L-Systems

L-systems (also called Lindenmayer systems or parallel string-rewrite systems) are a compact way to describe iterative graphics using a turtle analogy. An L-system is created by starting with an axiom, such as a line segment, and one or more production rules, which are statements such as "replace every line segment with a left turn, a line segment, a right turn, another segment...". When this system is iterated several times, the result is often a complicated fractal curve. 

When programming L-systems, one typically represents the axiom as a sequence of characters, such as F, and the production rules as replacement rules of the form F -> F+F--F+F. We then carry out the string replacements (in parallel) as many times as desired. For example, we iterate the axiom and production rule just described in the following way: 

We start with the axiom F, and replace every occurrence of F with F+F--F+F, resulting in the string 

F+F--F+F.

We then replace every occurrence of F in the result with F+F--F+F, resulting in the string 

F+F--F+F+F+F--F+F--F+F--F+F+F+F--F+F.

Carrying out the replacement one more time results in the following: 

F+F--F+F+F+F--F+F--F+F--F+F+F+F--F+F+F+F--F+F+F+F--F+F--F+F--F+F+F+F--F+F-- F+F--F+F+F+F--F+F--F+F--F+F+F+F--F+F+F+F--F+F+F+F--F+F--F+F--F+F+F+F--F+F.

After the desired number of iterations has been carried out, we render the L-system string using the turtle analogy. A typical interpretation of our string is that an F is an instruction to draw a line segment one unit in the current direction, a + is an instruction to rotate the current direction one angular unit clockwise, and a - is an instruction to rotate the current direction one angular unit counterclockwise. (Other characters and interpretations are of course up to us.) If we assume for this example that one (angular) unit is Pi/3 radians, the following are the partial results (omitting the zeroth iteration, the axiom). 

First iteration (F+F--F+F):    (This algorithm starts on the right side)


Second iteration (F+F--F+F+F+F--F+F--F+F--F+F+F+F--F+F):

[image: image1.png]



Third (F+F--F+F+F+F--F+F...(148 characters in all)...F+F+F+F--F+F):

[image: image2.png]



In the following pictures, the rendered L-systems are colored using the progression red-orange-yellow-green-blue-purple-red from beginning to end, to better illustrate the "path" of the curves. 

Koch curve (F -> F+F--F+F, 60°):
[image: image3.png]



32-segment curve
(F -> -F+F-F-F+F+FF-F+F+FF+F-F-FF+FF-FF+F+F-FF-F-F+FF-F-F+F+F-F+): 


[image: image4.png]



Hilbert curve (L -> +RF-LFL-FR+, R -> -LF+RFR+FL-):
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Arrowhead curve (X -> YF+XF+Y, Y -> XF-YF-X, 60°):
[image: image6.png]



Dragon curve (X -> X+YF+, Y -> -FX-Y):
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Hilbert curve II (X -> XFYFX+F+YFXFY-F-XFYFX, Y -> YFXFY-F-XFYFX+F+YFXFY):
[image: image8.png]



Peano-Gosper curve (X -> X+YF++YF-FX--FXFX-YF+, Y -> -FX+YFYF++YF+FX--FX-Y, 60°):
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Peano curve (F -> F+F-F-F-F+F+F+F-F):
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Quadratic Koch island (F -> F-F+F+FFF-F-F+F):
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Square curve (X -> XF-F+F-XF+F+XF-F+F-X):
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Sierpinski triangle (F -> FF, X -> --FXF++FXF++FXF--, 60°):
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 The 3D Hilbert Curve
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