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Abstract

The classical Wiener filter lies at the heart of many engineering problems involving the filtering
of noise in digital signals. These problems can be interpreted in the context of linear prediction of
sequences of random variables; the problem becomes that of minimizing the noise variance. The least
mean square (LMS) algorithm is an approach to noise cancellation which is based on the Wiener filter
and is used when the noise statistics are either unknown or changing over time, as is usually the case
in applications. Given a sequence of random variables, there is an associated sequence of polynomials
which are orthogonal with respect to distributions on the unit circle which are related to the noise
process. In the above context, the polynomial coefficients of are equal to the weights of a Wiener filter.
We describe this connection and state some results about the asymptotic behavior of the polynomials
with respect to sequences of distributions.
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1 Introduction

A class of adaptive filtering techniques for noise cancellation, the least-mean-square (LMS) and adaptive
prediction algorithms, and their variants, is based on the classical Wiener filter [18], which can be viewed
as is a linear operator on stationary time series. Adaptive methods are used when the noise statistics
are unknown or non-stationary [3, 16].
Suppose that
z(n) =a(n)+s(n); n=1,2,3,..., (1)

is a discrete-time stationary signal, where s(n), is a signal of interest and «(n) is a stationary noise
process which is uncorrelated with s(n). As discussed in [10], given a noise reference, y(n), which is
correlated with a(n) but uncorrelated with s(n), the problem of noise cancellation in the signal x(n)



can be viewed in the context of linear prediction. Let w := [wq, wa, ..., wi] be a vector of filter weights
and y, := [y(n),y(n — 1),...,y(n — k + 1)]. The linear combination

k-1
Zwk+1y(n_j) = WYy, (2)
=0

which gives the best “predictor” of x(n), in the least-squares sense, minimizes the square error

E(s(n)?) + El(a(n) — (wy"))], (3)

where & is the expectation operator, with a(n), s(n), and y(n) interpreted as a realization of sequences
of random variables. The optimal filter weights are given by the Wiener-Hopf equations

-1
Wopt = Myy P:cy (4)
where My_y1 denotes the covariance matrix,

Myy (i — j) == E(y(n +i)y(n + j5)),

and P, denotes the vector of cross-correlations,

Pyy = E([(n)y(n), 2()y(n — 1), 2(m)y(n — 2), ... w()y(n — k +1)]).
As discussed in [9], the adaptive prediction algorithm, which is effective with broadband noise, uses

a variant of (2), where a linear combination of past samples

m—+k—1

Z wjferlx(n —7) ()

is used to predict z(n) for m > 1. A noise reference is not used in this case; rather, this technique relies
on the de-correlation of broadband components over time. In the case where a(n) is gaussian white
noise, for example, it is sufficient to let m =1 in (5) [19]. Equations (3) and (4) become

k
El(x(n) —Zwﬂ?(n—j))Q], (6)
Wopt = Mt E([x(n)x(n — 1), z(n)x(n — 2), ..., x(n)z(n — k)]). (7)

If the process z(n) is not completely deterministic, the matrix M,, will be positive definite, that is,
a’M,.a > 0 for any vector a of length k. It follows that, for any k, M,, defines an inner product on
the space of vectors of length k:

<a,a>=aM,a

It follows that with the above inner product, a Hilbert space isomorphism exists between the vector
space of dimension k£ + 1 and the square-integrable functions on the unit circle in the complex plane
with respect to a certain distribution p(6) on [—m, 7). (See, for example, [1] for details.) With f(z) =
aoz® + a1zt + .+ apz + ay and g(z) = boz¥ + b1 2P + .+ bz + by, we have

<abss / F(e)g(e®) dpu(6). (8)

The distribution p is called the spectral density of the process xz(n), and contains information about the
spectral content. The Fourier coefficients of p are the elements of the matrix M,,. We have

AE) = 5 [ e au6) = Eatn + Da(n+ 1), (9)

T or



More generally, we will refer to p as a measure, which will allow for singular components where a density
does not exist. For example, if x(n) consists solely of a sinusoidal signal with normalized frequency w
cycles/sample, p is the point mass, or delta-function at the frequency w. On the other hand, if z(n) is
a white noise, u is the uniform density on [—7, 7).

