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L
et

T
b
e
a
n
×
n
m
atrix

w
ith

com
p
lex

en
tries.

W
(T

)
=
{(T

x
,x
)
:
x
∈
C
n
an
d
‖
x
‖
=
1}

R
ecall

th
at

for
x
,y
∈
C
n
,

(x
,y
)
=
∑

x
i y
i

A
lso

n
ote

th
at

th
e
d
ot

p
ro
d
u
ct

can
b
e
w
ritten

as

(T
x
,x
)
=
x
∗T

x
u
sin

g
u
su
al
m
atrix

m
u
ltip

lication
.
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H
IS
T
O
R
Y

O
tto

T
o
ep
litz

(1918)
in
tro

d
u
ced

W
(T

)
(called

it
th
e

fi
eld

of
valu

es)
an
d
p
roved

th
at

th
e
ou
ter

b
ou
n
d
ary

of

W
(T

)
is
C
O
N
V
E
X
.

F
elix

H
au
sd
orff

(1919)
p
roved

th
at

W
(T

)
is
C
O
N
V
E
X
.

T
h
e
fact

th
at

W
(T

)
is
a
C
O
N
V
E
X
,
C
O
M
P
A
C
T
su
b
set

of
C

is
referred

to
as

th
e
T
o
ep
litz-H

au
sd
orff

T
h
eorem

.
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A
p
p
lication

s
in
clu

d
e

•
A
n
aly

sis
of

Iterative
M
eth

o
d
s
-
E
ierm

an
n

•
A
n
aly

sis
of

A
D
I
M
eth

o
d
-
S
tarke

•
D
y
n
am

ical
S
y
stem

s,
L
yap

u
n
ov
’s
T
h
m

-
J
oh
n
son

•
A
p
p
lication
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N
M
R
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y
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E
X
A
M
P
L
E
S

T
=

zero
m
atrix

=
⇒

W
(T

)
=
{0}

T
=
I
=
⇒

W
(T

)
=
{1}

T
=



2
0

0
3



=
⇒

W
(T

)
=
[2
,3]

T
=



0
1

0
0



=
⇒

W
(T

)
=
{
z
:
|z
|
≤
0
.5}
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x
=



z
1

z
2



=



r
1 e
iθ

1

r
2 e
iθ

2



w
ith

r
21
+
r
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=
1

(
(

2
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0
3

)
(

r
1
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θ
1

r
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θ
2

)

,

(

r
1
e
i
θ
1

r
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i
θ
2
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=
2

r
21

+
3

r
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(
(

0
1

0
0

)
(

r
1
e
i
θ
1

r
2
e
i
θ
2

)

,

(

r
1
e
i
θ
1

r
2
e
i
θ
2

)
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=
r
1
r
2
e
i(
θ
2
−
θ
1
)

T
h
e
m
ax

of
r
1 r

2
su
b
ject

to
r
21
+
r
22
=
1
is

12
.
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P
R
O
P
E
R
T
IE
S
of
W
(T

)

•
W
(α
I
)
=
{
α
}

•
W
(α
T
)
=
α
W
(T

)

•
W
(T

+
α
I
)
=
W
(T

)
+
α

•
W
(T

)
⊆
{
z
:
|z
|
≤
‖
T
‖}

•
T
h
as

real
en
tries

=
⇒

W
(T

)
=
W
(T

)

•
W
(D

)
=

con
vex

h
u
ll
of

d
iagon

al
en
tries.
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•
T
is
u
n
itarily

eq
u
ivalen

t
to

S
=
⇒

W
(T

)
=
W
(S
)

•
T
is
H
erm

itian
=
⇒

W
(T

)
=
[λ
m
in
,λ

m
a
x
]

(T
=
T
∗
or

T
=
U
D
U
∗
w
ith

D
d
iagon

al
an
d
real)

•
T
is
N
orm

al
=
⇒

W
(T

)
=

con
vex

h
u
ll
of
σ
(T

)

