er the sets definable in this sense satisfy the axioms of set
theory. I think this question is to be answered in the affirma-
tive and so will lead to another and probably simpler proof for
the consistency of the axiom of choice. (2) It can be proved
that the ordinals necessary to define all sets of integers which
can be at all defined in this way will have an upper limit. I
doubt that it will be possible to prove that this upper limit is o,
as in the case of the constructible sets.

AN UNSOLVABLE PROBLEM OF
ELEMENTARY NUMBER THEORY

This paper is principally important for its explicit state-
ment (since known as Church’s thesis) that the functions which
can be computed by a finite algorithm are precisely the recur-
sive functions, and for the consequence that an explicit unsolv-
able problem can be given. Cf. also Church’s abstract, Bulle-
tin of the American Mathematical Society, vol. 41 (1935) p. 333.
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The purpose of the present paper is to propose a definition of effective
calculability ® which is thought to correspond satisfactorily to the somewhat
vague intuitive notion in terms of which problems of this class are often stated,
and to show, by means of an example, that not every problem of this class
is solvable.

9. Conversion and A-definability. We select a particular list of sym-
bols, consisting of the symbols {,}, (,), A, [, ], and an enumerably infinite
set of symbols a, b, ¢,- - - to be called variables. And we define the word
formula to mean any finite sequence of symbols out of this list. The terms
well-formed formula, free variable, and bound variable are then defined by
induction as follows. A variable x standing alone is a well-formed formula
and the occurrence of x in it is an occurrence of x as a free variable in it;
if the formulas F and X are well-formed, {F}(X) is well-formed, and an
occurrence of x as a free (bound) variable in F or X is an occurrence of x
as a free (bound) variable in {F}(X); if the formula M is well-formed and
contains an occurrence of # as a free variable in M, then Azx[M] is well-formed,
any occurrence of % in Ax[M] is an occurrence of x as a bound variable in
Ax[M], and an occurrence of a variable y, other than x, as a free (bound)
variable in M is an occurrence of y as a free (bound) variable in Ax[M].

s As will appear, this definition of effective calculability can be stated in either
of two equivalent forms, (1) that a function of positive integers shall be called
effectively calculable if it is A-definable in the sense of § 2 below, (2) that a function
of positive integers shall be called effectively calculable if it is recursive in the sense
of §4 below. The notion of A-definability is due jointly to the present author and
S. C. Kleene, successive steps towards it having been taken by the present author in
the Annals of Mathematics, vol. 34 (1933), p. 863, and by Kleene in the American
Journal of Mathematics, vol. 57 (1935), p. 219. The notion of recursiveness in the
sense of §4 below is due jointly to Jacques Herbrand and Kurt Godel, as is there
explained. And the proof of equivalence of the two notions is due chiefly to Kleene,
but also partly to the present author and to J. B. Rosser, as explained below. The
proposal to identify these notions with the intuitive notion of effective calculability
is first made in the present paper (but see the first footnote to § 7 below).

With the aid of the methods of Kleene (American Journal of Mathematics, 1935),
the considerations of the present paper could, with comparatively slight modification,
be carried through entirely in terms of A-definability, without making use of the notion

of recursiveness. On the other hand, since the results of the present paper were -

obtained, it has been shown by Kleene (see his forthcoming paper, “ (General recursive
functions of natural numbers”) that analogous results can be obtained entirely in
terms of recursiveness, without making use of A-definability. The fact, however, that
two such widely different and (in the opinion of the author) equally natural definitions
of effective calculability turn out to be equivalent adds to the strength of the reasons
adduced below for helieving that they constitute as genmeral a characterization of this
notion ag is consistent with the usual intuitive understanding of it.
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application ef-ene of the operations I, II, 111, we say that 4 is immediately
convertible into B. '

A conversion which contains exactly one application of Operation I, and
no application of Operation ITI, is called a reduction.

A formula is said to be in normal form if it is well-formed and contains
no part of the form (Ax[M]}(N). And B is said to be a normal form of 4
if B is in normal form and 4 conv B.