In this context, (6) becomes

2
k
1 (™1, .
et — ijezﬁ du(0). (10)
j=1

2 ),

It follows that the polynomial which minimizes (10) is z* + Z?:l wjz7, where the coefficients, w;
are given in (7). This polynomial is called the Szegd polynomial of degree k with respect to the measure
i, which we will denote Py (z, ). We define the prediction error power as the minimum in(10),

o) = 5 [ IR P d (1)
T J_xn

Szegd polynomials form the basis for autoregressive methods in digital filtering and spectral analysis
[3, 6]. For example, the measure 11 can be estimated by the density 5-|Pj (e, 11)] 7. Szegd polynomials
are also used as frequency estimates. If xz(n) consists of m < k sinusoids with frequencies w;, with
additive noise, one would expect m of the zeros of Py(z, ) to be close to the €%, in order that the
minimum in (10) is attained.

In [10] an approach is described presented where the frequencies of sinusoidal components of z(n)
which result from vehicle self-noise are estimated, then cancelled from the signal. In this paper we
present some results about the behavior of the polynomial zeros which are used as estimates, with
respect to measures pp, which converge in the weak-star topology on measures to a sum of point
masses,

m
lim pp = ps == 0. k — st 12
i o = ps Zaj 9, weak — star (12)
j=1
where h > 0 is a discrete or continuous parameter, the «; are arbitrary complex numbers, and dg, is
the point mass at ;. Weak-star convergence can be characterized as follows. We have

lim = weak — star
h—0 Hh H

if and only if

lim oy, [ f(O)dpn(9) = [ f(0)du(0)
for all continuous f on [—7, 7). As we shall see, such measures arise naturally when forming estimates
from the samples x(n).

In general, the corresponding limit

need not exist for fixed k > m. Indeed, it is shown by example in [8] that even strong convergence of
up, does not guarantee convergence of Py(z, p). On the other hand, any limit point of{ Py (z, ux)}r has
m zeros at the e, We prove existence of the limit (13) for a general class of measures for which (12)
holds, and characterize this limit explicitly for two cases: when puy, is formed by convolving ps with the
Poisson kernel, and when py, is formed by adding to pus an absolutely continuous measure.

In the last decade, several papers have appeared which address the asymptotic behavior of Szego
polynomials, with respect to measures for which a special case of (12) holds, in the context of frequency
estimation [4, 5, 12, 13, 14, 15]. Tt is shown in [4] that (12) holds for the periodogram, tx, of N samples



of a real trigonometric signal. Specifically, if z(n) = Z;‘if v B5€%, where B_; = B, and 6; = 6_j,

and P (0) = 51| Snsy @ (k)e™ ]2, then we have the weak-star limit

M

Jim gy =Y 15510, (14)

j=—M

It is shown by example in [15] that Px(z, Ny ) do not, in general, converge as N — oo for k > 2M + 1.
The behavior of the k—2M —1 “extraneous zeros”, those that do not approach signal locations, has been
one area of interest. In [15] it is shown that the extraneous zeros of any limit point of {Py(z,¢¥n)}N
(note that Py(z, NvYn) = Pr(z,%n)) lie strictly inside the open unit disk. It would thus seem feasible
to distinguish signal zeros from extraneous zeros, for large N, as those of largest modulus!.

The problem of non-uniqueness of polynomial limits is addressed in [5, 12, 14] by modifying the
measures ¢ of [15], in such a way as to ensure convergence of the Py(z,%n). In the R-process [5]
and the V-process [14], the ¢*" moment, %JN(K) is multiplied, respectively, by 1l and r**, which are
recognized as the moments of the Poisson kernel and the wrapped Gaussian. Limits are taken, first as
N — oo, then as r T 1. By weak-star convergence (14), we see that N = oo, < 1 corresponds to
convolution of point masses with these two approximate identities. Thus, the characterization of the
limit polynomial of the R-process will follow as a special case of our results here.