(T
T
∗
=
T
∗T

or
T
=
U
D
U
∗
w
ith

D
d
iagon

al
an
d

com
p
lex

,
u
n
less

H
erm

itian
)

•
λ
∈
σ
(T

)
=
⇒

λ
∈
W
(T

)

•
T
is
sim

ilar
to

S
=
⇒

W
(T

),
W
(S
)
n
ot

n
ecessarily

th
e

sam
e
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C
O
N
V
E
R
S
E
L
Y
(con

trast
w
ith

corresp
on
d
in
g
p
rop

erties

of
eigen

valu
es)

•
W
(T

)
=
{0}

=
⇒

T
=

th
e
zero

m
atrix

P
ro
of:

B
e
w
ise,

p
olarize

•
W
(T

)
=
[µ
,ν
]
=
⇒

T
=
T
∗

P
ro
of:

((T
−
T
∗)x

,x
)
=
(T
x
,x
)
−
(T

∗x
,x
)

=
(T
x
,x
)
−
(x
,T

x
)
=
(T
x
,x
)
−
(T
x
,x
)
=
0

•
W
(T

)
=

an
y
lin
e
segm

en
t,
th
en

T
=
α
+
β
S

w
h
ere

S
=
S
∗,
so

T
is
n
orm

al.
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C
on
vex

ity
w
h
en

T
is
2
×
2

•
C
an

assu
m
e
th
e
m
atrix

is



λ
α

0
µ



•



λ
α

0
µ



−
µ



1
0

0
1



=



λ
−
µ

α

0
0



S
o
easy

if
α
=
0
or

λ
=
µ1
0



•
W
rite



λ
−
µ

α

0
0



=
(λ
−
µ
)



1
α

λ−
µ

0
0



•



1
α

λ−
µ

0
0



≈



1
|
α

λ−
µ
|

0
0



,
T
h
at

is,

(

1
0

0
e
i
θ

)
(

1
|z
|e
i
θ

0
0

)
(

1
0

0
e
−
i
θ

)

=

(

1
|z
|

0
0

)
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S
u
m
m
ary

of
th
e
2
×
2
C
ase

F
or

T
=



λ
α

0
µ



W
(T

)
is
an

ellip
tical

d
isk

(p
ossib

ly
d
egen

erate)

F
o
ci:

eigen
valu

es
of
T
;

C
en
ter:

tr
(A

)
2

L
en
gth

of
M
a
jor

A
x
is:

(|λ
−
µ
| 2
+
|α
| 2)
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L
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M
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A
x
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|
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C
on
vex

ity
in

G
en
eral

•
N
ote:

F
or

P
a
p
ro
jection

,
W
(P

T
P
)
⊆
W
(T

).

P
ro
of:

x
∈
R
(P

)
⇒

(P
T
P
x
,x
)
=
(T
x
,P

x
)
=
(T
x
,x
)

•
L
et

λ
6=
µ
b
e
in

W
(T

).
S
o
λ
=
(T
x
,x
)
an
d

µ
=
(T
y
,y
)
for

lin
in
d
ep

u
n
it
vectors

x
an
d
y
.

•
L
et

P
b
e
th
e
p
ro
jection

on
to

s
p
a
n
{
x
,y
}.

•
W
(T

)
is
con

vex
sin

ce
W
(P

T
P
)
is
an

ellip
tical

d
isk

or

a
lin
e
segm

en
t
con

tain
in
g
λ
an
d
µ
.
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3
×
3
C
ase

•
K
ip
p
en
h
ah
n
(1951)

gave
ch
aracterization

in
term

s
of

algeb
raic

cu
rves

•
R
E
U
p
ro
ject

(1997)
at

W
illiam

&
M
ary

resu
lted

in
a

p
ap
er

w
h
ich

tran
slates

K
ip
p
en
h
ah
n
’s
resu

lts
in
to

m
ore

u
n
d
erstan

d
ab
le
statem

en
ts.

