MA205 Integral Calenlus and Introduction to Differential Equations

Lesson 42 - Applications - Exponential Growth and Decay

Objectives

e Model and solve situations involving exponential growtls,

e NModel and solve situations involving exponential decay.

e Model and solve situaticns involving Newsow's Luw of Cooling,
e Stewart, Chapter 9.4, pages 5H01-502

e Stewart, Chapter 3.8, pages 233-239

| MATHEMATICA COMMANDS AND TASKS YOU NEED TO 1{1\7()\-'\'I

No new cominands.
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MAZ05 Integral Calenlus and Introdnction to Differential Equations

Problem Solving Problems

1. A bacteria enlture starts with 500 bacteria and grows at a rate proportional to s size. Afer 3 Lhours there
are 8000 bacteria,

(a) Model the growth of the bacteria with a differential equation.

T

{b) Find the nmnber of bacteria afier 4 hours.

{¢} Find the rate of growth after 4 hours,
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{d) When will the population reach 30,0007
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2. The table gives the population of tlie United States, in millions. for the vears 19006-2000.

| Year | Population E} Year | Population [

15040 T 1960 174
14 42 1970 203
1924 106G 1880 227
1930 123 1990 250
1940 131 2000 270
1950 150

{aj Use the exponential model and the census fgares for 1900 and 1910 to predict the population in 2000.
Conpare with the actual figures as recorded and try to explain the discrepaucy.
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{b) Use the exponential model and the census figures for 1980 and 1990 to predict the population in 2000.
Compare with the actual population. Then use this model to predict the population i the vears 2010
ald 2020,
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(e} Graph both of the exponential functions in parts {n) and (b) together with a plot of the actual population.
Are thiese models reasonable ones? Why or why not?
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MA205 Tntegral Calenlus and Introduction to Differential Equations

3. Experiiments show that if the chemical reaction
o , 1.
A\_u()“) et 2N ()3 + 3()_)

takes place at 45°C, the rate of reaction of dinitrogen pent-oxide is proportional to its concentration as follows:
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Using Example 4 in Section 3.3 as a guide
(a) Find an expression {or the concentration [NyOs] after ¢ seconds if the initia) concentration is .
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(b} How long will the reaction take to reduce the concentration of NoOs to 90% of its original value?
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4. The half-life of cesiun-137 is 30 years. Suppose we Lave a 100-mg sample

(o) Find the mass that remains after ¢ vears.
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(c) After how long will only I-mg remain?
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5. Selentist can deterinine the age of ancient ol jects by a method called vaidio-carbon dating. the bombardment of
the upper atmosphere by cosinic rays converts nitrogen to a radioactive isotope of carbon, HC, witl & half-life
of about 5730 vears, Vegetation absorbs carbon dioxide througl the atmosphere and animal life assimilates Y1
through food chiains. When a plant or animal dies, 1t stops replacing its carbon and the amount of MC begins
to decrease through radioactive deeay. Thercfore, the level of radioactivity must alse decay exponentiaily, A
ty as does plant material on

parchment fragnent. wis discovered that had about 74% as much M C radioa
Earth today. Estimate the age of the parchment.
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G. A roast turkey is taken from an oven when its temperature has reached 185°F and is placed ou a table in a
roow where the temperature is 75°F.

(a) If the temperature of the turkey is 130°F after hall s hour, what is the temporature after 45 min?

{h) When will the turkey cool to 106°F?
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7. Consider a population P = P(f) with constant relative Birtl and death rates o and 3, respectively, and a
coustant emigration rate w. where o, 3. and m are positive eonstants, Asswue that o > 5. Then the rate of
change of the population at time ¢ is modeled by the differential equation

dr

— =kP —m b= — 4
dli

{a) Find the solution of this cquation that satisties the initial condition Py =Py
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(b} What condition on m will lead to an exponential expansion of the population?
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{¢) What condition on i will lead to a constant population? A population decrease?

(d} In 1847, the population of Ireland was about 8 million and the difference between the relative birth and
death rates wag 1.6% of the population. Because of the potato famine in the 1840s and 1850s, about
210,000 nlabitants per year emigrated from Ireland. Was the population expanding or declining at that
time? Justify vour conclusion.
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% IF $R00 is borrowed at 14% interest
(a) Find the wmounts due at the end of 2 vears if the interest is compounded () annually, (i} guarterly, {iii)

ronthiy, {iv) daily, (v) hourly, and {vi) continnousiv.
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(b Supposc $500 is borrowed and the interest i compounded continnously. If A{#) is the amount dus after ¢
Y% on a conunon screen.

voars, where 00 <C¢ < 2, graph A{#) for each of the interest rates 14%, 10%, and G
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