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Question:
Pascal’s triangle is formed by letting each number in a row be the sum of the two numbers directly above
it. The first eight rows of the triangle are shown below. If my calculations are correct, 75% of the numbers

shown are odd.

What percentage of numbers in all of Pascal’s triangle are odd? In particular, if p, represents the
percentage of numbers in the first n rows of Pascal’s triangle that are odd, find the limit of p,, as n approaches
0.

Solution:
Since we are looking for a percentage, we need to know the number of odds divided by the total number.

Finding the total number of terms is the easier of the two, which is simply...
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To find the number of odd terms, lets look at the triangle modulo 2, where every term is 0 or 1. We

can instead look at a method of constructing a Sierpinski triangle instead of Pascal’s triangle. The following

image shows a Sierpinski triangle.

1+2+3+4+5+...+n=

Since we are only interested in odd terms, these two problems are now equivalent. One method of
constructing Sierpinski’s triangle, is to take three copies of the first 2* rows, adjoin them corner to corner
creating a larger triangle, and lastly fill in the remaining positions with zeroes. We can use this to build
a recurrence relation for the number of zeros in a Sierpinski triangle with 2™ rows, rather than a Pascal
triangle with n rows. The resulting recurrence relation is...

an = 3a,_1 + (2" —1)(2"?) (2)
Up = 3ay_1 + 22773 — "2 (3)



The solution to the homogeneous equation is aglh) = «a3™. We suspect that the solution to the nonhomo-

geneous part is p(n) = 22773 — d2"~2. Substituting p(n) for a,, we get...
C22n—3 _ d2n—2 — 3[022(n—1)—3 _ d2(n—1)—2] + 22n—3 _ 271—2 (4)

Equation 4 reduces to...

2" —2"2 4 422 + 28 =0 (5)

2"(c—2%) +2%(d+2) =0 (6)

Solving the system of equations, we find ¢ = 4 and d = —2. So the solution to the nonhomogeneous
equation is

affh) = (4)23 — (~2)2n2 7)

— 22n—1 + 2”—1 (8)

Combining the solutions to the homogeneous and nonhomogeneous parts yields a, = a%h ) + a&"h) =

a3” + 22— 4 on=1  Applying the initial condition a; = 0 and solving for & = —1, we get the particular
solution of a, = 22"~ 4+ 27~1 — 37 Recall that our solution to equation 1 is to any row n. Our recurrence
relation, however, looks at rows at 2. Replacing n with 2" in equation 1 will now give the correct number of
terms in the denominator of the percentage. Also recall that the recurrence relation is counting the number
of zeros in Sierpinski’s triangle, but we are interested in the number of 1’s, which represent an odd number
modulo 2. We take our resulting percentage and subtract it from 1 to find the desired percentage of odd
terms in Pascal’s triangle. The resulting equation is...
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Now we want to find the limit of p(;n) as n tends to infinity? Using equation 13, we inspect the limit of
the inequality pon) < 2237"
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So in the limit, the number of even terms dominate the number of odd terms, until the triangle is virtually
all 0’s.