The originally given order g, b, ¢, - - of the variables is called their
natural order. And a formula is said to be in principal normal form if it is
in normal form, and no variable occurs in it both as a free variable and as a
bound variable, and the variables which occur in it immediately following
the symbol A are, when taken in the order in which they occur in the formula,
in natural order without repetitions, beginning with a and omitting only such
variables as occur in the formula as free variables.* The formula B is said
to be the principal normal form of A if B is In principal normal form and
A conv B.

Of the three following theorems, proot of the first is immediate, and the
second and third have been proved by the present author and J. B. Rosser:?

Tumorem 1. If & formuls is in normal form, no reduction of it 1s
possible.

TaeoreM II. If a formula has @ normal form, this normal form s
unique to within applications of Operation I, and any sequence of reductions
of the formula must (if continued) terminate in the normal form.

"Taporem I11. If a formula has o normal form, every well-formed part
of it has a normal form.

We shall call a function a function of positive integers if the range of
each independent variable is the class of positive integers and the range of
the dependent variable is contained in the class of positive integers. And
when it is desired to indicate the number of independent variables we ghall
speak of a function of one positive integer, a function of two positive integers,
and so on. Thus if F is a function of n positive integers, and @, Gz, 75 @n
are positive integers, then F(ay, Gz, " 5 m) must be a positive integer.

4 For example, the formulas aab - b(a) and Aa-a(hc-b(c)) are in principal normal
form, and Nac-c(a), and Abe - c(b), and Aa-a(re. b(a)) are in normal form but not
in principal normal form. Use of the principal normal form was suggested by S. C.
Kleene as a means of avoiding the ambiguity of determination of the normal form
of a formula, which is troublesome in certain connections.

Observe that the formulas 1,2,3,. . - are all in principal normal form.

5 Alonzo Church and J. B. Rosser, “Some properties of conversion,” forthcoming
(abstract in Bulletin of the American Mathematical Society, vol. 41, p. 332).
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of the matrix of incidence in combinatorial topology (cf. §1 above). For
there is, in the theory of well-formed formulas, an important class of problems,
each of which is equivalent to a problem of elementary number theory obtainable
by means of the Gddel representation.?

4. Recursive functions. We define a class of expressions; which we
shall call elementary expressions, and which involve, besides parentheses and
commas, the symbols 1, S, an infinite set of numerical variables z, v, z,- - -,
and, for each positive integer n, an infinite set fu, gn, #n, - - - of functional
variables with subscript n. This definition is by induction as follows. The
symbol 1 or any numerical variable, standing alone, is an elementary expres-
sion. If A4 is an elementary expression, then S(4) is an elementary expres-
sion. If A, 4, -, Ay are elementary expressions and f, is any functional
variable with subscript =, then fa (AN 4s, -+ -, 44) is an elementary expression.

The particular elementary expressions 1, §(1), S(S(1)), - - are called
numerals. And the positive integers 1,2, 3,- + - are said to correspond to the
numerals 1, §(1), S(S(1)),: - -.

An expression of the form 4 = B, where A and B are elementary ex-
pressions, is called an elementary equation.

The deriwed equations of a set B of elementary equations are defined by
induction as follows. The equations of F themselves are derived equations.
If A = B is a derived equation containing a numerical variable z, then the
result of substituting a particular numeral for all the occurrences of z in
4 =B is a derived equation. If 4 = B is a derived equation containing
an elementary expression C' (as part of either 4 or B), and if either C =D
or D= is a derived equation, then the result of substituting D for a
particular occurrence of (' in 4 = B is a derived equation.

