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Overview

Goal: understand cooperation in the context of 

pursuit-evasion games

Davies Fellow Research with Dr. Chris Arney, Army Research Office 

and

 CDT Andrew Plucker ‟08

 CDT Daniel Ball „08

 CDT Lucas Gebhart „09



Cooperation in the Army
The American Army consists of teams known for their trust and autonomy… the teams may 

involve analysts, soldiers, computers, robots, sensors, vehicles, and more.



Part I

What is a Pursuit-Evasion Game?



http://www.youtube.com/watch?v=K8vuApTqIAk

USMA POTW #15, Spring 2008

http://www.youtube.com/watch?v=K8vuApTqIAk


Differential Equations

 http://www.dean.usma.edu/departments/math/peo

ple/peterson/blaise/circularchase/

http://www.dean.usma.edu/departments/math/people/peterson/blaise/circularchase/
http://www.dean.usma.edu/departments/math/people/peterson/blaise/circularchase/


What does a “Solution” to a pursuit-

evasion game look like??

 Exact Solution

 Best case

 Some beautiful solution techniques

 Not very robust!

 “Impossible” outside of the simplest cases

 Approximate Solution

 Hopefully close to the best case

 Much easier to work with

 Any Solution

 Good place to start

 About the best you can do with highly complex games

PROOF

INTUITION



Part II

PEG: a Platform for Visualization



Pursuit-Evasion Platform
Using cooperation metrics to analyze and alter behavior

 Approach: Developed platform that is

 Interactive (results of simulation immediately available)

 Generic (supports several different behaviors, types of PEGs)

 Comparative (between different behaviors, simulation parameters, etc.)

http://www.dean.usma.edu/departments/math/people/peterson/applets/peg2/peg2.html

Tracking and 

Communication Autonomous, 

Control, & 

Cooperative 

Algorithms

Tasking 

Assignments Task Fusion for 

Multiple Tasks

Lead 

Algorithms

MTT
Multiple

Target

Tracking

TA
Task

Assignment

TF/PP
Task 

Fusion & 

Path 

Planning

http://www.dean.usma.edu/departments/math/people/peterson/applets/peg2/peg2.html
http://www.dean.usma.edu/departments/math/people/peterson/applets/peg2/peg2.html


Lead Factor Analysis
(CDT Andrew Plucker)

E

P
What value is best??
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Multiplayer Games: Task Handling

 Players need to 
be able to 
balance multiple 
goals

 MA104 Problem:
Where do you 
position a supply 
point to minimize the 
distance between 
several units?

 Corresponding 
Question: How do 
you get there?



Gradient Task Handling

Define di(x) to be the distance from a player x to 

another player xi

COPS & ROBBERS

http://www.dean.usma.edu/math/people/Peterson/blaise/plotters/

http://www.dean.usma.edu/math/people/Peterson/blaise/plotters/


Part III

Questions of Cooperation



Levels of Cooperation
A simplified model
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Players join together as a team, 

working for individual payoffs

• oligopolies; price collusion; information 

or resource sharing; defensive alliances

Players join together as a team, 

working for the team payoff

• sports; organizations; wikipedia

Players do not work together



Existing Frameworks for Cooperation I
von Neumann‟s Cooperative Game Theory

 Agents work together for a common payoff

 Mathematical theory for dividing payoff among the participants 

(“Shapley value”)

Problem 1: no concept of “team”

 Agents participate only for selfish 
reasons

 Not applicable to most cooperative 
systems

Problem 2: in practice, even selfish 
human behavior doesn‟t follow the 
laws of economics

 Prisoner‟s Dilemma



Existing Frameworks for Cooperation II
Cooperative Systems

 Collections of agents sharing information and tasks in order to achieve a 

common goal

 Captures “team” aspect and the mechanics of cooperation:

 Communication

 Synchronization

 Specialization

 Trust

 Layering
Problem: no general mathematical 

notion of “team-oriented” 

cooperation
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Cooperative Game Theory
von Neumann, early 20th century

 A cooperative game is a set of players T with an outcome for 
each subset B T and a payoff (utility) function for each 
outcome

 Associates a value v (B) to the outcome when B participates
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Subset Team Games
Provide unique payoffs to all subsets of players

 A subset team game is a set of players T with an outcome for 
each subset B T and a payoff (utility) function for each 
outcome and each subset A B.

 Associates a value vA(B) to each subset Aof participating 
players B
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Altruistic and Selfish Cooperation
The mathematical muscle: metrics for cooperation

Recall that vA(B) is the value to the subset A

when all players in B participate

 The altruistic contribution of A to the team is:

aA = vAc (T) - vAc(Ac)

(the gain in value to Ac when A participates)

 The competitive contribution of A to the team
is:

cA = vT(T) - vAc(T) 

(the portion of the value to T „perceived by‟ A)

 The total marginal contribution of A to the 
team is:

mA = aA + cA = vT (T) - vAc(Ac) 

(the total value added by the addition of A)

Bc

does not 
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A
participates 

& assesses 

the outcome

v A(B)
B
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Example: Basketball
Identifying the most team-oriented players

Define vA(B) to be the number of points scored by the players in 

A when all of B participates.