We also briefly consider the behavior as £ — oo of the constant terms, or reflection coefficients

Ry () := Pr(0, ), (15)

which give information about the region of accumulation of the extraneous zeros. We apply our results
and a result in [11] to find limy_ oo limp o P (0, pp) for the case where m = 2 and py, is formed by
convolution with the Poisson kernel. A result in [13] is seen as a special case.

Szegb polynomials can be characterized by the following orthogonality property.

s

Py(e”, ) p(e”) dp(9) = 0 (16)
— T
for any polynomial p of degree less than k. If i is supported on strictly greater than k points, the zeros
of Py(z,p) lie in the open unit disk; this is the minimum phase property [6], and is a special case of
Fejér’'s Convex Hull Theorem.
We also have the well-known representation [1]

Pl = P (a7
where
12(0) 1(1) 1(n)
r(=1) 1(0) . B(n—1)
p(-n+1) p(-—n+2) 1i(1)
1 z zZ"
and
oy o) A
(=1 (0 oo (n—1
D= " ! o . (19)
w(-n+1) pg(-n+2) ... @p0)

LIf the polynomial sequence has an infinite number of limit points, the zeros of which accumulate near the unit circle,
it may not be possible to make this distinction. This possibility has not been excluded in the literature.



The Py (z, 1) can also be computed using Levinson’s recursion [1]:

P12, 1) = 2P(2, 1) + B () By (2, 1), (20)

where, for a polynomial p(z), of degree k, p*(z) denotes the reverse polynomial: p*(z) := 2*p(1/z). The
zeros of p* are obtained from those of p by reflection in the unit circle.
The proofs of the results in this paper can be found in [8].

2 Preliminary Results

In this section we give results concerning the existence of limits and rates of convergence of Szego
polynomials for a general class of weakly convergent measures. An important similarity which exists
between the measures we will consider and the measures ¢ of (14) is that both give rise to reflection
coefficients which are uniformly bounded away from (inside) the unit circle, and subsequently, that
extraneous zeros of limit polynomials lie strictly inside the unit circle. In establishing these results
here, we adapt some of the arguments of [15].

Suppose that a h > 0 is either a continuous or discrete parameter and {uy} is a family of absolutely
continuous measures on [—m, ) for which the weak-star convergence (12) holds. Note that an absolutely
continuous family cannot converge strongly (i.e., in total variation norm) to a sum of point masses. Both
numerator and denominator in the expression for Py (z, us), as defined by (17) are zero for k > m, thus
Pi(z, pis) is not well defined. On the other hand, it follows from the minimum phase property that the
monic family {Px(z, pp)} is uniformly bounded, and thus contains limit points.

Proposition 2.1 Suppose (12) holds for a family of absolutely continuous measures un. Then for
k > m all the limit points of {Px(z,urn)}, as h — 0, are of the form

Hz—e (21)

where @ is a monic polynomial of degree k —m with all zeros in |z| < 1.

If the reflection coeflicients, Ry (i), are bounded in modulus uniformly away from (inside) the unit
circle, it can be shown that the zeros of any limit factor, @, of Proposition 2.1, will lie strictly inside the
open unit disk. This is shown in the proof of Theorem 2.4 of [15] for point masses associated with real
signals. The proof is readily adapted for the complex case. See [8] for details. We have the following.

Proposition 2.2 Suppose that for k > m and h > 0 the reflection coefficients for a family of absolutely
continuous measures iy, Satisfy

|Riun)] < e < 1. (22)

for some constant c. Then the zeros of any limit factor Q, in (21), are strictly less than one in modulus.