Suppose that no derived equation of a certain finite set I of elementary
equations has the form %k =1 where & and ! are different numerals, that the
functional variables which occur in E are fn2, fu,2 * -, fa,” with subscripts
Ty, Ma, * * *, Ny Tespectively, and that, for every value of ¢ from 1 to r inclusive,
and for every set of numerals k%, k%, - - -, kn,?, there exists a unique numeral k?
such that f.,% (k% kot - - -, kn,?) =kt is a derived equation of F. And'let
' F?,- - -, Fr be the functions of positive integers defined by the con-

8 This is merely a special case of the now familiar remark that, in view of the
Gédel representation and the ideas associated with it, symbolic logic in general can
be regarded, mathematically, as a branch of elementary number theory. This remark
is essentially due to Hilbert (cf. for example, Verhandlungen des dritten internationalen
Mathematiker-Kongresses in Heidelberg, 1904, p. 185; also Paul Bernays in Die
Naturwissenschaften, vol. 10 (1922), pp. 97 and 98) but is most clearly formulated
in terms of the Gédel representation.

94




G6

‘s1080qur earjrsod Jo uworpouUny S[GBUYIP-Y T JO SIN[TA I} Sunpemores
I0] wWylioZ[e WE JO QDUNSIXS AYF M uorposuuoo ur seifdde YIewI dUWIES dYJ,
“1opeal 913 03 7J°1 SI 9 [[¥YS SSIUIAIJOIIISUOD JO
UOTIYLI0 AU} YBYA\ "OSUSS JAIJOMIISUOD B UL suoryenbd uoIsIN0AL JO 18§ B JO UCLIUYSP
ano ur sieadde yorym reyruenb [eryuUe)SIXe 9Y3 A€} PINOYS Y 183 SUTOU Lpiow sy}
0s J1 jng punoy 3¢ Arerewr(n (M 1y = (p”-‘oi S4By ‘@Iol)@m,[ uorjenbe patmbat oy}
1B} 9AI}ONIISUOD ST jooxd oy} ssoUN 3 JO eN[BA rernorpred parmbel 8y3} JO UOIPBMOTED
aArppage ue apraoxd 03 p[ay o jouUUEd w08y s1y3 18y 399(qo Aewr 19pBAL AU o
‘A1es10.au00 pue (HE61)
[9PQD 3O 9SUSS B} UL BAISINDAI 0S¥ S asues jquesaid oy} UL SAISINDAL uUOLOUN] L1940
peys 1aded 78U} Ul SHMSII SAUSII WO Apipeal smol[of 31 ‘remorjled uy paureiqo
way} Juows soouapeAInbe pue POSSNOSIP 9G (14 SSIUSAISINOSI 1O SUOJIUYAP [erdA98
C( 1% "10A ‘fipor008 1DODWIYIDIT wporW Y 2y3 fo urgalng Ul 30eIISqe )pes SIBQUINY [BIOFBU
JO SUOI}OUNF PAISINOAT [BIIUDY) ,, ‘papnyue g 03 auedld £q roded Surwooyjioy & Ul |
QUL D 'S 0} onp aiv
$,19pQY) WOIJ SIOPIP SSIUIAISINOIL JO worgiuyep juesaxd 9y} YOIgM UL SAIMGEI mdl,oufid
oyJ, -puBIqIdF seunboef jO woryse8gns peysigndun we 0} qred ur wry £q PeITpeId
puegpeel L N ‘wogeourdg ¥E S9anjoe[ ul ‘[PpeY NI £q pesodoxd sBm TOIM SUOTIOUN]
QAISINDaL JO UOL}IUYSD ¢ ‘£q PojseSSns sem Pue ‘03 PI}B[AL A[os0[9 ST UOIHUYSP BIYT, ¢ ’

