MA206 – Probability & Statistics
Empirical Distribution Function (EDF)
What is an Empirical Distribution Function?
Definition 1:  Let x1, x2,..., xn be a random sample.  The empirical distribution function 
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 (called EDF for short) is a function of x which equals the fraction of Xis that are less than or equal to x for each x, 
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Informally, an Empirical Distribution Function (EDF) is a function representing accumulating frequency of actual sample data.  The EDF will allow us to make inferences about some aspect of the larger population.  In other words, we can use the EDF to make good guesses about the population characteristics.
A Small Example


Let’s look at a simple example to see how the EDF is created and what it looks like.  In this example, we are interested in the number of occupants in vehicles along the Eisenhower Expressway in Chicago.  We are able to take the following small sample:  
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.  First, let’s put the 5 observations into increasing order.  
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We note that the number 1 occurs once or 20% (1/5) of the time.  The number 2 occurs twice or 40% (2/5) of the time.  Finally, 4 and 6 both occur once or 20% (1/5) of the time.  If we treat these relative frequencies as proportions, we can create an EDF using the observations.  Note that the EDF has a step function appearance where steps occur with each observation.


The EDF is always a step function, where each step is of height 1/n (n = sample size) and occurs only at sample values.  As we look at the graph of the EDF from left to right, we see that 
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 equals zero until x equals the smallest value in the sample.  Then x takes a step of 1/n in height.  At each of the n sample values, 
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 rises in height another distance of 1/n.  At the largest of the sample values, 
[image: image7.wmf])

(

x

F

n

reaches a height of 1.0 and remains at 1.0 for all larger values of x.  
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 is a non-decreasing function that goes from 0 to 1 in height.  We call 
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 an EDF because it is empirically (from the sample data) determined.

The Empirical Distribution Function is specified using 
[image: image10.wmf]÷

ø

ö

ç

è

æ

£

=

n

x

ns

observatio

x

F

n

#

)

(

.
For example, there is 1 observation less than or equal to x = 1.  Using n = 5, the EDF value is 
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.  Similarly, there are 3 observations less than or equal to x = 2.  Again using n = 5, the EDF value is 
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.  We continue this process for every value of x from 
[image: image13.wmf]¥

-

 to 
[image: image14.wmf]¥

 in order to completely enumerate the EDF as follows: 
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.    The corresponding graphical representation of the EDF is below. 
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Figure 1:  EDF for Sample Data {1,2,2,4,6}

Once the EDF is complete, we can answer questions such as “What proportion of vehicles on the Eisenhower Expressway have less than 5 occupants?”  Using the EDF, we would answer this question as follows: F5(5) = 
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 = 0.8.  Alternatively, we could obtain a graphical solution by locating x = 5 on the horizontal axis, moving straight up until we intersect the EDF graph, and then reading the corresponding “Proportion” value from the vertical axis.  Regardless of the method used, our EDF tells us that 80% of vehicles on the Eisenhower Expressway have less than 5 occupants.  
A Large Example


Since a sample of size 5 (too small) probably won’t tell us much, let’s look at a different population characteristic and take a larger sample of 50 observations as in Figure 2.  We are now interested in the time (in seconds) between vehicles passing by a stationary point on the Eisenhower Expressway.

For a large sample such as this, creating an EDF using the procedure detailed above would be very time-consuming.  Fortunately, we’ve developed an Excel procedure which greatly simplifies EDF construction (EDF Macro).  Using this procedure, the new EDF is in Figure 2.
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Figure 2: EDF for Large Sample Data Set

Note that with increased sample size, there is a corresponding decrease of step height for each data point.  As n continues to increase, our EDF takes the appearance of a more continuous looking curve.  What might be an advantage to having a continuous function that fits our EDF?  We will explore this possibility next lesson.
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