•
P
ossib

le
sh
ap
es

-
con

vex
h
u
ll
of

th
e
eigen

valu
es

-
ellip

se
or

con
e-like

sh
ap
e

-
b
ou
n
d
ary

con
tain

s
a
fl
at

p
ortion

-
oval

sh
ap
e
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G
eom

etry
of
∂
(W

(T
))

•
L
et

λ
b
e
a
corn

er
p
oin

t
an
d
(T
x
,x
)
=
λ
.

•
If
T
x
6=
λ
x
,
th
en

T
x
an
d
x
are

lin
in
d
ep
.

•
L
et

P
b
e
th
e
p
ro
jection

on
to
{
x
,T

x
}.

•
O
b
tain

a
con

trad
iction

k
n
ow

in
g
th
at

W
(P

T
P
)
is

ellip
tical.

1
5



F
u
rth

erm
ore,

λ
is
a
red

u
cin

g
eigen

valu
e.

T
h
is
m
ean

s

th
at

T
can

b
e
w
ritten

as
a
d
irect

su
m

λ
I
⊕
T
′.

R
eason

:
A
p
p
ly
in
g
S
ch
u
r’s

L
em

m
a,
T
is
u
n
itarily

eq
u
ivalen

t
to



λ
∗

∗
···

∗

0
∗

∗
···

∗
...

0
∗

···
...

0
···

0
...

∗

0
0

···
0

∗


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W
h
at

if
W
(T

)
=

is
a
con

vex
p
oly

gon
?

•
If
n
≤
4,
th
en

T
is
n
orm

al.

•
O
th
erw

ise,
T
=
N
⊕
T
′
w
ith

N
n
orm

al
an
d

W
(T

′)
⊆
W
(N

)
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G
en
eral

R
esu

lt
on

D
irect

S
u
m
s

L
et

T
=
A
⊕
B

th
en
,

W
(T

)
=

th
e
con

vex
h
u
ll
of
W
(A

)
an
d
W
(B

).

L
et

T
=



A
0

0
B



an
d
x
=



yz



(T
x
,x
)
=
(A
y
,y
)
+
(B

z
,z
)

=
‖
y
‖
2
(A

y
‖
y‖
,

y
‖
y‖
)
+
‖
z
‖
2
(B

z
‖
z‖
,

z
‖
z‖
)
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G
en
eralization

s

•
W
k (T

)
=

set
of
tr(P

T
P
)
w
ith

r
a
n
k
(P

)
=
k

•
W
c (T

)
=

set
of
∑

ni=
1
c
i (T

v
i ,v

i )
w
ith
{
v
i }

o.n
.

•
W
C
(T

)
=

set
of
tr(C

U
∗A

U
)
w
h
ere

U
is
u
n
itary

•
W

(T
1
,
T

2 )
=

{
((T

1
x
,
x
),(T

2
x
,
x
))

:
x
∈

C
n

a
n
d

‖
x
‖

=
1
}

•
M
an
y
oth

ers...
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C
L
A
S
S
R
E
S
E
A
R
C
H
P
R
O
J
E
C
T

L
et

T
b
e
a
n
×
n
m
atrix

w
ith

com
p
lex

en
tries,

an
d

d
efi
n
e
th
e
n
u
m
erical

ran
ge

as

W
(T

)
=
{(T

x
,x
)
:
x
∈
C
n
an
d
‖
x
‖
=
1}

W
(T

)
is
a
set

of
com

p
lex

n
u
m
b
ers

asso
ciated

w
ith

T
.

Q
u
estion

:
H
ow

is
th
e
geom

etry
of
W
(T

)
related

to
T
?

T
h
e
id
ea

is
to

ask
an
d
an
sw
er

as
m
an
y
q
u
estion

s
ab
ou
t

th
is
relation

sh
ip

as
p
ossib

le.