 The competitive contribution cA = vT(T) - vAc (T) is a player‟s 

points per game.

 The altruistic contribution measures the increase in team 

points scored by other players when A is put into the game 

(e.g. assists)



Example: Network Science
Identifying the most cooperative subsets

Given a weighted, directed graph with vertex set T:

 For players a, b, define va(b) to be the weighting along the edge from b

to a.

 Let vA(B) be the sum of weights on all edges from vertex set B to vertex 

set A.

 The competitive contribution cA = vT(T) - vAc(T) equals vA(T), represents 

the weighted indegree of A.

 The altruistic contribution aA = vAc (T) - vAc(Ac) equals vAc(A), the 

weighted sum of edges from A to Ac.

Ac
A



 Use Pursuit-Evasion platform to answer:

 Is a more altruistic team always better, or are there situations in which some 

degree of competitive cooperation is beneficial?

 How can cooperation metrics be used to build up trust over time?

 What happens when we optimize altruism in agents?

 Find more connections with network science

 Use network science invariants to generate more cooperation metrics.

 Apply theory to real-world examples.

Future Work
(CDT Lucas Gebhart)

SAHARA



Part IV

Interactive & Dynamic Mathematics



What makes a good visualization?



The Lorenz Attractor

http://www.dean.usma.edu/departments/math/people/peterson/blaise/plotters/vectorfield3d.html

http://www.dean.usma.edu/departments/math/people/peterson/blaise/plotters/vectorfield3d.html


Stoke‟s Theorem

From Wikipedia:

http://www.dean.usma.edu/departments/math/people/peterson/blaise/plotters/stokes.html

http://www.dean.usma.edu/departments/math/people/peterson/blaise/plotters/stokes.html


Some Tools

 Mathematica Manipulate

 Geogebra

 www.geogebra.org

 Blaise

 http://blaisemath.googlecode.com

http://www.geogebra.org/
http://blaisemath.googlecode.com/


Geogebra Mathlets
(www.geogebra.org)

http://www.dean.usma.edu/departments/math/people/peters
on/geogebra/mathlets.html

 Cobwebs: 
http://www.dean.usma.edu/math/people/Peterson/geogebra/C
obwebIteration_Sequence_2.html

 Continuity Epsilon-Delta: 
http://www.dean.usma.edu/departments/math/people/peterson/geogebra/contin
uity.html

 Lagrange Multipliers Problem: 
http://www.dean.usma.edu/departments/math/people/peterso
n/geogebra/farmer1.html

 Ballistics: 
http://www.dean.usma.edu/departments/math/people/peterson/geogebra/par
ametric3d-ballistic.html

http://www.geogebra.org/
http://www.dean.usma.edu/departments/math/people/peterson/geogebra/mathlets.html
http://www.dean.usma.edu/departments/math/people/peterson/geogebra/mathlets.html
http://www.dean.usma.edu/math/people/Peterson/geogebra/CobwebIteration_Sequence_2.html
http://www.dean.usma.edu/math/people/Peterson/geogebra/CobwebIteration_Sequence_2.html
http://www.dean.usma.edu/departments/math/people/peterson/geogebra/continuity.html
http://www.dean.usma.edu/departments/math/people/peterson/geogebra/continuity.html
http://www.dean.usma.edu/departments/math/people/peterson/geogebra/farmer1.html
http://www.dean.usma.edu/departments/math/people/peterson/geogebra/farmer1.html
http://www.dean.usma.edu/departments/math/people/peterson/geogebra/farmer1.html
http://www.dean.usma.edu/departments/math/people/peterson/geogebra/parametric3d-ballistic.html
http://www.dean.usma.edu/departments/math/people/peterson/geogebra/parametric3d-ballistic.html
http://www.dean.usma.edu/departments/math/people/peterson/geogebra/parametric3d-ballistic.html
http://www.dean.usma.edu/departments/math/people/peterson/geogebra/parametric3d-ballistic.html
http://www.dean.usma.edu/departments/math/people/peterson/geogebra/parametric3d-ballistic.html


Blaise Mathlets

(http://blaisemath.googlecode.com)

http://www.dean.usma.edu/math/people/Peterson/blaise/plotters/

http://www.dean.usma.edu/math/people/Peterson/blaise/

 Circular Chase: 
http://www.dean.usma.edu/departments/math/people/peterson/blaise/circul

archase/

 Pursuit Evasion: 

http://www.dean.usma.edu/math/people/Peterson/applets/peg

2/peg2.html

http://blaisemath.googlecode.com/
http://www.dean.usma.edu/math/people/Peterson/blaise/plotters/
http://www.dean.usma.edu/math/people/Peterson/blaise/
http://www.dean.usma.edu/departments/math/people/peterson/blaise/circularchase/
http://www.dean.usma.edu/departments/math/people/peterson/blaise/circularchase/
http://www.dean.usma.edu/math/people/Peterson/applets/peg2/peg2.html
http://www.dean.usma.edu/math/people/Peterson/applets/peg2/peg2.html


Questions?


