ), a; (di(x))bi = > . ai||lxi — x||% an
agent should travel in the direction

> aib; (di(x))" % (xi — x).

i

More generally, the mazimum of 3. fi(d;(x)) is obtained in the direction

> Al

http://www.dean.usma.edu/math /people /Peterson/blaise /plotters/



http://www.dean.usma.edu/math/people/Peterson/blaise/plotters/
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