D
evote

F
rid

ay
s
to

p
resen

tation
s.
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M
ech

an
ics

of
G
rad

in
g
-
P
ro
ject

cou
n
ts
1/3

of
you

r
grad

e

•
(1

p
t)
N
on
-silly

(triv
ial

ok
)
con

jectu
re

•
(1

p
t)
S
u
p
p
ortin

g
ev
id
en
ce

for
a
con

jectu
re

•
(1

p
t)
A
n
ex
am

p
le

•
(2

p
ts)

P
ro
of

of
a
con

jectu
re

•
(2

p
ts)

C
ou
n
terex

am
p
le
of

a
con

jectu
re

•
(3

p
ts)

T
h
eorem

an
d
p
ro
of2

1



(*)
1.

[R
G
L
,
ex
am

p
le]

If
T
=
I
,
th
en

W
(T

)=
{1}.

P
ro
of:

if
x
∈
C
n
of

len
gth

1,
th
en

(T
x
,x
)
=
(I
x
,x
)
=
(x
,x
)
=
‖
x
‖
2
=
1
.

()
2.

[R
G
L
,
con

jectu
re]

If
T
=
λ
I
,
th
en

W
(T

)
=
λ
.

(*)
3.

[R
G
L
,
con

jectu
re]

If
th
e
en
tries

of
T
are

real,

th
en

W
(T

)
⊂
R
.

(*)
4.

[con
jectu

re
3
-
J
eff
]
F
alse.

L
et

T
=



1
0

1
2



an
d
x
=

1√2



i1



2
2



(*)
5.

[T
h
m
/p
ro
of,

M
att]

T
h
e
d
iagon

al
elem

en
ts

of
T

are
in

W
(T

).
P
ro
of:

L
et

x
=
e
i
to

sh
ow

th
at

th
e
i
th

d
iagon

al
elem

en
t
is
in

W
(T

).

(*)
6.

[T
h
m
/p
ro
of,

K
ev
in
]
E
ach

eigen
valu

e
of
T
is
in

W
(T

).

(*)
7.

[M
ich

ael,
C
h
ad

an
d
B
rian

,
ex
am

p
le]

If

T
=



1
0

0
2



,
th
en

W
(T

)
=
[1
,2]

()
8.

[J
on
,
con

jectu
re]

If
T
is
d
iagon

al,
th
en

W
(T

)

con
sists

of
th
e
d
iagon

al
elem

en
ts

an
d
th
e
stu

ff
in
sid

e.

2
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(*)
9.[J

on
,J
oh
n
,
an
d
R
ick

,
ex
am

p
le]

If
T
=



0
1

0
0



,

th
en

W
(T

)
is
th
e
closed

d
isk

w
ith

cen
ter

0
an
d
rad

iu
s

12
.

(*)
10.[M

att,
T
h
eorem

/p
ro
of]

If
T
an
d
S
are

u
n
itarily

eq
u
ivalen

t,
th
en

W
(T

)
=
W
(S
).
P
ro
of...

It’s
n
ever

to
o
lon

g
u
n
til

som
eon

e
con

jectu
res

th
at

th
e

n
u
m
erical

ran
ge

of
a
2
×
2
m
atrix

is
an

ellip
se

alon
g

w
ith

its
in
terior.

H
ow

ever,
th
is
con

jectu
re

h
as

n
ever

b
een

p
roved

com
p
letely

in
a
class.
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R
eferen

ces

H
orn

an
d
J
oh
n
son

-
T
op
ics

in
M
atrix

A
n
aly

sis
(1991)

G
u
stafson

an
d
R
ao

-
N
u
m
erical

R
an
ge

(1996)

C
h
i-K

w
on
g
L
i’s

w
eb
site

at
W
illiam

&
M
ary

P
ap
ers

of
C
h
arles

J
oh
n
son

.

S
earch

th
e
w
eb
.
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