‘grefoqur eargisod 910U 10 Om} JO UOTIOUNT reuorjsodoad
QATSINOAI B UBIUWL [[BUS oM srefejur oargisod Weamjs( UOTJBIDI OAISINOIL ¥
£q pue ‘we8eur eargsod U0 JO UOWDIUN] Teuorysodord ea[sInd91 B UBSUL [BYS
om s1ogequr aargisod jo Ajredoxd eArsImOAL B £ -oASInoaI ST ‘os[ej 10 NI} ST
worjouny [euorisodord o} 1oYRYM 0 Surp10008 ‘T I0 ¢ ST OT[BA 9SOYM UOLOUN]
o} JI PAISIN0SI SI0Sajul oargisod o worjouny reuorgisodoad B T(ed oM
“aATSINDAI ST 90URNbes oY} JO WI8} Y}-U 91} ST (1) ey UoUS 4
UOTOUNY oY} FT OATSINDSL SI10T01UL sarysod Jo eouenbes ejruyUT UB [[BD O
o1 PUNOY
ST = ("9 - %%y Ty), " w0y eyl JO worpenbe remorred peamber oyl
[mun g Jo suorjenbs PIALISP 8y} JO UOTIBISANUD oy} jno Surfired ut s)sISTOd
¢,/ orqelies Teuonouny & ¢ pojousp ¢ UOTOUN] B JO SON[BA zenotired
7O UOTJB[MOTED O} 10] WY}LIOS[E o3} pue ‘oqeIowInus A[OAI}OOYO 818 [ SUOH
-gnbe WOISINDAI JO §98 A} JO suoryenbe PoATISD oY} 10 "POJE[NITEd JNEINUBEE
8( UEBO UOT}OUNF Y} JO oT[BA zeqnoraed pearnbor Lu yorys Sursn wyjriodre ue
§]81X0 010} S10303UT 8AT}ISOd JO UOHOUTF GATSINIGL Luw 10§ yeY) IBOTD ST 3T
5 "20154M09.4 8¢ 0] PIBS ST WOALS 8q
ueo suorpenbe UWOTSINOSI JO 398 B (OIYM 10T s1e8ejur earysod Jo UOMOUNT Y
"] TOTIOURY
oy 20uap 0} PIES ST ,f S[(BLIEA [BUOOULE o} pue ¢ suoyouny oy} o0
ouo Lue ‘107 suoywnbs uois.noaL Jo 398 B 8¢ 0} I0 ‘putfop 0} PIBS ST [ SUOT}
-gnbe Jo o8 B} WA, “f1eargoadsar 5 pue 4y “LL LGBy 4Ty sTRIDWINU 9Y)
01 puodseiion TOIYM SIoZoRUI oaryisod oy} oae ,w pu Gt . R AN
oroyM “uw o3 Tenbe oq [EYS (5w €L LGB ST, ] ‘99sEO (B TT 4B} WOIYIP




A function #, for which the range of the dependent variable is contained
. in the class of positive integers and the range of the independent variable,
or of each independent variable, is a subset (not necessarily the whole) of the
class of positive integers, will be called potentially recursive, if it is possible
to find a recursive function F” of positive integers (for which the range of the
independent variable, or of each independent variable, is the whole of the class
of positive integers), such that the value of F” agrees with the value of 7 in
all cases where the latter is defined.

By an operation on well-formed formulas we shall mean a function for
which the range of the dependent variable is contained in the class of well-
formed formulas and the range of the independent variable, or of each in-
dependent variable, is the whole class of well-formed formulas. And we call
such an operation recursive if the corresponding function obtained by replacing
all formulas by their Gddel representations is potentially recursive.

Similarly any function for which the range of the dependent variable is
contained either in the class of positive integers or in the class of well-formed
formulas, and for which the range of each independent variable is identical
either with the class of positive integers or with the class of well-formed
formulas (allowing the case that some of the ranges are identical with one
class and some with the other), will be said to be recursive if the corresponding
function obtained by replacing all formulas by their Gddel representations is
potentially recursive. We call an infinite sequence of well-formed formulas
recursive if the corresponding infinite sequence of Gddel representations is
recursive. And we call a property of, or relation between, well-formed
formulas Tecursive if the corresponding property of, or relation between, their
Godel representations is potentially recursive. A set of well-formed formulas
is said to be recursively enumerable if there exists a recursive infinite sequence
which consists entirely of formulas of the set and contains every formula of
the set at least once.™*