We wish to consider measures whose moments can be expanded as a power series about h = 0.
This property, which ensures convergence of Py (z, uy), holds for the Poisson kernel and the wrapped
Gaussian, and thus for the underlying measures of the R- and V- processes of [5, 14].

Proposition 2.3 Suppose (12) holds for a family of absolutely continuous measures, pp, and suppose
that for each ¢, fip(¢) has a power series representation about h = 0. Then for k > m there exists a
momnic polynomial, Q, of degree k — m such that

Lim Py (2, pn) = (=) [J(z —€” (23)

j=1



Assuming (23) holds we can write

Pu(z, 1) = Qu(2) [ (= = wi™), (24)

s

j=1

where, without loss of generality, w§h) — €% for j = 1,2,...,m, and Q(z) converges to a monic
polynomial Q(z) of degree k —m as h — 0.

The following two results are analogs of equation (2.4) and Corollary 2.3 [15], respectively.

Corollary 2.1 Suppose that the moments, [in(€), of a family of absolutely continuous measures satis-
fying (12), have power series representations about h = 0. Then there exists a constant ¢ > 0, such
that, for k > m

| P (2, pn) — Pr(2)| < ch, (25)

where Py, is defined in (23).

Corollary 2.2 Suppose that for a family of absolutely continuous measures satisfying (12) with the 6,
distinct, the [i,(€) have power series representations about h = 0 and the reflection coefficients satisfy
(22). Then there exist constants, K;, for j =1,2,...,m, such that

h i0;
wi" — €] < K;h, (26)

where w§-h) are defined in (24).

3 Convolution with Poisson Kernel

One way to construct measures u; for which (12) holds is to convolve point mass measures with
an approzimate identity. For a discussion of approximate identities and their properties see [2]. In
particular, denote by 1,.(6) the Poisson kernel:

1—r?
¥r(0) := 0 fel-mm), 0<r<l, (27)
and define
m
e = e+ Sy, (29
j=1
where a; > 0 and 0; € [—m,7) distinct for j =1,2,...,m. We can express the convolution (28) as
du,(0) = (1—r? —___dp 29
ne6) = r>;|<_mwj|2 (29)
— (1-1?) e O, |C — ret? (30)
¢ —reop
where, for notational brevity, we henceforth define
¢:=e?,
Since @ZT(E) = rl¥l, the moments i, are polynomial functions of h = 1 — r, by Proposition 2.3,
lim, 1 Px(z, pr) exists and (24) becomes
Pz, 1) = Qr(2) H(z - w§r)), (31)

j=1



where w( ", i for j=1,2,..m and lim,_; Q,(2) is a monic polynomial of degree k — m.
It can be shown, using the lines of argument of Lemmas 3.2 and 3.3 of [15], that (22) holds for the
measures f,. The details, which are similar, are omitted.

Lemma 3.1 Let p, be given in (28). Then the reflection coefficients satisfy

1/2
Rl < (1= ) (52)

Outline of Proof: Define X;(z) := for j = 1,2,...,m. Using (29), the prediction error power

(z—re'?i)’
(11) can then be written
(- " 2
pelr) = =D | PG i) PIXG(OP df (33)
j=1
(1—r%)

2T

- S [ 1B OF i o

where P and X7 are formed by replacing a factor z —a with 1 — za. (P} is the reverse polynomial for
Py.) From subharmonicity of P and X7 we have ['|Py(C, u)|?| X (¢)]* df > 1. From (11) and (30) it

follows that
k—m 27T 02 Amt(1—r?
pkr_? |C | ‘C re J| d,ur< Za]
These estimates with (33) and (34) now give
S AT -t N
< - 7
Z:: < prlr) < —— ZZ: (35)

This, and the relation [1] |Rgi1(ir)|? = 1 — pr(pr)/ ps1 (i), now give (32).
The rate of convergence of signal zeros now follows from Lemma 3.1 and Corollary 2.2.

Corollary 3.1 Let wy) be given in (31) and p, defined in (28) where the 0; are distinct. Then there
exist constants K;, for j =1,2,...,m, such that

i — e < K(1 7). (36)

We will need one more result before characterizing the limit in (23) for the measures p,.

Lemma 3.2 Let wy) satisfy (36) for constants K, j = 1,2, ...,m. The function H] 1 UL;; converges
tolin Ly[—m, 7] as T — 1.
The following is the main result of this paper.
Theorem 3.1 Let p, be given in (28). Then
m
}eriPk(z,u,) Py_p(z,v H 2z — e (37)

J=1



where v is the absolutely continuous measure with

dv - m 7
@:Zﬂp?ﬁjaﬂ(—eo?ﬁ (38)
Jj=1

We remark that the assumption that the 6; are distinct is crucial; it is used in the proof of Corollary
2.2, upon which Lemma 3.1, the key idea in the proof of Theorem 3.1, depends.

In light of the remarks in Section 1, we see that the R-process of [5] is equivalent to taking the limit
on the left-hand side of (37), where s is the measure on the right-hand side of (14), with o; = @_; and
0; = —0_;; that is, for point masses associated with real sinusoidal signals. The strength of Theorem
3.1 is that it characterizes this limit for a general class of measures ;.

Reflection coefficients; m = 2, k — oo.

We consider the density v of Theorem 3.1 in light of results in [11] concerning the limit of the
reflection coefficients and zero-distribution measures of Szegd polynomials with degree & — oco. For
m = 2, the density is easily factored as the squared modulus of a linear function. Results in [11] are
used to interpret in [13].

With m = 2, the measure p, in (28) becomes

tr = (169, + a2dp,) * .. (39)

We will assume without loss of generality that §; = 0 and define w := 62, @ := a € (0,1), and
oy = 1 — a. We then consider
pr = (ado + (1 — a@)dy,) * y.
The density v defined in (38) becomes v df = a|¢ — e |? + (1 — )|¢ — 1|2 df. The spectral factorization
[1, 6] is easily found as
dv/df = c|¢ — vol?. (40)

where c is a positive constant and

o LE V2a(1 = cosw)(1 — a) (1)
0= 1—a+ae W '

Specifying that |vg| < 1 gives

1 —+/2a(l —cosw)(1 — a)
= : . 42
vo l—a+ae W (42)

In [11] it is shown that for densities of the form dv = ¢ H;n:_ll |(¢—w;)|? (where without loss of generality,
[2] |vj| < 1), that if the v; are distinct and there is a unique v; of maximum modulus, then

s:= lim |Ry(v)|"/* = max{|v;|}. (43)
k—o0 g

It is further shown in [11] that the zero-distribution measure measures, % 25:1 0w, , consisting of point
masses of weight 1/k at each of the zeros, wy, wa, ..., wi, of Py(z,v), converge in the weak-star sense to
the uniform measure on the circle of radius s.

Note that Theorem 3.1 gives the convergence

}LH{ | Ry (1) = |R—m (V)] (44)
In the present context, (43) becomes

‘1/1« _ 1- \/204(1 —cosw)(1l — oz).
V1+2(1-a)2(1 - cosw)

lim |Ry(v)



A result of Petersen is seen as a special case of (45). In light of the remarks following Theorem 3.1,
equation (2.16) [13] can be written

| cosw|

O 1/(k-2) _
Jim i Ry ()| T oo’ (46)
where
1 1
Moy = wr * (§6w + 55—w)~

With (44), (46) is equivalent to

. 1k _ | cosw| . 4

el B ()] 1+sinw (47)

This is readily seen as a rotation of (45) for the case o = 1/2. Letting #; = w, and 62 = —w in (39),
1—-2(sinw)vVa—o? |1/k: _ _l-sinw _
et —2jasin w m

(42) becomes vy = . So with & = 1/2, eq. (45) becomes limy_, | Rk

1—sinw
| cosw]| ?

which, if we define vg|,—r/2 = 0, is equivalent to (47).
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