In terms of the notion of recursiveness we may also define a proposition
of elementary number theory, by induction as follows. If ¢ is a recursive
propositional function of n positive integers (defined by giving a particular
set of recursion equations for the corresponding function whose values are 2
and 1) and if @, @5, * *, @, are variables which take on positive integers as
values, then ¢ (@, @, * *, %) is a proposition of elementary number theory.
If P is a proposition of elementary number theory involving z as a free

11 Tt can be shown, in view of Theorem V below, that, if an infinite set of formulas
is recursively enumerable in this sense, it is also recursively enumerable in the sense
that there exists a recursive infinite sequence which consists entirely of formulas of
the set and contains every formula of the set exactly once.
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For a set of recursion equations for F° consists of the recursion equations
for F together with the equations,

92(1,9) = g2(F1(8(9)): 8(4));

gz(S(cc), y) =1,

g1(1) =k,

9:(8(y)) = 92(1, () )
where the functional variables g, and f, denote the functions #° and F
respectively, and where k is the numeral to which corresponds the least positive
integer « for which F(z) > 1.** ’

6. Recursiveness of certain functions of formulas. We list now a
number of theorems which will be proved in detail in a forthcoming paper
by 8. C. Kleene ' or follow immediately from considerations there given. We
omit proofs here, except for brief indications in some instances.

Our statement of the theorems and our notation differ from Kleene’s in
that we employ the set of positive integers (1,2,8,- - ) in the rble in which
he employs the set of natural numbers (0, 1,2, - -). This difference is, of
course, unessential. We have selected what is, from some points of view, the
less natural alternative, in order to preserve the convenience and naturalness
of the identification of the formula Aab - a(b) with 1 rather than with 0.

TuroreM VI. The property of a positie integer, that there ewists a
well-formed formula of which it is the Gidel representation is recursie.

TuroreM VIL. The set of well-formed formulasis recurswely enumerable.
This follows from Theorems V and VI

TurorEM VIII. The function of two variables, whose value, when taken
of the well-formed formulas F and X, is the formula {F}(X), is recurswe.

TurorEM IX. The function, whose value for each of the positive integers
1,2,3, - - is the corresponding formula 1,2,3,- - -, is recursive.

TaEEOREM X. A function, whosevalue for each of the formulas 1,2,3,- -
is the corresponding positive integer, and whose value for other well-formed
formulas is a fized positive integer, is recursive. Likewise the function, whose
value for each of the formulas 1,2, 8, - - is the corresponding positive integer

18 Thix proof is due to Kleene.

18, C. Kleene, “\-definability and recursiveness,” forthcoming (abstract in
Bulletin of the American Mathematical Society, vol. 41). In connection with many
of the theorems listed, see also Kurt Gédel, Monatshefte fiir Mathematik und Physik,
vol. 38 (1931), p. 181%et seq., observing that every function which is recursive in the
sense in which the word is there used by Godel is also recursive in the present more
general sense.
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it follows by the same method, using a generalization of Theorem IV to
functions of more than two positive integers.

7. The notion of effective calculability. We now define the notion,
already . discussed, of an effectively calculable function of positive integers by
identifying it with the notion of a recursive function of positive integers®
(ot of a A-definable function of positive integers). This definition is thought
to be justified by the considerations which follow, so far as positive justification
can ever be obtained for the selection of a formal definition to correspond to
an intuitive notion. ’

Tt has already been pointed out that, for every function of positive
integers which is effectively calculable in the semse just defined, there exists
an algorithm for the calculation of its values.

Conversely it is true, under the same definition of effective calculability,
that every function, an algorithm for the calculation of the values of which
exists, is effectively calculable. For example, in the case of a function F of
one positive integer, an algorithm consists in a method by which, given any
positive integer n, a sequence of expressions (in some notation) Eni, B, 5 Bar,
can be obtained; where F,; is effectively calculable when n is given; where
E,; is effectively calculable when n and the expressions Fny, j < i, are given;
and where, when n and all the expressions F,; up to and includingnEmn are
given, the fact that the algorithm has terminated becomes effectively known
and the value of F(n) is effectively calculable. Suppose that we set up a
system of Godel representations for the notation employed in the expressions
Fai, and that we then further adopt the method of Godel of representing a
finite sequence of expressions Fni, Bus, - - -, Eni by the single positive integer
Qem3ons .+« ot WheTe ny; €ns,” * ° 5 €ni Are Tespectively the Godel representa-
tions of Eui, Bus, - - -, B (in particular representing a vacuous sequence of
expressions by the positive integer 1). Then we may define a function &
of two positive integers such that, if @ represents the finite sequence
BEniy Brs, - -+, Bux, then G(n, @) is equal to the Godel representation of Eui,
where i — k -1, or is equal to 10 if k=17, (that is if the algorithm has
terminated with Ha.z), and in any other case G(n,x) is equal to 1. And
we may define a function H of two positive integers, such that the value of
H(n,z) is the same as that of G (n, @), except in the case that G(n,z) = 10,
in which case H(n,a) = F(n). If the interpretation is allowed that the

18 The question of the relationship betwen effective calculability and recursiveness
(which it is here proposed to answer by identifying the two notions) was raised by
Godel in conversation with the author. The corresponding question of the relationship
between effective caleulability and A-definability had previously been proposed by the
author independently.
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complete set of theorems of the logic is recursively enumerable, it follows by
Theorem IV above that every function of one positive integer which is
calculable within the logic is also effectively calculable (in the sense of our
definition).

Thus it is shown that no more general definition of effective calculability
than that proposed above can be obtained by either of two methods which
naturally suggest themselves (1) by defining a function to be effectively
caleulable if there exists an algorithm for the calculation of its values (2) by
defining a function F (of one positive integer) to be effectively calculable if,
for every positive integer m, there exists a positive integer n such that
F(m) =n is a provable theorem.

8. Invariants of conversion. The problem naturally suggests itself to
find invariants of that transformation of formulas which we have called con-
version. The only effectively calculable invariants at present known are the
immediately obvious ones (e. g. the set of free variables contained in a formula).
Others of importance very probably exist. But we shall prove (in Theorem
XIX) that, under the definition of effective calculability proposed in §7,
no complete set of effectively calculable invariants of conversion ewists (cf. §1).

The results of Kleene (American Journal of Mathematics, 1935) make
it clear that, if the problem of finding a complete set of effectively calculable
invariants of conversion were solved, most of the familiar unsolved problems of
elementary number theory would thereby also be solved. And from Theorem
XVT above it follows further that to find a complete set of effectively calculable
invariants of conversion would imply the solution of the Entscheidungsproblem
for any system of symbolic logic whatever (subject to the very general re-
strictions of § 7). In the light of this it is hardly surprising that the problem
to find such a set of invariants should be unsclvable.

It is to be remembered, however, that, if we consider only the statement
of the problem (and ignore things which can be proved about it by more or
less lengthy arguments), it appears to be a problem of the same class as the
problems of number theory and topology to which it was compared in § 1,
having no striking characteristic by which it can be distinguished from them.
The temptation is strong to reason by analogy that other important problems
of this class may also be unsolvable.

of recursiveness which he had employed in 1931, and using the condition that the
relation of immediate consequence be recursive instead of the present conditions on the
rules of procedure.

22 We confine ourselves for convenience to the case of functions of one positive
integer. The extension to functions of several positive integers is immediate.
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where f is the formula f used in the preceding paragraph, is a recursive func-
tion of C, and this formula is convertible into the formula 1 if and only if
C has a normal form.

Thus we have proved that a formula € can be found as a recursive
function of formulas A and B, such that € has a normal form if and only
if A conv B; and that a formula 4 can be found as a recursive function of a
formula C, such that A conv 1 if and only if € has a normal form. ¥rom this
the lemma follows.

TarorEM XVIIL There is no recursive function of a formula C, whose
value is 2 or 1 according as € has a normal form or not.

That is, the property of a well-formed formula, that it has a normal form,
is not recursive.

For assume the contrary.

Then there exists a recursive function H of one positive integer such
that H (m) =2 if m is the Godel representation of a formula which has a
normal form, and H(m) =1 in any other case. And, by Theorem XVI,
H is A-definable by a formula §.

By Theorem XV, there exists an enumeration of the well-formed formulas
which have a normal form, and a recursive function 4 of one positive integer
such that A(n) is the (iodel representation of the m-th formula in this
enumeration. And, by Theorem X VI, A is A-definable, by a formula a.

By Theorems VI and VIII, there exists a recursive function B of two
positive integers such that, if m and n are Gidel representations of well-
formed formulas M and N, then B(m,n) is the Gddel representation of
(M} (N). And, by Theorem XVI, B is A-definable, by a formula b.

By Theorems VI and X, there exists a recursive function ¢ of one positive
integer such that, if m is the Gddel representation of one of the formulas
1,2,8,- - -, then C(m) is the corresponding positive integer plus one, and
in any other case C'(m) =1. And, by Theorem X VI, ¢ is A-definable, by a

. formula ¢.

By Theorem IX there exists a recursive function Z-t of one positive
integer, whose value for each of the positive integers 1,2,3,- « - is the Godel
representation of the corresponding formula 1,2,3,- - . And, by Theorem
XVI, Z-* is A-definable, by a formula 3.

Tet § and g be the formulas f and g used in the proof of the Lemma.
By Kleene 15IIT Cor. (loc. ¢it., p. 220), a formula D can be found such that,

9(1) convaz-z(1)
5(2) conv Au - e(F(u, p(Am - g(f(u, m)),1))).
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fore A-definable, by a formula e. The formula e has a normal form, since
¢(1) has a normal form. Bute is not any one of the formulas A, Ao, s, - - -,
because, for every n, ¢(n) is a formula which is not convertible into {An} (m).
And this contradicts the property of the enumeration A, A, As, - - - that it
contains all well-formed formulas which have a normal form.

CoroLLARY 1. The set of well-formed formulas which have no normal
form is not recursively enumerable.”*

For, to outline the argument, the set of well-formed formulas which have
a normal form is recursively enumerable, by Theorem XV. If the set of those
which do not have a normal form were aslo recursively enumerable, it would
be possible to tell effectively of any well-formed formula whether it had a
normal form, by the process of searching through the two enumerations until
it was found in one or the other. This, however, is contrary to Theorem X VIII.

This corollary gives us an example of an effectively enumerable set (the
set of well-formed formulas) which is divided into two non-overlapping sub-
cets of which one is effectively enumerable and the other not. Indeed, in view
of the difficulty of attaching any reasonable meaning to the assertion that a
set is enumerable but not effectively enumerable, it may even be permissible
to go a step further and say that here is an example of an enumerable set
which is divided into two non-overlapping subsets of which one is enumerable
and the other non-enumerable.*

CoroLLARY 2. Let a function F of one positive integer be defined by
the rule that F(n) shall equal 2 or 1 according as n s or is not the Gidel
representation of a formula which has a normal form. Then F (if its definition
be admitted as valid at all) is an example of @ non-recursive function of posi-
tive integers.® k

This follows at once from Theorem XVIIL

24 This corollary was proposed by J. B. Rosser.

The outline of proof here given for it is open to the objection, recently called to
the author’s attention by Paul Bernays, that it ostensibly requires a non-constructive
use of the principle of excluded middle. This objection is met by a revision of the
proof, the revised proof to consist in taking any recursive enumeration of formulas
which have no normal form and showing that this enumeration is not a complete
enumeration of such formulas, by constructing a formula ¢(n) such that (1) the
supposition that ¢(n) oceurs in the enumeration leads to contradiction (2) the sup-
position that ¢(n) has a normal form leads to contradiction.

25 0, the remarks of the author in The American Mathematical Monthly, vol. 41
(1934), pp. 356-361.

25 Other examples of non-recursive functions have since been obtained by S. C.
Kleene in a different connection. See his forthcoming paper, * General recursive func-
tions of matural numbers.”
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